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ABSTRACTS 

Methane, ammonia, carbon dioxide, nitrogen and hydrogen were bubbled through water con- 
tained in a transparent quartz vessel kept under an ordinary mercury quartz lamp. After 5 hours 
co-chromatographic analyris of the solution through which these gases were continuous! v passed 
indicated formation of amino acids. Experiment was cootinued for 5 hours a day for 10 days and 
amongst the amino acids formed glycine, alanine, lysine, arginine, amino butyric acid, tyrosine, 
tryptophane, aspartic and glutamic acid could be identified. Gases used in these experiments were 
those generally believed to be present in the prebiological reducing atmosphere of the Earth, and 
therefore, the results obtained throw light on the abiogenic formation of amino acids in the pre-aetual- 
iftic atmosphere era of the Earth when there was no ozone layer to cut off the ultraviolet component of 
sunlight. 

INTRODUCTION 

Work on individual phototysis of methane, ammonis, carbon dioxide, nitrogen 
and hydrogen has been reviewed in a general way by Ritchie^, Ellis and Wells^ 
Noyes and Leighton^, McDowell^ Steacie^ and Borrel,® and it is believed that 
such photolysis must have played the primary step in the conversion of primitive 
substances of the Earth to biogenic meterial.’^-i* 

It has been observed thit carbon dioxide dissolved in water on exposure 
to li<rht soon gets converted to formaldehyde, Reid^i has investigated the action 
gf ultraviolet light from a mercury quartz burner on aqueous solutions of formaldc- 



hyde and ammonia through which carbon dioxide was bubl^. He found large 
quantities of hexamethylene tet-ramme formed at pH >7'5- He could also detect 
the formation c=f amino acids like glycine alanine and possibly also histidine. At 
pH 6. the could identify glycine, alanine and possibly also glutamic acid and 
leucine. According to him the amino acids are/ormed by the photodecomposition 
of hexamethylene tetramine. Further, he noticed that if the bub mg of carbon 
dioxide was stopped much lesser amounts of ammo acids could be detected. 

From the foregoing it would appear that there is a distinct possibility of for- 
mation of aminoacids in detectable, amounts if methane, ammonia, nitrogen, 
carbon dioxide and hyrogen are bubbled through water contained m a trans- 
parent quarts vessel kept under an ordinary quartz mercury Hmp. Both carbon 
dioxide and methane can act as sources of carbon as well as formaldehyde.^ For- 
maldehyde could react with ammonia to give hexamethylene tetramine which is 
known to yield amino acids under these conditions. Hydrogen^ could furnish the 
reducing atmosphere. Once traces of amino acids are obtained they could be 
expected to multiply as indicated by our earlier 

The present paper records attempts to achieve the synthesis of amino adds 
under the above conditions. 

E <PERIMENTAL 


All glass and quartz vessels used in these experiments were sterilised by heat- 
ing them in an electric oven at 250‘’0 for 2 hours. Water employed was double 
glass distilled. It was sterilised in an autoclave at 20 Ibs./sq. inch steam pressure 
for 20 minutes before use. 


Gases used were prepared as follows; 

Meihant ; was prepared by heating a mixture of anhydrous pure fused sodium ace- 
tate and sodalime in a strong pyrex vessel. The gas was bubbled 
through a trap containing water before use. 

Carbon dioxide : was obtained by adding dilute hydrochloric acid over calcium 
carbonate. It was bubbled through water' before use. 

NUrogen : was obtained by warming slowly a mixture of pure ammonium chloride 
and sodium nitrite. Thh gas was bubbled through traps containing 
dilute sulphuric acid and water before use. 

Ammonia : was obtained be slowly heating liquor ammonia. 

Hydrogen : was prepared by the action of pure dilute sulphuric acid on well washed 
zinc. It was bubbled through a trap containing water before use. 

About 300 ml of water was taken in a transparent quartz long necked flask. 
The gases were led in the water by glass tubes. The rate of bubbling of gases 
was kept very low-just sufficient to keep the solution agitated. The whole vessel 
was kept exposea to radiation from a 250 watt low pressure quartz mercury vapour 
lamp kept at a distance of about 30 cms. The lamp had a reflector and was placed 
above the reaction vessel. The experiment was performed for about 5 hours a 
day. It was continued in this manner on subsequent days. During the course 
of the experiments the temperature of the water generally remained in the range 
^-35^G. After each day the mouth of the flask was covered by a thin polythene 
sheet which was opened the next day befo. e commencing the experiment. 

At intervals a small portion of the solution was taken out and analysed 
chromatograpiiically by methods used by us earlier.^® j Either the solution was 
used as such employing sevei'al drops at a point on the chromatographic paper 
kept under a small hot air blower, or, the solution was concentrated under high 
vacuum and then used. In either case similar results were obtained. Preliminary 
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analysis was carried out by using both one dimensional or two dimensional p^er 
chromatography taking 18V' X 22|" sheet of Whatman No. 1 hUer paper. The 
spots obtained after spraying wuh ninhydrin solution were tentatively identitied. 
Final confirmation was done by co-chromatography^ using pure samples of tenta- 
tively identified amino acids. Results are recorded in table II. 

After 50 hours exposure the apparatus was dismantled and the remaining 
solution was concentrated under high vacuum. A small amount of white residue 
was obtained. This was dissolved in water and analysed cliromatographically. 

It may also be mentioned that as the time of exposure increased the concentra- 
tions of the animo acids also increased as evidenced by intensity of spots on the 
chromatograms. 

Every time before the chromatographic analysis, a part of the solution was 
tested for all types of microbes employing the media whose compositions are re- 
corded in Table 1. The details concerning clearing, adjustment of reaction, tubing 
sterilisation and cultivation of various microbes in different media were similar 
to those described earlier.'^®'’^^’'^®'^^. Every time the solutions were found to be 
perfectly sterile. 

table I 

Analysis oj irraiicUd samples Jot microbial contaminations. 

Name of Nutrient- Glucose f otato- 

culture Dextro- Peptone- Dextro- Gzapek's sucrose-Niirate solution 

media agar agar seagar 

Distilled water— Distilled water — Distilled water- 
1000 ml loco ml. ItlOO ml. 

Composition Agar— 17 g. Agar — 17 g. Agar — l7g. 

Beef extract — 3 g. Peptone — 10 g. Sliced Potato — 

Peptone — 10 g. Dextrose- 40 g. 203 g. 

Dcxtro-e — 10 g. Dextrose- 20 g 


Results No growth or No growth or No growth or 
chromogenesis chromogenesis chromogenesis 

was obser\ed in v.as obser\ ed in was observed in 

this medium this medium this medium 

with solutions with any of the with any of the 

tested solutions tested solutions tested 

Table ir 

Exposure 

time in Result of chiomatographic analysis for amino acids 

hours 

No ninhydrin positive spot 

Glycine, alanine, n-amino- butyric acid and a very faint spot corresponding to txrosine 
Glycine, alanine, n-ainino-butyric acid, tyrosine, lysine and a few other very faint spots 
Glycine, alanine, n-amino butyric acid, tyrosine, hsine, arginine-rtwo faint spots 
correspondii g with aspartric and glutamic acids, 
ditto 
ditto 
ditto 

^ +two faint spots 

cor/-espi‘tnciir;g \^ith nyptophane and histidine 
ditto 

Ghcit.L, alanine, n-amino butyric acid, tyrosine, lysine, argirir.e, aspartic acid, gluta- 
mic acid, tryptophane and a faint spot corresponding to hishdine (tentative). 
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No growth or chromogeoes is 
was observed in this culture with 
any of the solutions tested. 


Distilled water — lOQO ml. 

Sodium nitrate — 2 g. Potassium 
dihydrogen phosohate — i’OO.g 
Potasium chloride — 0*50 g. 
Magnesium sulphate— 0'50 g. 
Ferrous sulphate— O'Ol g. 
Sucrose— 30 g. 
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DISGlisSldN 

When methane, ammonia, carbon dioxide, nitrogen and hydrogen are bubbled 
through water contained in a transparent quartz vessel kept under a mercury quartz 
lamp for 5 hours glycine, alanine and n-amino-butyric acid could be identified in 
the mixture. After 10 hours of exposure lysine and tyrosine could also be trade in 
the mixture. Further increase of exposure time by 5 hours showed the formation 
of arginine besides other amino acids mentioned earlier. After exposure of 20 
hours formation of aspartic and glutamic acid was also indicated. Further expo- 
sure to a period of 10 more hours showed increase in the amount of these acids 
as evidenced by increasing intensity of spots on the chromatograms. After a total 
exposure of 40 hours there was indication of formation of tryptophane and his- 
tidme(?). Exposure was continued further for 10 hours but formation of no other 
new amino acid was indicated. 

These preliminary experiments in which no microbial contamination could 
be detected indicate that it is possible that amino acids could have been formed 
easily from methane, ammonia carbon dioxide, nitrogen and hydrogen which are 
known to be present in the primitive anoxygenic atmosphere of the Earth. In the 
absence of oxygen the sunlight reaching the Earth would be very rich in the 
ordinary ultraviolet as there would be no ozone layer to cut it off. These experi- 
ments clearly point out that under heterogenous conditions the formation of amino 
acids in the anoxygenic prebiological atmosphere of the Earth from gases present 
would have presented not much diflSculty. 

Further work to confirm these results is in progress. 
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ABSTRACT 


The composition of the fatty acid of the fat obtained from the plant ‘Fatronia rretiM ’I’a k 
determined. The fatty acids after fractionation into solid and lioSidfLSnrh JrK^^ r ^ 
fracti nated into their respective components t>y the urea adduct formation method Th urther 

fotino arc Palmitic 30 37 o/„ st-arir 50 74 =/ /od % ac or mcth^. The components 

found to contain n tricont^S and j sitostioHa unsaponifiable matter has been 


EXPERIMENTAL 

Al3out5kg, of dried and powdered plant were extracted with alcohol Thf* 
alcoholic extract after concentration to half of its volume was kept over ni^ht when 
a dejwsit was obtained. The deposit was filtered aSl Tudief septate W T^^ 

thenwiApeTrSm^e^^^^^^^ obtained was extracted w?th ether and 

charcoal and fin-all A petroleum ether extract was purified with animal 

, The .olvem was 

This gave the follo,ring“onSMsf ^ ® ^^ ' obtaiaed. 

Acid value 8*7 : Saponification value 197*5: 

Sodine value 18*8 : Unsaponifiable matter 1*5 % 

were^^v^d^v^S^ of fat (127 gm.) was saponified and the fatty acids (86*2 gm.^ 

tion value 201*8, lodfue^vriue^Sl'^ere ^^P^^iifica- 

by Twitchel Lead Salt Alrofini o o segregated into solid and liquid fractions 

TleywS:S^.„®tvftSlC -worW. 


Fraction 

Weight 

Saponification value 

Iodine value 

SoHd 

56*7 gm. 
(69-36%) 

208*7 

M8 

Liquid 

25 05 gm. 
(30-64%) 

199*7 

43*7 


fcrmation method using hVranis of u’rra^n'd I S adduct 

in methanol: ethyl acetf,ed®(7:3) mLTure afeacl stg^e ' of urea 
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{dk) Fractionation of solid acids with urea : 

ren conical flasks (numbered Sj to S^q), each of 250 ml capacity and having 
a ground glass stopper were taken. The flasks to Sg were employed for the 
adduct formation, while the flask Sjg for collecting raffinates. The fatty acids were 
recovered from each flask by treating the adduct in the respective flask with warm 
acidulated water followed by extraction with ether. The different fractions were 
weighed separately and their saponification and iodine values were determined. 
The result are recorded in Table I : 


TABLE I 

Fractionation of Solid acids with urea 



Weight = 35,5 gm., 

Sap. value = 208.7, Iodine value = i 18 

Adduct 

Wt. of the 
fraction 

S.V. 

M. wt. 

I.V. 

Palmitic 

Stearic 

Oleic 

Si 

7.85 gm 

201.4 

278 

0.85 

1.67 gm 

6.11 gm 

0.07 gm 

Sa 

6.84 „ 

202.3 

276.8 

0.87 

1.75 „ 

5.03 „ 

0.08 „ 

S 3 

6.40 ., 

200.4 

279.6 

1.01 

1.00 „ 

5.33 „ 

0.07 „ 

Si 

5.54 ,, 

207.3 

269 

1.3 

0.98 „ 

4.48 „ 

0.08 „ 

Ss 

2.43 „ 

218.3 

255.5 

0.98 

2.43 „ 

— 

0.02 „ 

Se 

1.94,, 

217.1 

257.9 

2.1 

CO 

0.12 ,. 

0.04 „ 

^ . 

1.20 „ 

222.8 

251.4 

l.l 

1.18 „ 

— 

0.02 „ 

Ss 

0.80 „ 

219.4 

245.3 

0.91 

.79 „ 

— 

— 

Sg 

0.20 „ 

219.1 

259.3 

— 

— 

— 


Raffinate : 







,.Sio 

1.71 „ 

209 

258 

25.38 

0.71 „ 

0.52 „ 

0.42 „ 

Total wt. 34.93 gm 



12.29 gm 

21.59 gm 

0.84 gm 

% acid in solid fraction 



35.42 

62.16 

2.42 


A- (Qualitative - study of the solid acids was done by paper" chromatography. 

Whatman No. 1 filter paper impregnated with 10% solution of liquid paraffin in 
benzene and acetic acid : water (7 : 1) as solvent were used. The chromatograms 
after development were heated at 80-1 lO^G. and were immersed in 1000 ml of 
water containing 20 ml of a saturated solution of copper acetate. Tire paper was 
W€^ed with water containing 0.01% acetic acid, and v. as then dipped into a 
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solution of L5% aqueous potassium ferrocyanide®''^. The acids present m the 
iolid.fraction were found to be palmitic and stearic acids. 

(b) Fradionation of liquid acids with urea ; 

Eighteen conical flasks (numbered L| to L^g) were taken. The flatka L, 

were employed for adduct formation and the flasks Lja-L^g for collecting r affin ate 
fractions. The results are recorded in Table 2 : 


TABLE 2 


Fractionatian of liquid acid with urea 



Weight = 

23.28 gm ; 

sap. value 

If 

Iodine valve = 43.7 


Adducts 

weight 

S.V. 

M. wt. 

I.V. 

Palmitic 

stearic 

Oleic 

Li 

3.60 gm 

197.8 

283.1 

38.4 

0.08 gm 

2.09 gm 

1.43 gm 

u 

3. 1 5 „ 

203.6 

275.1 

37.7 

0.59 „ 

1.25 

1.31 ,, 


2.97 

209.4 

276.5 

51.3 

0.76 „ 

0.52 „ 

1.69 „ 

u 

1.8 „ 

212.2 

263.9 

46.5 

0.63 „ 

0.24 

0.93 „ 

u 

1.57 „ 

209.2 

268 

49.8 

0.40 

0.30 „ 

0.87 


1.23 „ 

208.5 

268.5 

49.3 

0.34 „ 

0.26 

0.63 „ 

u 

1.12 

211.1 

265.3 

53.4 

0.32 

0.15 „ 

0.65 

u 

0.30 „ 

— 

— 

59.8 


' 

0.20 .. 

u 

0.16 .. 

— 

— 

61.7 

— 


0.11 „ 

RafiEinate 







^18 

2.1 

207.2 

270.1 

49.2 

0.48 „ 

4.48 „ 

1.14 » 

Lit 

1.83 

209.3 

267.6 

48.6 

0.49 „ 

0.36 „ 

0.98 „ 

Lio 

1.23 „ 

204.6 

273.6 

65.5 

0.14 „ 

0.21 „ 

0.88 „ 

Lii 

0.88 „ 

215.9 

259.5 

63.8 

0.23 „ 

0.3 

0.62 

Lia 

0.37 „ 

— 

— 

67.1 

— 

— 

0.20 „ 

Li3 

0.28 „ 

— 

— 

— 

— 

— 

— 

— i 1 _ II . .. 


Total wt. 22.59 gm. 

% acid in liquid fraction 


4.36 gm 5.89 gm 11.64gm 

20 26.8 53.18 


A qualitative study of the liquid acid fraction was done by ^ paper 
chromatography using Whatman No. 1 filter paper impregnated^ with 2 % olive oil 
(Kobrle 1954)®, and the chromatogram was developed by using 75% ethanol as 
solvent. The developed chromatogram was then treated with a saturated^ solution of 
copper acetate followed by 1,5% aqueous solution of potassium ferrocyanide. 

With the help of Table 1 and " the percentage of each acid in mixed fatty acid 
has been found to be palmitic 30.37 % , stearic 50.47 % , and oleic 17.46 %. 
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ABSTRACT 

paper is to evaluate two definite integrals involving Fox’s H-function [3* p 
4^]. Since the H-function is a generalization of Meyer’s G-fuaction [1; p. 207], some of the results’ 
obtained resently for the G function are extended bv our results. 

1. Introduction: Following the definition of FOX with a slight change 
in the parameters we define ® ® 


H 


jS 

7 , 8 


k'^l* ^l)j— > I y) 


] 

27ri 


r n 0 n r(i-t7j-f-/j i) 


L 5 


X di 


J=a+1 i = iS+l 

where an empty product is interpreted as 1, O ^ a ^ 8, O ^ B -<y • 
i»— >ly and/i, ..,/g are all positive. Also the parameters are such that no pole 
of r (^j -/, I), j~U 2, ... . a coincides with any pole of Tf 1 - a: -f ^ = 1 9 B 

wUl brrcSfth?ougtu. 1 l^; 

'4 xiT. t * °iT'' 

(*a/ 4)andia (ig, /j). 

Now we give two formulae for the H-function [4 p 4 ] 

(i) 


H 

(a) 


°-iP ~ i k^nh)}"’* {flyil y) "I i 5 ,a ' 

Asi.' <‘a. 4 ) J . 


a-ig./g ) 


(1-0/ 'y) 


(2) 


H 


“.j3+2 

I 

7+2, 8+ 1 [ 


j (“i> («2> ^a)> (^i» {(ty,s) 

{K S),...,{b ,5), r^) 

0 


] 


=^(2'!rl ^ ’’~i5)+i (r3-r,-r,+ l)s(4i) 

/=1 J = 1 r, r. 


(Ztt) 

/3, 


or r, ySr + r, -f r, 

X G « X ■ a 

T.S + r, -h ^’2> 5 i +*r3 


(7 — 8) >'i 

If 




A(fl, «l),A(r2, «2),A(^, fll).....A(^.fly ) 
AUj^i) >••*5 A {s,b^ ), A(r3, i8i) 

1 m ] 


( 3 ) 



where stands for the quantities / being a positive 
integer. 

To obtain (3) we express the H* function into it? equivalent contour integral 
with the help of ( 1 ) and then apply the formula namely 


r (mz) = (27T) 


mZ — i m—l 


n r 


("+ -ir) 


(4) 


(3) reduces to the following result when s=:^fj =f 2 = r 3 — n by virtue of 

|6, p. 40n. 


H 


t, 

y, s 


(%. «) (^-y. n) 

(/>!, Bj,..., (b^,n) 


a,P 


,i/J “7 1 


(5) 


y, 8 L 

where n is a positive integer. 

2 . The following results will be required during the proofs [2, pp. 398, 399], 


rV 'n_.f ' \ f.r no r((3-r+i) r(-/+B-/i 

jx OX) ,,r.( n. f, „ *) cx - rCP-y+i+lf 

o 

where n = O, 1, 2,...; R (jS — T) > n-l and R (/) > O. 

j 


( 6 ) 


^.vr^r^r- r(y-<z-l) 


(7) 


where R (/) > O, R (/3 - /) > O and R (y - a - /) > O. 

3. First integral : 

j (^l» ^l)> (®r> ^r) 

I . C^s./s) 

(1 /, Bi), (fij, (flfj ^r}j (y~/j Bl) 


1 /_i p^y-n 

■ x) 3 Fi(-n,^;y;x) 


J ^ 


€ X 






H 

1(^7+ Bj r-i-2, 5 + 2 

where b = 0, I, 2,... ; m > O, R (/) > O, R (JS - y) > n— 1, 
and one of the following sets of conditions are satisfied : 

(i) X > O, j arg. z\ < i X tt ; 

{it) \ > O, j arg. ^ 1 ^ 5 X 77 and R (/*■+ 1) O. 


(y , B /, m), \bg,Js), ^y P - If m) J 
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q r p s 

Where X, P- stand for S Qi) - 2 (^j) + S t/ j) — S C/i) 

jrc] js=q-^\ 7 = 1 

i T 

and i (f— i) 4- 3 (^i) - S (di) respectively. 

i=i j=i 

Preef : Substituting the value of H-function from (1) in the integrand of 
(8) we have 


1 l-l fS-y-n 

r 

P 

1 

C n 1) 

(1-^) sF, (- 77 , 

; ^) 1 ^ 

J ;=i 

J 

1 277 7 

L 5 


1 

1 

nr(i-6j4-/j 1) 



2 

1 


n r(i-flj 4 Zj|) 



1 .. 

(A) 

r X 

.n r(aj-Zj^) 

1 

J 


i=?4l 

%.T - . • . _ _ . 



^ Now we interchange the order of integration in (A) and evaluate the a«-integral 
by virtue of (6) and obtain 


r(y) rog~y+i) f ;=i /.Ji 

rfy-fn) 27ri L r~~ 

n r(i-6j+/j f) n T{ai--iu) 


V r(y+n m^) p 

r(7-/-;ne) (B) 

Interpreting (B) with the help of (1) we get the required result. 

^ The contour L runs from-i:o to + t cc such that all the poles of r(A,— /, A 
( j*=l, 2,..., p)^ -fn — l — m |) are to the right, and ail the poles of Ffi— m + Z; A* 

( 2,.. j 5 f), are to the left of the contour. 


Regarding the interchange of the order of integration in (A) we sec that 
jf-integral is absolutely convergent if R {l)> O, R (/3— y)> n— I and n=0, 1, 2... ; 

To investigate the convergence of the ^ —integral in (A) we put | = i z, ^ 
and then take the limit as t tends to infimity. Since [1; p. 47] ; 

I x~i - Itt [ / I 

Fix 4 7 Z) = (27r) I Z 1 ^ real) 
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ilie absolute value of the integrand in the | integral of (A> is cotHpara 
with the expression : 

-iXTTlM 

(i) X > O, i arg (e) 1 Z. i X ir 

(ii) X > O. 1 arg W I < i X TT and R ((* + 1) < O. 

The conditiona of absolute convergeace of 
obtained by a method similar to that given above. Thus 
anf?he resulting integral (B) are absolutely convergent und^^^^ 
with the theorem: Hence the interchange of the order of integration ^ ; 

justified by virtue of de la Vallce Poussin^s theorem [7 j p. 504]. 

4. Sec6td integral : 

ri iS-/-i 

J X (1 “ ^) 3^1 ^ ^ 

o 

(flj, (<*r, ^r) 


X (l-^) 


] d * - 


r(Y) 


(»../.) ■ 

{\—l, n), (aj, h)f‘t (*« ^r)> 

(/S - I, n), (y-a-l, »), (*i, /i). •••» (»../.) 


] 


t9) 


Where a > O. fi (D > O. R (^-1) > O, R (V - o-i) > O, and one of the 
following sets of conditions are satisfied : 

(i) X > O, j arg (i) 1 I X TT ; 

(.i) X > O, |arg(e)r< 4^ •ir.-R(f‘+>) < O and R ((*+^ - «) < O. 

In (9), X and P- have got the same meanings as in (8). 

To prove (9) we proceed on the same lines as given during the proof of (8) 
except that here result (7) is used instead of (6). 

5. Particular casa. On taking each . and / in (8) and (9) equal to a. where a is 
a positive integer, we respectively get the folio wmg Integra . 

First Integral : 

j b (1-*'/-’'-“ A (-«, p ; Y : a) Gf‘j [ " ^ 1 1:::: ti 3 

r(Y) n/S-Y+l) a 6i-s (aO + ir-Jr+l 

r(Y+nl ■ ■ 


J=\ i=i 

a 


y-fR - 1 
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(10) 


m-^ap^m-^aq f a(f-j) A(>«. 1 A(Mi).-j 
X G \ z<T 

2m-jr<Tr, 2m-^as L l^[m, y 

A(«^. <ir), A(OT,y-/) 

A(‘^, bs), Aim, y-fi-l)j 

Where n=0, 1 2.... ; m>0, 5(ij>0, /i (;8- T) > n - 1, and one of the 
following seta of conditions are satisfied : 

(i) s —h > O, 1 arg 2 | . 

(it) j5 + g— |r— |j ^ O, I arg 2 j ^ -n- and 

r j 

( S (ij)+ i r-i r-lj > 

^ j==l i=l 


/2 


O. 


Second Integral ; 

A/rr 1/^ —nj(T 

j ^ (1-;,) aF, K ;S;y;,)GAj[ « ' * (!-*) 


^n--, Or, 




- fO , ^Hl— <y)+l-n ^ r 

“ ^ K^i)- 2 

j=^[ j=l 

i8-a-l 
n 


f^2n+!ip, n+ag r “t'’ ~*5 [ A("> 0> AC®, «]),..., /\(it, a,), ^(n y 

^2r,+,r. 2a+« L L , . . . 


A(n. e-t). A(». y-n-i). A(‘'. i.) M”, i.) 


](!!) 


Where a is a positive integer, R «) >0, R ip-l) >0, R (y-a-l)>0 
and one of the following sets of conditions are satisfied : * 

(0 >0, j arg 2 j < ^ Tj- . 

(ii) /?+?- > O, 1 arg e j ^ 

R 


R 


( s (fli)-:s ( 6 i)+^^-ir-l ^ >0 and 

^j=l j=l } 

( 2 (flj)-- 2 (^j)+irr— ^f+a— ^ ^ >0. 

^j=\ j=l J 


p. 539]. ° ^ both the results given by Sharma [5; 

The author is indebted to Dr. K. G. Sharma for his kind helo duriro rt,. 
^nparation of this paper. Thanks are also due to Principal V G. S and 
to^me.' ^ ^ ““uragement and faciUties given to me from time 
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INVESTIGATION OF 1022 DOUBLES IN THE OXFORD 
ASTROGRAPHIC CATALOGUES +27° to +29® WITH AN 
ANGULAR SEPARATION LESS THAN 15" (Part W) 


By 

A. N. GOYAL 

Depi, of Maths,, Uaw. of Raj., Jaipur 

[Received on 23rd April, 1965] 
ABSTRACT 


The present paper is a continuation of several previous papers (1,2, 3, 4, 5, 6) and gives th» 
results of the search ana counts of 1022 doubles with an angular separation less than 15 in the Oxford 
Astrographic Cataloguer + 27° to 29° in different magnitudes for different values of/^m (the 
difference of magnitude between the components). The average galactic concentration obtained by 
comparing the distributions in galactic latitudes 0°< i | ^20° and f iS | >40° works out to 
be 4.310 which is smaller than that for the zones-4-32° and +33° (7.77), +26° and 25° (6 09) The 
average galactic concentration for all stars in these zones is found to lie between 2 24 and* 3 07 
The average galactic concentration for doubles in these zones is larger than the average galactic 
concentration of stars themselves, a conclusion previously arrived at. The method of investigation 
remains the same as described in the first paper. Ihe ratio of the observed to optical (T:0) (»n be 
easily computed from the data given in the tables I to IX. 


Observed distribution of stars according to d, m, m. 
Table I +27* ; O" <d <5". 


— 

.3 

.6 

.9 

1,2 

1.5 

1.8 2.1 

2.4 

>2.4 

T 

O 

m 










< 9.0 

0 

0 

1 

0 

0 

1 0 

0 

1 

3 

0.9 

10.0 

2 

0 

1 

0 

0 

i 1 

1 

0 

6 

0.7 

11.0 

2 

3 

4 

2 

2 

2 1 

0 

0 

16 

3.7 

12.0 

11 

5 

4 

2 

1 

0 0 

0 

0 

23 

3.1 

13.0 

4 








4 

0.9 





Table 

II +27° ; 5" < d 

<10". 



< 9.0 

2 

0 

1 

1 

2 

1 1 

1 

6 

15 

8.4 

10.0 

1 

3 

2 

5 

0 

3 2 

1 

3 

20 

6.3 

11.0 

10 

10 

1 

3 

2 

3 3 

0 

1 

33 

33.2 

12.0 

16 

15 

8 

0 

2 

9 1 

1 

0 

43 

28.3 

13.0 

12 

2 

2 

2 





18 

8.1 

> 

2 








2 






Tabu HI +27« ; li" < d 

<15". 




< 9.0 

0 

1 

1 

0 

2 

0 1 

0 

7 

12 

25.2 

10.0 

0 

2 

3 

1 

2 

3 2 

1 

3 

17 

18.8 

ll.O 

7 

6 

9 

3 

3 

6 2 

0 

1 

37 

99.6 

12.0 

27 

8 

10 

1 

2 

1 2 

1 

0 

52 

84.8 

13.0 

9 

5 

2 

1 





17 

24,2 

> 

2 

2 

1 









( m ) 







table IV +28° ; O 

<d <5". 




Am 

.3 

.6 

.9 

1.2 

1.5 1.8 

2.1 2.4 

>2.1 

T 

6 

in 










< 9.0 

0 

1 

0 

1 

0 0 

1 0 

0 

3 

0.9 

10.0 

0 

3 

0 

1 

4 0 

0 0 

0 

8 

0.8 

11.0 

4 

8 

2 

4 

2 0 

0 0 

0 

20 

3.9 

12.0 

10 

11 






21 

3.0 

13.0 

1 

3 






4 

1.0 

> 

0 

1 






1 

• . 




Table V 

+ 28° ; 5"< d < 10" 




< 9.0 

1 

0 

1 

0 

0 1 

0 2 

6 

11 

8.9 

10.0 

5 

0 

1 

4 

5 4 

1 1 

0 

21 

7.5 

11.0 

11 

10 

U 

8 

2 4 

1 1 

0 

48 

34.9 

12.0 

12 

6 

3 

2 

2 



43 

26.8 

13.0 

15 

3 

3 

0 

i 



22 

9.0 

I> 

2 







2 

• . 




Table VI +^8° ; 10" < 

d < 15". 




< 9.0 

1 

0 

0 

2 

0 0 

1 0 

6 

10 

26.7 

iO.O 

1 

0 

3 

3 

2 2 

4 0 

2 

17 

22.5 

11.0 

12 

10 

7 

7 

4 4 

0 0 

2 

46 

104.7 

12.0 

10 

9 

10 

3 

3 2 

2 0 

0 

39 

80.4 

13.0 

7 

3 

3 





13 

26.9 





Table 

VII +29° ; O" 

< d sS.5". 




< 9.0 

1 

1 

2 

0 

0 0 

0 0 

1 

5 

O.l 

10.0 

0 

1 

0 

0 

1 1 

0 1 

0 

4 

0.9 

il.O 

6 

5 

6 

2 

1 1 

0 0 

0 

21 

4.2 

12.0 

8 

o 

O 

1 

0 

1 0 

0 0 

0 

18 

3.9 

13.0 

7 

3 






10 

0.9 





Table VIII +29=^ ; 5" 

<d ^ 10" 




o 

cl 

V 

0 

3 

0 

1 

3 2 

2 3 

7 

21 

1.0 

iO.O 

3 

2 

4 

i 

0 5 

i : 

2 

20 

8.5 

11.0 

8 

9 

3 

1 1 

6 3 

0 1 

0 

47 

37.7 

12.0 

16 

9 

4 

3 




37 

34.7 

13.0 

7 

4 

4 





16 

8.6 





I'able 

TX +29° ; 10^ 

'<d <15". 




< 9.0 

0 

v) 

i 

3 

2 3 

0 i 

14 

24 

3.1 

10.0 

1 


1 

1 

2 

i 6 

1 3 

5 

21 

25.6 

11.0 

b 

iC 

i i. 

u 

7 3 

1 0 

0 

44 

113.0 

12.0 

28 

15 

13 

2 

0 i 



59 

104.1 

13.0 

15 

7 

1 





23 

25.3 
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Ifotals : 
Table 

I 

19 

8 

10 

4 

3 

4 

2 

i 

i 

52 

II 

43 

30 

14 

11 

6 

7 

7 

3 

10 

131 

III 

45 

24 

26 

6 

9 

10 

7 

2 

11 

140 

IV 

15 

27 

2 

6 

6 

0 

1 

0 

0 

57 

V 

52 

25 

22 

15 

10 

ll 

2 

4 

6 

147 

VI 

31 

22 

23 

15 

9 

8 

7 

0 

10 

125 

VII 

22 

18 

9 

2 

3 

2 

0 

1 

1 

58 

VIII 

34 

27 

21 

22 

9 

10 

3 

6 

9 

141 

IX 

47 

33 

27 

16 

10 

13 

2 

4 

9 

171 


Observed distribution of stars according to d, m, i®* 

Table X (+27° to +29°) ; < d < 5". 

0°< I ^ I < 20^ 

.3 .6 .9 1.2 1.5 1.8 2.1 2.4 >2.4 T 


< 9.0 0 0 2 

10.0 1 1 1 

H.O 9 9 10 

12.0 16 11 2 

13.0 5 2 


<9.0 1 1 1 

10.0 0 2 0 

11.0 2 2 1 

12.0 9 10 2 

13.0 6 2 

> 0 I 

<9.0 0 I 0 

10.0 1 1 0 

11.0 1 5 1 

12.0 4 S 1 


10 1 1 

14 0 1 

4 2 2 1 

1 1 

Table XI < d < 5^ 
20« < I )3 |< 40°. 

0 0 0 0 

0 12 0 

3 10 0 

10 0 0 


Table XII 0'< d ;<5'^ 
[ ^ I > 40° 

0 0 0 0 

0 0 0 0 

12 1 0 

0 10 0 


0 1 6 

0 0 9 

0 0 37 

31 

7 


0 0 3 

1 0 6 

0 0 9 

0 0 22 

8 


0 1 2 

1 0 3 

0 0 11 

0 0 9 

3 


13.0 1 2 
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tabic XIII 5'' d < 







0° < 1 /8 1 < 20° 




A”* 

,3 

.6 

.9 

1.2 

1.5 

1.8 

2,1 

2.4 

>2.4 

T 

m 











< 9.0 

1 

0 

0 

1 

4 

2 

i 

4 

9 

22 

10.0 

3 

1 

5 

7 

3 

5 

2 

2 

1 

29 

11.0 

16 

20 

11 

14 

6 

3 

3 

1 

1 

75 

12.0 

32 

15 

13 

8 

4 

1 

0 

1 

0 

74 

13.0 

18 

3 

4 

1 

1 





27 

> 

2 









2 





Tabic XIV 5'^<a <10'^ 









20° < i ^ j < 40° 




< 9.0 

0 

3 

1 

1 

1 

1 

1 

2 

9 

19 

10.0 

4 

2 

2 

2 

1 

4 

1 

i 

2 

19 

li.o 

10 

6 

9 

7 

4 

5 

0 

1 

0 

42 

12.0 

9 

19 

4 

1 

0 

0 

i 

0 

0 

34 

1.3.0 

10 

5 

4 

2 






21 


2 














Tabic XV 5" < c/ ^ lO'' 










j iS 1 > 40° 




< 9.0 

2 

0 

1 

0 

0 

1 

1 

0 

1 

6 

10.0 

2 

2 

0 

i 

1 

3 

1 

1 

2 

13 

11.0 

3 

3 

1 

1 

0 

2 

\ 

i 

0 

0 

11 

12.0 

9 

2 

1 

2 

0 

1 

0 

0 

0 

15 

13.0 

6 

1 

1 







8 





Table XVI 10'' 

<d^\y 








0° < I iS 1 ^20° 




< 9.0 

0 

0 

2 

2- 

1 

0 

i 

0 

18 

24 

iO.O 

2 

2 

5 

3 

n 

O 

4 

4 

2 

7 

32 

11.0 

17 

21 

15 

16 

10 

10 

2 

0 

3 

94 


12.0 40 24 21 4 I 4 S i 0 98 

31 
3 


13.0 16 10 5 

>021 
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table XVII \Q" < d <15" 
20° < j iS 1 ^40° 


i^m 

.3 

.6 

.9 


1.2 

1.5 

1.8 

2.1 

2.4 


>2.4 

T 

m 

< 9.0 

1 

1 

0 


3 

1 

1 

1 


1 



7 

16 

10.0 

0 

1 

2 


3 

1 

4 

2 


0 



3 

16 

ILO 

3 


9 


3 

3 

2 

1 


0 



0 

25 

12.0 

19 

5 

9 


2 

3 

0 

1 


0 



0 

39 

13.0 

14 

5 

1 


1 









21 


2 




Table XVIII 10'^ 

< d <15" 





2 







1 i0 1 < 40“ 







< 9.0 

0 

0 

0 


0 

2 

2 

0 


0 



2 

6 

10.0 

0 

0 

0 


0 

1 

3 

1 


2 



0 

7 

11.0 

2 

1 

3 


0 

1 

1 

0 


0 



0 

8 

12.0 

6 

3 

3 


0 

1 

0 

0 


0 



0 

13 

13.0 

1 













1 

Totals 

Tables 














X 


31 


23 


15 

7 

7 

3 


3 

0 

1 

90 

XI 


18 


18 


4 

4 

2 

2 


0 

1 

0 

49 

XII 


7 


12 


2 

1 

3 

1 


0 

1 

1 

28 

XIII 


82 


39 


33 

31 

18 

a 


6 

8 

11 

229 

XIV 


35 


35 


20 

13 

6 

10 


3 

4 

11 

137 

XV 


22 


8 


4 

4 

1 

7 


3 

1 

3 

53 

XVI 


75 


59 


49 

25 

15 

18 


10 

3 

28 

282 

XVII 


39 


16 


21 

12 

8 

7 


5 

1 

10 

119 

XVill 


9 


4 


6 

0 

5 

6 


1 

2 

2 

35 
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GARBON, NITROGEN AND SULPHUR STATUS OF SOME ALKALI 
AND ADJOINING SOIL PROFILES OF UTTAR PRADESH 

By 

S. SINGH and B. SINGH 

GilUgf e/ Agrieulture, Banaras Hindu University, Vartnssi 
[Received on 4th January, 1966] 

ABSTRACT 

Three alkali and their adjoining soil profile samples were analysed for organic carbon, total 
nitrogen and total sulphur contents. The average values of these clerncntJ were found to be 0.3804, 0.045 
and 6d3323 peccant reapcetively ia alkali soil profiles as compared with 0.6277, 0.060 and 0.0275 percent 
in adjoining soil profiles respectively. 

The averege ratios between G and N; and G and S, are found to be 11.2 and 14,5 in alkali soil pro- 
files r«spectively as compared with 11.5 and 31.4 in adjoining soil profiles. The ratios G: N: S arc found 
to be 112 : 10 : 9. 5 and 115 : lU : 4.3 in alkatll and adjoining soil profiles respectively. 


Carbon, nitrogen and sulphur play an inaportant role in the build up of soil 
organic matter. The relationship between carbon and nitrogen has been recognised 
for a long time. Truchot (1875) wus the first to give the idea of carbon and nitrogen 
relationship in the sail. As early as 1833, Lewis et. al, recognised the significance of 
C/N ratio and its quantitative use for diagnosing soil and subsoil characteristics. 
Williams et. al. (1960) have recognised the close association of carbon, nitrogen and 
sulphur with one another in soil organic matter. 

In the present investigation, a depthwise distribution of carbon, nitrogen and 
sulphur has been studied to sec the relationship between them in some soils repre- 
senting alkali and adjoining soil profiles of Uttar Pradesh. 

EXPERIMENTAL 

Samples from three alkali soil profiles as well as from their adjoining cultivable 
fields were collected from districts of Uttar Pradesh, viz., Ballia, Jaunpur and 
Varanasi. Genetically all the soils arc Gangetic alluvium affected by salinity and 
alkalinity. All the soil samples were found to be on the alkaline side with pH rang- 
ing from 7.2 to 9.4. 

Organic carbon was determinsd by Walkley and Black’s method; total nitrogen 
by Kjeldahl method; and calcium carlDonatc by rapid titration method following 
those described in Piper (1950). Total sulphur was determined by sodium carbonate 
and sodium nitrate fusion and precipitation as barium sulphate (Robinson, 1945). 

RESULTS AND DISCUSSION 

The results of chemical analysis are presented in table 1. An examination of 
the data for total nitrogen reveals no definite trend of its distribution in all the alkali 
and adjoining soil profiles except the marked lower values in the (0-2"') surface layers 
of alkali soil profiles. This shows no signs ot nitrogen leaching in tne soil. Total ni- 
trogen content ranges from 0.021 to 0.051% with an average of 0.034% and from 
0.035 to 0.090% with an average of 0.0o% in the alkali and adjoining soil profiles 
respectively. The higher values of total nitrogen in adjoining soil profiles may be 
due to cultivation practices. 
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Similar to the distribution pattern of total nitrogen, total organic carbon also 
did not show any regular order of distribafien in the profiles. Total organic carbon 
ranges from 0.1827 to 0.7048% with an average of 0.3804% and from 0.4758 to 
0.8422% with an average of 0.6277% in alkali and adjoining soil profiles respecti- 
vely. Again, the higher values of organic carbfcn are found in adjoining soil profiles 
than in alkali soil profiles. Values of both organic carbon and total nitrogen showing 
a nearly similar trend down the profiles indicate a close relationship between the 
two elements. 

Further, total sulphur content also shows no definite order of distribution in 
the profiles. Total sulphur content ranges from 0.0121 to 0,0740% with an avorage 
of 0.0323% and from 0.0137 to 0.0589% with an average of 0.0275% in alkali 
and adjoining soil probles respectively. Contrary to carbon and nitrogen, sulphur 
content of alkali soil profiles are found higher than those in adjoining soil profiles. 

Calcium Carbonate and G, JV, and S. 

.'Accumulation of calcium carbonate is found in both types of profiles of Ballia 
and Jaunpur, while profiles from Varanasi do not show such accumulation (Table 1). 

TABLE 1 


Carbon, Nitrogen, and Sulphur contents of the Alkali and Adjoining soils 


Depth in 
inches 

Calcium 

carbonate 

% 

Texture 

Total 

carbon 

% 

Total 

Nitrogen 

% 

Total 

Sulphur 

% 


1. Abhanpur (lallia)-Alkali soil 


0-2 

0.2 

Clay loam 

0.2114 

0.021 

0.0322 

2-10 

0.3 

Sandy loam 

9.4630 

0.042 

0.0562 

10-20 

0.7 

15 if 

0.2798 

.0.038 

0.0493 

20-35 

1.5 

Clay loam 

0.2828 

0.038 

0..0288. 

35-59 

1.4 

Clayey 

Q.3588 

0.032 

0.0356 

50-65 

15.0 

Loam 

0.6318 

0.039 

0.0740 

65-74 

22.0 

Clay loam 

0.7848 

0.038 

0.0438 


2. 

Abkanpur (Ballia)- A el joining Soil 


0-8 

1.3 

Sandy loam 

0.8422 

0.087 

0.0438 

8-20 

16.6 


0.5148 

0.089 

0.0617 

29-32 

19.0 

>9 if 

0.6942 

0.090 

0.0562 

32-48 

25.2 

JJ 

0.4758 

0.081 

0.0589 

48-65 

16.0 

Loam 

0.7322 

0.083 

o.feeo 

65-72 

26.5 

Clay loam 

0.6318 

0.085 

0.0370 
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TABLE l.-(Gontd.) 


)epth in 
inches 

Calcium 

carbonate 

% 

Texture 

Total 

carbon 

% 

Total 

Nitrogen 

0/ 

/o 

Total 

Sulphur 

0/ 

/o 



3. Lagdbarpur (Jaunpur)-.Alkali soil 


1 

O 

0 2 

Clay loam 

0.1817 

0.022 

0.0223 

2- 8 

0.2 

Sandy loam 

0.4124 

0.040 

0.0288 

8-20 

0.8 

1 oam 

0.4524 

0.044 

0.0387 

20-32 

9.0 

Clay loam 

0.5148 

0.030 

0.0480 

32-44 

7.1 


0.5382 

0.051 

0.0493 

44-62 

1.0 


0.4290 

0.029 

0.0356 


4 . 

Lagdhaipur (Jaunpur)' 

-Adjoining 

soil 


0- 6 

0.8 

Loam 

0.7878 

0.063 

0.0178 

6-19 

Nil 

Clayey 

0.6318 

0.043 

0.0137 

19-35 

5.4 

Silt loam 

0.6313 

0.054 

0.0192 

35-52 

7.9 

Clayey 

0.5928 

0.051 

0.0223 

52-65 

12.5 

Clay loam 

0.5928 

0.047 

0.0192 



5. Korajpur (Varanasi 

)- Alkali soil 


0-2 

0.3 

Clay loam 

0.1915 

0.021 

0.0121 

2-12 

Nil 

Clayey 

0.3424 

0.039 

0.0192 

12-24 

Nil 

Clay loam 

0.3592 

0.027 

0.0123 

24-36 

Nil 

Clayey 

0.35S0 

0.042 

0.0096 

36-50 

Nil 

5* 

0.3502 

0.041 

0.0137 

50-66 

0.4 

5J 

0.3424 

0.034 

0.0178 

66-75 

2.5 

Clay loam 

0.2956 

0.021 

0.0192 


6. Korajpur (Varanasi)- 

'.Adjoining 

soil 


0-10 

Nil 

Sandy loam 

0.6084 

0.G43 

0.0178 

10-24 

Nil 

Clay loam 

0.5616 

0.Q49 

0.0178 

24-36 

Nil 

Silt Ibam 

0.6464 

0.039 

0.0137 

36-48 

Nil 

Clayey 

0.49S2 

0.046 

0.0192 

48-60 

Nil 

55 

0.6785 

0.037 

0.0082 

60-70 

0.3 

S3 

0.5488 

0.035 

0.0137 
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It shows a positive regular rise in depth with a few exceptions, implying a build up 
of calcium carbonate with depth to be apparently an epigenic process. Average of 
organic carbon, total nitrogen and total sulphur with calcium carbonate are given 
in table 2. It will be seen that organic carbon content bears an apparent positive 
relationship (r = +0.82) with calcium carbonate in alkali soil profiles, but no 
apparent relationship (r= + 0.20} is seen in adjoining soil profiles. The total nit- 
rogen content shows no apparent relationship (f = + 0.18) with calcium carbonate 
in alkali soil profiles but a significant positive correlation (r = +0.73) is seen in 
adjoining soil profiles. Further, total sulphur shows significant positive correlation 
{T= -i- 0.59) and (r = + 0.74) both at 1% level in alkali and adjoining soil pro- 
files respectively. 

TABLE 2 

Carbon, Nitrogen and Sulphur affected by Calcium Carbonate 


(Average in percent) 


Calcium 

Organic 

Carbon 

Total 

Nitrogen 

Total 

Sulphur 

Carbonate range 

0/ 

/o 

Alkali 

Cultivated 

Alkali 

Cultivated 

Alkali 

Cultiva- 

ted 

0- 1 

0.3327 

0.6203 

0.033 

0.045 

0.0262 

0.0152 

1-2 

0.3302 

0.8422 

0.033 

0.087 

0.0333 

0.0433 

2-10 

0.5265 

0.6123 

0.041 

0.053 

0.0324 

0.0213 

10-20 

0.6318 

0.6335 

0.039 

0.077 

0.0740 

0.0408 

> 20 

0.7048 

0.5533 

0.036 

0.083 

0.0i38 

0.0480 


Ttxiurt and C, AT, and S. 

The tcxturewise averages of carbon, nitrogen and sulphur are given in table 
3. An examination of this reveals no apparent relationship between organic carbon 
and fineness in texture in alkali (r = —0.07) and adjoining soil (r = —0.14) pro- 
files, The total nitrogen content shows no significant correlation (r^ = — 0.24) with 
texture in alkali soil profiles, while a significant negative correlation (r = —0.80} 
is found in adjoining soil profiles between the two factors. Further, the total sulphur 
icveals a negative relationship with texture in alkali (r = —0.57) and adjoining soil 
(r = -0.78) profiles respectively. 

TABLE 3 

Carbon, Nitrogen and Sulphur affected by Texture 
(Average as percent) 


Texture 

Alkali soil profiles | 

( 

Adjoining soil profiles 

Organic 

Carbon 

Total 

N 

Total j 

s 1 

Organic 

Carbon 

Total 

N 

Total 

S 

Sandy loam 

0.3337 

0.040 

0.0448 

0.6271 

0.078 

0.0477 

Loam 

0.5421 

0.042 

0,0564 

0.7600 

0.076 

0.0219 

Silt loam 

— 

— 

— 

0.6391 

0.047 

0.0165 

Clay loam 

0.3621 

0 030 

0.0304 

0.5954 

0.060 

0.0133 

Clayey 

0.3504 

0.038 

0.0192 

0.5902 

0.042 

0.0153 
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Carkon mti mirogm 

Stevenson (1959) stated that the G/N ratio of surface soiU of agricultural 
importance in temperate regions has a frequency of 10 to 12. Satyanarayana et. al. 
(1^6) reported the same frequency for black soils of semi-arid regions but in a 
comparative study of Indian soils he found the ratio to fluctuate widely frorn 5 to 
25, In the preient investigation instances are found in all the alkali and adjoining 
soil profiles individually (Table 4) where the C/N ratio narrows with depth. 


TABLE 4 

Derived data for soil samples of the Alkali and Adjoining soil profiles 

Profile No. 

Depth in inches 

G/N ratio 

C/S ratio 

C ; N 

: S ratio 

1 

0-2 

lO.l 

6.6 

101 

10 : 15 


2-10 

11.1 

8.3 

111 

10 : 13 


10-20 

7.1 

5.5 

71 

10 : 13 


20 - 35 

5.1 

7.0 

53 

10 : 8 


35 - 50 

11.2 

10.1 

112 

10 : 11 


50 - 65 

16.2 

8.5 

162 

10 : 19 


65 - 75 

19.5 

16.1 

195 

10 : 12 

2 

0 - 8 

5.8 

19.2 

58 

10 : 5 


8-20 

7.7 

8.3 

77 

10 : 7 


20-32 

5.8 

12.3 

59 

10 : 6 


32-48 

8.8 

8.1 

88 

10 : 7 


48-65 

7.4 

28.0 

74 

10 : 3 


65-72 

10.3 

17.1 

103 

10 : 4 

3 

0—2 

8.3 

8.1 

83 

10 : 10 


2-8 

10.3 

14.3 

103 

10 : 7 


8-20 

10.3 

11.7 

103 

10 : 9 


20-32 

17.1 

10.7 

171 

10 : 16 


32-44 

10.6 

10.9 

106 

10 : 10 


44-62 

14.8 

12.1 

143 

10 ; 12 

4 

0-6 

11.6 

44.3 

116 

10 : 3 


6-19 

14.7 

46.1 

147 

10 : 3 


19-35 

11.7 

32.9 

117 

10 : 4 


35 - S 2 

11.6 

25.4 

116 

: 10 : 5 


52-65 

12.6 

30.8 

126 

: 10 : 4 

5 

0-2 

9.1 

15.8 

91 

10 : 6 


2-12 

8.8 

17.8 

88 

10 : 5 


12-24 

13.0 

28.5 

130 

10 ; 5 


24-36 

8.5 

37.3 

85 

10 : 2 


36-50 

8.5 

25.6 

85 

iU : 'i 


50-60 

lO.l 

19.2 

101 

10 : 5 


6 a 75 

14.1 

15.4 

141 

10 : 9 

6 

0-10 

14.1 

34.2 

141 

10 : 4 


10-24 

11.4 

31.6 

114 

10 : 4 


24-36 

16.6 

47.2 

166 

10 : 4 


36-48 

10.9 

26.0 

108 

10 ; 4 


48-60 

18.3 

82.8 

183 

10 ; 2 


60-70 

15.7 

40 1 

157 

10 : 4 
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Instances are also found where the ratio widens with depth in the profiles» This 
shows a relative enrichment of nitrogen and carbon in different horizons of the 
profiles. Profile 4 is the only profile when the ratio ranges very narrowly ( from 
11.6 to 12.6),. All the other profiles show a wider range for the ratio. Narrowing 
of the ratio in profile 4 supports the decomposition of organic matter in the profile 
(K-ussellj 1950). Statistical analysis of the data for the two factors shows a signi- 
ficant positve correlation (f = + 0.51 ) in alkali soil profiles and no significant 
correlation (r = -}- 0.27 ) in adjoining soil profile?. 


Carbon and Sulphur . 

* 

Williams at. ( I960 ) reported that sulphur was highly correlated with 
fCvn ?” ^ nitrogen in all groups of soils he studied. From table 4, a wider varia- 
variat^nn/^- profiles individually with exceptionally wider 

\ Statistical analysis of the data for the two factors shows a 

significant positive correlation ( r = -»- 0.64 ) at 1% level in alkali soil profiles 
no significant correlation ( r p 0.01 ) in adjoining soil profiles. 

Carbon, P/ilrogen and Sulphur 

■1 "• “/• ( I960 ) reported an average C; N: S ratio for all srouns of 

aotla studied by htm to be 140:10:1.4. WilliLs and Donald ( 1957 I reXted 

S! S -”lta- 10*^ f Walker and Ada^C 1958 ) a’^rado 

15 The r-N-% ‘'’•.‘■2 Evans and Rost ( 1945) a ratio G: N: S = 122 : 10: 
are eWen Shfe a studied in the present investigation 

112.1o 79.5 I^d 115-T^ adjoining soil profilfs are 

of the soil under oresent .ti.d'v . results obtained show that the sulphur contents 
invSii“ato“. ^ than those reported by the above 


Ai^js.iNuwL.lilJGMENT 


Cul.ur°rItlrs,trvn‘ote' rlThtaward'o^”“‘'^ 

author. ’ ' a research scholarship to the junior 
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CERIMETRIG ESTIMATION OF THIOUREA, POTASSIUM THIOCYANATE, 
POTASSIUM FERROGYANIDE AND POTASSIUM FERRICYANIDE 

K. L. YADAVA and SURENDRA KUMAR JAIN 
Chemital Laboratory, University of Allahabad, Allahabad 
[Received on 15th August, 1965] 

abstract 

In 50% sulphuric acid, thiourea, thiocyanate, feiroc^anide and ferricyanide have been oxidized by 
ceric sulphate requiring 8. 6, 13, and 12 equivalents 'respectively. In case of ferrocyanide and 
ferricyanide, ferric alum has been used as a fixer of cyanide group. 

INTRODUCTION 

Ferrocyanide requires one equivalent in titration against ceric sulphate in pre- 
sence of moderately concentrated sulphuric acid and hydrochloric acid^ Six 
equivalents of ceric sulphate are consumed in oxidation of potassium thiocyanate in 
presence of 6-N or more sulphuric acid®. Oxidation of thiourea and potassium 
ferricyanide appear to have not been attempted. We have in our investigation 
attempted the oxidation of these substances in presence of high acid concentration. 

EXPERIMENTAL 

All the reagents except thiourea and potassium thiocyanate were of A. R. 
grade. These two substances were used after recrystallisation and drying. Water 
redistilled over alkaline permanganate was used throughout the investigation. 5 ml 
of 0.20M ceric sulphate solution in 2.5 N sulphuric acid and 5 ml of strong suR 
phuric acid were taken in a clean and dry 250 ml conical flask in which a ground 
glass air condenser could fit in. Redistilled water or 1 ml of saturated ferric alum 
or 3 ml of saturated silver sulphate solutio.'is were added to it where necessary and 
then ice cooled if necessary. The reductant solutions of urea, thiourea, thiocyanate, 
ferrocyanide or ferricyanide w'ere added to the mixture. Ground glass joint air 
condenser was fitted in and then the flask was heated over a low voltage heater, till 
fumes of sulphuric acid just evolved. It was then cooled. The volume in the conical 
flask was made upto nearly 100 mi with redistilled water. It was subsequently 
heated to dissolve the unreacted separated ceric sulphate complex, cooled and the 
remaining Ce (iv) was back titrated against 0.05M ferrous ammonium suphate solu- 
tion using ferroin as indicator. The blank was also run* 

RESULTS and DISCUSSION 

5 ml each of 0.20M ceric sulpate and sulphuric acid (A.R., B.D.H.) were used. 

Saturated ferric Saturated Equivalent 

Substance alum (A. R.) silver sulphate Procedure required 

soin. soin. 


1. 1 ml 0.05M urea 
solution 

2. 1 ml 0.05:vl 
thiourea solution 

3. (i) 1 ml 0.05M KGNS 

solution (standard - 
ised by Volhard’s 
method) 


heated directly on 
plate heater 

nil 


7.98, 


7.96 

diluted Ce (vi)-HaS 04 
mixture to about 100 

4.51, 

ml with water and 
added to KCNS soin 

5.02 

and heated. 
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Substance 


Saturated ferric 
alum (A.R.) 
soin. 


Saturated 
silver sulphate 
soln. 


Equivalents 
Procedure required. 


(ii) 1 ml 0.05M KCNS 
solution (stander- 
dised by Volhard’s 
method) 

I ml 

— 

heated directly with- 6.03, 
out dilution with 6.02 
water. 

^ii) 

1 ml 


Ge (iv)-H 3 S 03 mix. 
was ice cooled. The 

KGKS solution was 
added to it slowly 6.12, 
with the help of a 0.00 
pipette and then 
heated on the plate 
heater. 

(iv) 


3 ml 

Ge (iv)-H 2 SO^-silver 
sulphate solution was 
ice cooled. KGNS 6.13^ 
solution was added 6.21* 
slowly to it and then 
heated. 

4. (i) 1 ml 0.03M 

KjFe (GN), 

— 

— 

heated directly 2.31, 

3.02 

(ii) 



Kj^Fe(GN)g was slowly 
added to ice cooled 6.07, 
Ge (iv) - HjSOj mix. 6,31 
and then heated 

(iii) 

1 mi 


Fe(CN)g solution 
was slowly added to 13.03, 
ice cooled Ge (iv) - 13.06 
HaS 04 -F(lIlj mix. 
and then heated. 

(iv) ” 

5.(1) 1 ml 0.028M 
^^3Ec(GN}g 


3 ml 

Kg Fe(GN)g solution 
was slowly added to 6.52, 
ice cooled Ge(iv) - 6.61 
HaSO^-silver sulphate 
mix. and then heated 
heated directly 2.40, 

3.23 

(ii) 

1 ml 


Kg Fe(GN)g solution 
was slowly added to 11.95, 
the ice cooled Ge(iv) 12.02 
HaSO^-Fe (ill) mix. 
and then heated 
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of Ge(iv) 

(i) 

(ii) 

Thiourea on the other hand is oxidised at the cost of Ce(iv) requiring 8 equi- 


valents. This can be explained by the following reaction. 

NHaGS NHa + 4 O ? NH^GONHa + SO 3 (iii) 

NH 2 GO NH, -h HgO » 2 NH 3 + GO 2 (iv) 

This mechanism is quite in conformity with that proposed for the oxidation 
of thiourea by permanganate in sulphuric acid medium wherein urea is a product. 
The following reaction may also explain the requirement of 8 equivalents : 

NH^GS NHj 4 - H 3 O » 2 NH 3 + CSO (v) 

GSO -h 4 O — — ? GO 2 -j“ SO 3 

NHjGSNHj 110 °G NH^GNS HaSO, HGNS (vii) 

in presence 
of dil. sulphuric 
acid. 

HGNS + 40 > HCNO + SO 3 (viii) 


The above proposed mechanisms ^V, VI & vii, viii) are not in agreement with 
the results obtained in oxidation of KGNS. From the table it is seen that KGNS 
requires 6 equivalents instead of 8 as proposed by the mechanism (vii. viii). Also 
as HGNS readily hydrolyses in presence of sulphuric acid,'-^ the equivalents of KGNS 
in oxidation should exceed 6 which is not supported by the observation Hence 
the mechanism (v, vi) proposed for the OKidation of thiourea is also ruled out. 

The cerimctric oxidation of KGNS in sulphuric acid (more than G-N) requir- 
ing 6 equivalents was proposed by Joshi and Deshmukh® 

HGNS +30 > HGN + SO 3 

Our result indicates the above reaction taking place even in 50°/o sulphuric 
acid. The oxidation reaction is similar to the oxidation of KGNS with KMnO*^^’^^ 
and Results of Joshi and Deshmukh (Loc : cit.) show appreciable devia- 

tion in equivalence with increasing dilution of sulphuric acid. This is also evident 
from our observation (3i) in which acid strenth was 2N. The above investigators 
did not give any reason for it. We arc of the opinion that in dilute acid the 
direct oxidation becomes slow and the thiocyanic acid hydrolyses to some 
extent as follows : 

2 HGNS + 2 H 2 O ^ 2 NHs+eSj + GOi 

The carbon disulphide being volatile escapes oxidation leading to a fall in 
equivalence value. 


A perusal of the table shows that urea is not oxidized at the cost 
which h accountable by the following reactions : 


hydrolysis 

NHjGO NH, ^ 


NH,GO NH, 


NH 4 GNO 


2 NHa + GO, 

hydrolysis 

HCNO > 


NHs + GO. 
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Potassium ierrocyanide, which has b§en reported to take Up orie equivalent lU 
our investigation takes up i3 equivalents in presence of ferric alum, the acid 
concentration being nearly 9M. 

Potassium ferricyanide takes up 12 equivalents under the same conditions. 
This shows that the complex Fe 2 (GN)Q strongly binds cyanide groups even in pre- 
sence of 9M sulphuric acid and then on subsequent heating they are quantitatively 
oxidised to cyanate state. 

GN- 4- O GNO- 

In absence of ferric alum and even in presence of Ag ions part of cyanide 
groups escapes exidation. 

CONCLUSIONS 

From the investigation it is evident that cerimetric method can be employed 
for estimating thiourea, ferrocyanide and ferricyanide in presence of 50% sulphuric 
acid. In the latter two cases ferric alum should be used as binder of cyanide group 
and its mixture with Ce(iv)— HaSO^ should be ice cooled, ferro or ferricyanide solu- 
tion slowly added to it and then heated gradually. Thiourea requires 8 equivalents 
ferrocyanide 13 and ferricyanide 12 equivalents of Ge(iv). ' 
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ON SCHWARZ piFFERENTIABILITY-1 
By 

S. N. MUKHOPADHYAY 

Department of Maths natus. University of Bardwan, West Bengal, India 
[Received on 8th May, 1964] 

abstract 

In this paper some theorems analogous to Rollers Theorem and Mean Value Theorems have 
been proved for Sdiwarz derivative. Also, a connection between the ordinary derivative and Schwarz 
derivative has been obtained with the help of the notion of uniform Schwarz differentiability. 

INTRODUCTION 

1. Let / (*) be a real function of the real variable a: defined in an open 
interval I of which [ ]=fl < a: < 6 is a closed subset. For * € I, if the limit 


lim / {x-\-k)—f {x - h) 

/i— ^0 2h 

exists, it is called the Schwarz derivative [1 of / (x) at the point x and is denoted 
by JWix). It is known that if the ordinary derivative j\x) exists at the point x, 
then/ 1 ') (a:) also exists and J‘{.x)=fi^'!{x). The converse, however, is nottrue.lt is 
now natural to ask whether the main properties of the ordinary derivatives are 
also possessed by Schwarz derivatives. Indeed, it has been shown [4] that if F(Ar) 
is continuous in [a,b] and the second Schwarz derivative Ft^i^(x) = 0 every- 
where on (a, 6) then F(a:) is a linear function. Some sufficient conditions in 
terms of the ^hwarz derivatives also have been obtained [4] in order that a 
function may be convex downwards. But it appears that nothing is known 
so far about Roile’s theorem. Mean value theorem and Darboux theorem for 
Schwarz derivatives. The present paper is an outcome of this concideration. The 
paper contains two sections, sec. A and sec. B. In sec. A we have attempted to 
prove the above theorems. The conditions, we require to prove the theorems, are 
more stringent than those required to prove the parallel theorems for ordinary 
derivatives. But this may not be unnatural if we have in mind that the existence 
of the Schwarz derivative at a point does not necessarily imply the existence 
of the ordinary derivative there. 

In sec. B, we have introduced the notion of the point of uniform and non- 
uniform Schwarz differentiability and in this connection we have defined a 
function d(x) in [a, 6] analogous to the function introduced by Lahiri [3] in 
connection with the point of uniform and non-uniform differentability of 
a function f{x). We have established certain properties of d{x) along with some 
other results on Schwarz differentiability which show how the existence of the 
ordinary derivative may be ensured from that of the Schwarz derivative. We 
shall use the notations of Hans Rademacher [5j for four derivatives of /(z) 
namely the upper jight, upper left, lower right and lower left derivatives of /(x) 
will be denoted by TSrfixl Djix^ D,f{x) and Duf{x), respectively. 
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Sec. A, 

2. Theorem-1 . If f{x) is continuous in [a,b\ and Schwarz differentiable at 
I € {a,b) = a < X < b, then 

(fl) I Dr f (I) </ (I) < ^ Pi/ (^) 

or (i) 4 Di/(l) ^ (I) ^ I Dr/(|) 

according as/ (|) is the upper bound or lower bound of / (x) in [a^b] 

Proof. We prove the theorem for the case (a). The proof for the case (A) 
is analogous. 

We have 

A (f X _ [/(x+/0~/(x)]+[/ (y)~y (x-A)l 

^ 2A ' 2n 


Since / (|) is the upper bound, we have 

/(!+ (, ! u.- /(i-A) - /«) 

24 ^ " - 2/i 

Taking limit we obtain 

i Dry «)</“>«; 

This proves the theorem. 

Theorem - 2. (Rolle’s theorem). Let / (*) be 
(i) Continuous in [fl,4j 
(«) Schwarz differentiable in (a.b) 
and (m) f ia)=f{b). 

(iv) Let there exist a point CXf,<b for which / (Af^) = / (a). 

(oj If Dr / (*) > Pi / W for Af € E = {a:; X € [fl,6]j/(*)>/(<j)} 

there exists at least one point i in (a,b) such that 

/'"’(D-O. 

Proof I Since f (x) is continuous in [a,b], it attains its upper bound at some 
point or points | in [a, 6]. By hypothesis, E is non-void and / {a,)—f (b) ; so fl<|< b. 

Now exists and so it follows from Theorem I that 


Df /«)</“’«) < “■/({) 
Again, f {^) > f .a) ; so, | € E and hence 
Bry (I) >. E»i / (I) 
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Since / (I) 1* the upper bound, we have D» / {0 =3^0^ 

Utilising (3) and (4) we get / ^ \|)«=0. This proves the theorem. 


Mott 1. If there exist a point a <y^ < for which/ (jo) </ (a) and if 
Di/(a:) forxe F- {x;* € M] ; / W</ C^)} then it can be shown 
similarly with the assumptions (i), (ii) and (iii) that there exist at least one point 


1 , a such that/^ \v) = 0 


Hots 2. If both the sets E and F are void, then/Cx) is constant in {ab\ and 


so /'\x)=/(*)=0 in (a/). 

jVot« 3. The assumption (y) is required only on a set of measure zero ; 
tecause it is known that under the hypoth-ses of the theorem, / (x) has a finite 
derivative almost everywhere [2]. 

Theorm 3. (Cauchy’s mean value theorem). Let /(x) and g (x) be con- 

(ij 

linuous in \afi\ and Schwarz differentiable in (a, 6). Let g (a) ={= g (b) and g (x)={=:0 
for X C (a,f>). Let E and F denote the sets 


E={x; X € {a,b\ ;/(x)- 


fjPlzlM 

g(,b)-g (a) 


g{b)-g{a) / 


F*{x ; X i la,b ] ; /(x) - 


g {b)-g (a) 


g W< 


/ ifi) i {b)-f (b) g 
gkb)-g (a) 



Suppose that 

(0 Dr / (^) ^ Pi/ (*) for X € E & p,/ /(x) for x e F. 
and (it) Dr g (x) Pi g (^) for x e E & p, g (x) > Di g (x) lor x € F. 

or (ii) Pr g (x) Di g (x) for X c E & Dr g (x) ^ P. g (x) for x € E. 

according as / {b)-f{a) and g{b)-g (a) have the same or opposite signs. 

There exists then at least one point ^ in (a,b) such that 
J ( b)- J (a) ^ j (^). 

g (o)-g (,a) (1) 

g (fe) 


Proof ; If both the sets E and F arc empty, then 

jrx)-. IMzIiP) / (^) g Cg)-/(^ . gi g) for g [q/] 

g(b)-g(a) g(b)-g{a) 
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i’he theorcaa is, therefore, proved in this case. 

We suppose now that at least one of the sets E and F is not empty. For 


definiteness, suppose that E is not empty. 
Let f (*) »/(^)_ 

£ (»;— 5 («) 


... (3) 


Then f (x) is continuous in [a,b], Schwarz differentiable in {a,h) 

and f (s)= (^) /gv 

g {Oj~g {a} W 

Since at each point x of E, 9 (x) > (a), utilising (6) it follows that E G (a,b). 

denoting by K, we have from (5) 

? (x)=/(x)~K £ (x). 

Consequently, d, 9 (x) > Dz/(x)-~K Drg («) if K > O | 


Simiiarlv 


and Dr? W > D,/(x)-K D,5(;c)if K < O | 

3 ? (s) ^ 3/ (*)-K Di ^ (^) if K >o I 

and Pi » (x) < Dtf(x) - K di g («) if K <0 j 


From (7) it follows, by utilising (i) and (iij that at each point » of E, Sr 4>(x) 
>Pi 9 (*). Hence by Theorem 2, there exist at least one point a <i<b, such 


/(b) - /(a ) 


J (^) 




. This prove* the theorem. 


4. It should be noted that in proving the above theorem, all the con- 

B^au!e V'e f’ ^ non-empty, are not required. 

Because if E and F arc non-empty, then wc start with any one of them sav E and 
to achieve cur result we need onlv r .u ^ ^ ^ ° 

nf the assumptions (i) and (ii) which 

are applicable to E. 

Taking, m particular, g ,he above theorem, we obtain the following, 

•a i> Let /(*) be continuous in 

:aA ...a Schwar. differentiable in (a,,). Let E and F denote the sets. 
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Suppose that Ur/W > J?i/(^) for X e E 

and p, / (x) < Di / (x) for x s F 

then there exist at least one point ^ in (a,b > such that 

Thmirn 5. Let / (x) be continuous in M,b\ and Sch'.varz differentiable in 
(aji). Let E denote the set 

E= {x ; X s [a,i] ;/ (x) > max [/(a), /(^)]}. 

If Dr / («) > O and ^fib) <0 and Dr/^x) > pi / (x) for x € E then there 
is a point ^ in {a,b) such that / ^(^)=0. 

Proof : Since Dr/(u) >0 and pi/(&) <0 there are points x, in {aj}) such 
that/ (x) > /ra) and / > / {b:. A^ain as/ (x) is continuous in [a.i'], it assumes 

its upper bound at some point say. From the precedinff, it follows that a < ^ 
< i'and alsol € E. 

So. Dr/a-)> 3/(^) 

and by Theorem 1, since /(f) is the upper bound of / (x) in 
d,/( 5) ^ E. /(i) 

Since f (f) is the upper bound, we have *5, /(f) O sS Pi / (|) 

fp, 

So, from above /' ‘(|) = 0. This proves the theorem 

Sti, B. 

3. Let /(x) be Schwars differentiable at each point x of I and suppose that 


^ (x,A) = 


/(x-rA — /(x— ft) 


Then / (x) is said to be '..nifjrmly SehwarZ difftreniiakU in [a,l], if corres- 
ponding to the arbitrary € > O, there exists a g >0 (radependent cf x) such 
that I # {x,h) 1 < e, if 1 A 1 < S for X ? [a,b] and x rh € I. 

Since /(x) is Schwarz differentiable in T, given C>0, there exists for each 
point X € {a,b], a 5(x)' > O, such that \ {x.k) I for \ k I <,oixy It may 
happen that for a fixed value of €>0, S ix} has no positive Icwer boundary in 
[s,6|. Then by a well-known theorem of Weierstrass fi] V7c_ can find at least one 
point f) in [a,b] and a neighbourhood of V on which dfxj has no positive lower 
boundary. 
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\Vc now introduce the following definition. 

Dejmtim. A point * at wWch for ^ “of 

in which 5 (*i has a positive lower bound is said to be a point 

differentiability of/ (*)• 

fee so^.e^?^oa 

differentiability of /(x). 

The above definitions are equivalent to the following . 

A noint r, is a point of uniform or non-uniform Schwarz differentiability ot 

/(z)a«o?ZUsA*.A)hasor has not the unique double limit zero as z-ay 
and O. 

As an illustration, let/ (x) = x sin , x 4= O 


This function is everywhere Schwarz differentiable, but x - O is a point of 
non-uniform Schwarz differentiability of / (x). 

. Ti.* a, 7 'i; vs-irs s.i.'SS 

nondnefefsinf Is7J O ‘and^'^o”'^Cot]cJcntl^%^^ hasTgreatest lower bound 
as d and p tend to zero independently. We denote this greatest lower oun 

by d (I). 

The function d(x) thus defined may have finite value or may be w at some 
point or points. If d (*1 4= O at some point then ^ is evidently a point oj 
Sifrrm Schwarz differentiability of / (x) and at a point of uniform Schwarz 
differentiability, d (x)=0. 


Thtorem 6. d (x) is upper semi continuous on [a,b]. 

Proof: htti >Obe arbitrary. We will show that if $ is any point in 

f a, there exists a neighbourhood of I at every point of which d (x) < d (|)+€. 

if ^ssible, suppose the contrary. Then in every neighbourhood of | there arc 
points V such that d d (|) + €. 

In an arbitrarily small neighbourhood of such a point 1 there arc points at 


which 1 V (*.A) I > d{^)+ ~ for sufficiently small values of 1 A | . This neighbour- 
hood of may be supposed to be contained in any prcasiigned neighbourhood 
of to, in every neighbourhood of | there arc points at which 1 ^ (x,A) 1 > d (|) 
+ i € for sufficiently small values of ( ^ 1 . But this contradicts the definition of 
d ($j. Hence the theorem follows. 

Theorem 7. The set of points of [a,&l at which i (*) is infinite is closed. 

Proof : Let Xj, Xj,.. Xj.....be an increasing sequence of positive numbers with 
^ c=. Since by Theorem 6, d (x) is upper semi-continuous, we have that the 
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iet C„ of points ^ 0 :^ “ 

is infinite is the inner limiting set of the sets Gn. 1 bis set 

Thmmi. A n«os«ry ^“dsufficiont condition that 
, 6 [a, 6] is that there exists Aj 4= O such that 1 f (*.A) I » bounaeu tor 
of X in and for all h such that j /i 1 ^ 1 «i I • 

Pfoo/: The proof of sufficiency easily follows. Since if 1 y ix,h) | is boun 
so is d (*). 

To prove the necessity, choose € >0 arbitrary. 
it follows that for every point x' in [a,b] there exists a neighbourhood Dx of * 
a value } A*' j 4= ^ of ; /» f such that 

( y (*,A) j < d (x') -f €. 

for X € Dx* and for all h such that ( A | ^ I Ax 1 • 

The set of neighbourhoods {D.'} is such_ that every point of the closed 
interval [a, A] is interior to some neighbourhood Dx . 

Hence by Heinc-Borel theorem, there exists a finite number of these neigh- 
bourhoods. ^ _ . 

DV. D*4',...D*'« 

which also have the same property . Let 1 A/ 1 be the least of l ^x'i | . 1 Ax'a 1 
I Ax'm I and d {Xj) be th# greatest of d (*i ), d d (Xm )• Then 

j ijf (x,A) 1 < d (xi) €• 

for all * « [«.41. provided | ft 1 < 1 Ai' I • This proves the theorem. 

TIuorm 9. {Cf. Theorem 1 [3)}. If / ( a :) is continuous and Schwarz diffe- 
rentiable in I and d (fl=0. 5 5 [a.ftj. thcny“'(x) is continuous at 

Proof' Since d (J) “ O, for arbitrary t > 0 , there exists a neighbourhood 
D of^ mch thaTat each point * € D, we have 1 v (x.A) I < J t for all •offio.ently 
mall 'values of | A 1 • choose a particular value of A. say A, for which this 

is true. Then | ^ (i.Ai) | < i c for all x € D,. 

I > * (■« Al — *1' . 

Let $ — 2 ^^ 

Then ^(«,Ai) is continuous at ^ So, there exists a neighbourhood D, of 
such that ^ ^ (x,Ai)-# A,) 1 < § ^ whenever jr^, 

Let D = D,QDa. Then D is a neighbourhood of 4 -. lf®is«s any two 
Doints of D, then 

} = I ^ “V f«iA) -i- V' (e'sf «i» I 

^ ~ (®s>^i) I *T I V’ I T* I A' i 


4.i 4- i- = e 
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So, w is continuous at i his proves the tbeoreih. 

Coroliarj 1. li f (x) is continuous and Schwarz differentiable in 1 and | ^ 

[n 6] is a point of uniform Schwarz differentiability of f (x) then (a:) is con- 
tinuous at 

Corollary 2. If /( a ;; is continuous and uniformly Schwarz differentiable in I 

- f n 

then J '■ \x) is continuous in 

Theorem 10. If / (x) is continuous and uniformly Schwarz differentiable in 
I then / (x) is uniformly differentiable in {a,b], 

Prooj. For arbitrary e < O, there exists 8 P* O such that 


whenever a? € I and j A | < 8. 




Since by corollary 2 of Theorem 9j is continuous and consequently 
uniformly continuous in {a,b], there exists Sj. > O such that 


I W i < I 



whenever j < and x^, e [a,b]. 

Choose an k such that | A j <5'=: min (8, Si). Then replacing x and h by 
X I h and i A respectively in (8), we obtain 




( 10 ) 


I , ;/u + Aba) _ /(')(,+ .A) 


m 


< 4- + + iA) - f^^\x) j by (10) 

^ f i 

J 

< ^ (^)* 

Since c < O, is arbitrary, this shows that /(jt) is uniformly differentiable 
in [a,Al. Thii provei the theorem. 
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OtWising a result of Weinstock f6j, we obtain the following corollary. '* 

Corollary ; If / (x) is continuous and uniformly Schwarz differentiable in 
I, thea/^^^(af) exists and coincides with in [a,b]> 

Moreover is continuous in {a,b\, 

I am thankful to Dr , B. K. Lahiri, for his kind help and suggestions in the 
preparation of the paper. 
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ABSTRACT 

Cartan in one of his papers has defined three types of curvature tensors for a Finsler space 
and ha » deduced some identities involving these tensors. In this paper some more identities for the 
Erst and second of Cartan’s curvature tensors have been deduced. 


1. INTRODUCTION 

Three different curvature tensort have been defined by E. Cartan j 1 I . 
Some identities are known for the curvature tensors. The object of this paper 
is to find some more identities satisfied by the first and the second of Gartan’s 
curvature tensors. Similar identities for the third of Gartan’s curvature tensors arc 
known. First and second of Gartan’s curvature tensors are given by 


( 1 . 1 ) 


jkh 


“ ^ '^rli klj ’ 


and 


( 1 . 2 ) 


m dep a . |0. _ 

p* ^ = F f-;+A A?,, T 

jkh h jk ^ jm hklr 


^]hjk 


or. 


(1.2)a Pji, =A> 


Ulj 


tm , 
g A 


'jkhjm 


.m ,r , aOT at ,r 


"km ^jhlr 


jk^mhjr 


•b ... h 

where and h j denote and covariant derivative with respect to x” . 

These curvature tensors satisfy the following identities 


(13) 


S*. 


mr 


-. 0 . 


(1) Square and round brackets denote symmetric and skew symmetric parts, 
the indices enclosed in a rectangle are excluded from a symmetric and alternating 

part, e.g. * I j U' ] “ ^kji \j\k) ^ ^ijk ^kji 
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If wc write 


r rn 

^ijkh"" ^rjhh ^mj[kh\i 


nr 

^ijkh ^rj^ikh 


then wc put 


. m »r , . m A f 

0-6) V “ i*/' jm*/r ' 


We also get 


^(tj) hk 




together with 


^ijkh ^^’*^'** ■ 


From the definition, it is obvious that 

pV =^» 

jkn 


( 1 . 11 ) 


^jkh 


2. IDENTITIES FOR THE FIRST OF CARTAN’S CURVATURE TENSOR 
In addition to the above identities these tensors satisfy the following identities 




Multiplying (2.1) by g. (*, *)r we get 


S . i"~! J.L 1 = 0. 

t j ' r ' kh ] 
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0 


bv viftae of (Ij 


Ffoia i^2"3) and (l.s), we ge* 

2 s i 1 & ' h\ 


.'Aiid similai-iv, we 


i i • \j] 


;\dding (2.4') and (2.3)9 we get 


^iij\k\h\^^k[h i\j] ikjh 


By the deSnition it is obvious that 
^ijkh ^ khij' 

it we contract the equation (1.1) with respect to i,h, we get 

di-f . 

C 2 - 8 ) s =■ s.f.= a!. — a! aT, . 

" jk jKt kf ji Sr jk 

By interchanging j^k in the above equation and subtracting it from the above 
equation, we get 

\2‘9) Sf 5 0. 

Iji] 

If we contract the equation (1*1) with respect to ij , we have 

(2-10) sL = 0. 


a IDEN* il TIES FOR THE SECOND OF G BRIAN’S CURVATURE TENSORS 
From the definition cf , we can prove that 


^iikh] -0- 


Multiplying (3.1) by we get 


.2 . P . ' , . 3,. 0 i p. P ^ fi 

fj i r , kd\ ^f\ jkh} 
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From the definition (i.2)a, we g^t 


(3.3) V*' 
By virtue of (1.1), wc obtain 

(3.4) 2P‘ .. r: S*,,, f . 

‘ ^ j{khi jhKjr 

Multiplying (3 4) by g. , wc find that 

ip 


2 P •- riL ^ Si f , as £ 

Jphk^T » 


By subtracting the values of P. ., and P.,.. , wc find that 

tjKn tnkj 

(3-d) 2P. 

Similarly, we have 

(3-7) 2 P, . I , * p ... 


Adding (3.6) and (3.7), wc get 


P. .1 


* i J I ^ I ^ i i ' t ^ I 


If WC interchange the pair of indices i,j and k,h , w« obtain 
^ijkh “ ^thij + 

where 

(3.10) M,-. =* A,..;- -hA. A.. 

li^Xjs AjA/j "kuti * 




i .-i. ■ . -■S. ,• i' 

A:-i£y j?/spi 


From (3.10), it is evident that 


Mr--L = M>. -J =CS M... . 
h\]K ihjk hikj 


in particular, if we multiply (3,9) by s:' ;ve ge- 
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ABSTRACT 

In the course of a study of the ‘four-term’ differential equation 
3 X f d \ 

2 (_„ / f8)I = o ( " = 

X = o X 

the author in collaboration with S. Saran established the theorem that a function 
Z which satisfies the system of partial differential equations 

B\f (* = 1,2,3) 

3 

where Qi = Pi — and 2 St = S, is a solution of the ordinary equation 
"bp-x i=i 

8/(8)/(5-1)/(S-2)2 

- *[/>i(8+«i)+/'alS + aj) + S (8)/ (8- 1) g(S)2 

+ (8+«a-t- as) -FPaPi (8 + as + ^i) ] / (8) ^(5) |(o+l)s 

-PipiPs ^ (8+“i+®a+“8) £(5) 5(8+0 g(8+2) 2=0. 

Also the linear ordinary differential equation associated with Lauricclla’s triple 
series 

Fj^(a, ^„/S8,jg gx r^:) 

was shown to possess one hundred and twenty solutions in terms of , there be- 
ing no logarithmic solution at any of the five singularities. 

In the present paper the author discusses in details two interesting exceptions 
to tho general statement that in the neighbourhood oi a regular singularity at the 
origin the equation can be solved in terms of the functions themselves. 

•Read at the th irtyTourth anrua! lession of he Academy. 
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In an earlier paper [4] Srivastava and Sara a studied the ‘four-term® different- 
ial equation 

('■’) [/(8)-*r,8)+»''A;S)-*’'«S)]^=0 

with special reference to the linear ordinary differential equations associated with 
certain triple hypergeometric functions 


qx, rx), 

rvhere q, r are parameters and x is the variable of differentiation. 

VVe proved the following theorem. 

Thtortm, ‘A function z which satisfies the system of partial diflferential 
equations 



r 

1 

B / =px {6 4 a) 

(1’2) 

s 

1 

9l{B-V4>’\-'P)Z = qx {9-\-b)g{d-\-4>+i>)z 


1 

1 

^/(0+^+'A)i=rJf 

where 

d, 9 

’ ^1* ’ J * 

?>p dq dr 

also satisfies the ordinary equation 


3/( 

5^/(3- l)/(S -2)Z 


^+9+^ — S, 




~^-[pq{S+a+b) (3+fl+^)+?f(8-h b + c) + f;&(84-g+,2) ]/(§) g(s) g(s -!)2 


^;gr x'^ *5-f a-i-i-fc) ^( 5 ) g(s-|-i) g( 84 - 2 )£= 0 , 

there being nothing in the argument that precludes the existence of solutions of 
U.3) which are not solutions of (1.2). 

In particular, the Lauricelia’s triple hypergeometric function [3j 

bg; c; px, qx, rx) 


v 2 

1=0 ffia=0 


2 

B = o 
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(px)l (qx)^ (rxf 
I t m\ S 



ii a itoliiticjn ot 

■i(S“|'* — 1) (St"* — 2) 

(1.4) +? (S+^a) ’rr (S-ri»3)J {6+^ “ 1} (S+<!“ 2) {$-jra)Z 

T^r(S l-^aa) +fPv,S+^3x)] (d+c- 1) (8+^) (5 r£z4 - \)Z 
--pqtx^ (it* 6353) (S-j-a) i f (S ^ +-2)c = O, 

where, for the sake of orevity^ 

= ^l+^'a+®.is %3 = ^'2+^S> 

Put 

i-c 

2 = ar j 

and suppress the accent, and ^1‘4} transforms into 

5(S— J) (S— 2) —C}Z 

— — c) Tf(S+^3 + l -c) +ri.S +63-r 1 ~ c) J 0 ( 0 - 1) (on-fl-i-^ —c.z 

(1.3) 

•i" — <) -rrp(8-ru3i+l - c)J 0 ( 0 - 7 -^ -f 1 — c) 

• (o+tz + 2~c)Z 

— pqf vO*T’6ia3”i" 1 — (5'4”i2-|" 1 — c) (5-t-'.'’-f-2 — c)2 = 0. 

The singularities of (1.5), viz, 

x=0, q-\ r-\ =5 , 

have the same character [2], and we observe that the integral differences of the expon- 
ents O, 1, 2 at the origin do not give rise to a logarithmic solution. The equation 
(l.o), and consequently (1.4), will therefore have no logarithmic solutions. 

§3. 

Out of the one hundred and twenty solutions of (1.4), detailed in [4], we 
may select as soiatioas valid in the neighbourhood of the origin the following 
functions : 

7i = (a, kt, b^, c; px, qx, rx) 


( 2 . 1 ; 





n, 6j, Co; i -n 


I) 


f 341 ] 





( Jjjii 4 - 1 - ‘1 h hi 2 + hi — ‘i • ‘y ^ 




2 in — X 


. Fj^ ^ bii^n 4 " n -}- 1 — c, bit b>, 2 + ^ ^ ^ 

= F^ (^b^^ + i - c,b^,a + I ~ 63; 2 + ^>31 “' c; “ » 9^» -^ ) 


l_c =0 fe+^"‘<^)m 4 -n (' 2 +l-c) (^ 3 )” (j/rf 

"" m^Lo C^+^ai-^^Wn * ‘ ‘ ~ «I 

• 2^1 ^ ^123 + ^ 4 “ ^ "i" I — <!> 2 4 " ^31 " 1 " ^ 4 “ «— c; “ ^ 

2^1 = ^ fj) ^ ^123 + I - ^ij ^2. 0 4- i - c; 2 + ^12 “^> y» y » ) 

( 2 . 4 ) = ( 6 i.^ 4 - 1 ~ c) (fl + \-c)^ {b^)^ ( ( r/p)” 

mn=Q 4 “ ^ m\ n\ 

• a^'i ( ^123 4 - ?« + n + i— c. ^3; 2 4- ^12 4- 4- y) • 

By an appeal to the theory of analytic continuation (see [ 1 ],^. 26 ) from ( 2 . 3 ) 
we obtain a further solution 


* - /• 

/‘'f : l \ ^ ^ 

V *- ^ 20 


( 04 - l~% (633 4 - l-c)„ (?*) 

^ ( 2 +^,— C)„ ■ «l 


^ c-a-n; ^ 2^1 ^ c^b^^n- 1 , b^, j , 


and from (2.4) we similarly have 


( 2 . 6 ) S' 2 i=.v*“'' 2 - 


(a-|-l— c) (^»2i4-i -c) r ,.« 


■ 24 '^i-c)» 


a (fAf) 
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• »F.( -1 ). 

When j I < \ q \ < j r | , it is natural to adopt z-i^Z i9>> 2^o ^21 ^P“ 

propriate solutions. On the other hand if|/>} > 1?1>- Ij"! »the appropriate solu- 
tions may be derived from these by suitable permutations of p, q, r and b^. 

§ 3. 

We have seen that (1.4) may in general be solved in terms of Lauricella’s 
functions Fj^ , but to this general statement we note here two exceptions of some 

interest. 

When jD=g = f, which is a singularity of the system 
f did ■^4>'^V-\-c—\]Z = + 

(3.1) i -p 

i 

L \)z = rx 4-n) 

associated with Fq , we may without loss of generality assume 

p=qz=r=\. 

The point x=\ is then a 'confluent’ singularity of (1.4) and (1.5), and that it is 
regular can be readily seen. Therefore it remains true that solutions valid in its 
neighbourhood are free of logarithms, .^.n inspection of the solutions obtained 
in the preceding section reveals the fact that Z^g ^20 save, for a cons- 

tant factor, identical. We may now write the equation (1.4) in the form 

(S+tf - 3) — J II (§4"^-- 2) — x (g-ffl} J 

* H S.S-}”^"”!) — ”2'T'^3) J <1 = 0 
whose obvious solutions 

i-c 

^ (^iHh^->4“ ^s-f-l ~c, 3-|" 1 — c; 2 — cj x) 

are the degenerate forms of z^ and z^g. 

Since the equation 

(8-f-c— ^) (5-i-fl)>’ 
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is satisfied by 


X-c xC— a-X 

y—x (!“*) » 

therefore the two particular integrals of 

g(g^c-. 1) 2 - a; (5+fl) (S+^a+^a+^s) Z=G x 

for X =2 and X = 3, where G is any convenient constant, provide the third and the 
fourth solutions of (1.4), viz. 



where X = 2,3. 

In another case of failure when csse^l, the solutions Z Z all 
reduce to and we thus require an additional pair of solutions of (1.4). We 
consider the equivalent equation (1.5) which may be re-written 

^g_l) (S--2) I S+1 (S+^i+1 -c) +9 (8+i>a+l - 0 “O] 

(S + iia+i-’c) +9*' (8+^43 + ! —c) +t/> (8 + ^31+ l—O ] 

- (84-*i+^’2+^3-i-l-c)| 82 = 0. 

An obvious solution of this equation is 

const., 

which leads to as a solution of (1.4). To obtain others we write 

o C-1 \K1 

5Z-X W, 

and we have 

(g_|.c — 2) (S + c— 3) I 5 - ■*11 p 18+ /’ll 4 9 (8+^a) +>■ (S-f-^a)^ 

[ P? (8H-8ia) +9r (8+^23) (8 +^31)] 

— pqr x^ (S + ^i-b^a-i-^a) l-W^O, 
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The equation within the crooked bracket yields a solution of (3.3) in 
the form* 

W = (1-^)“^^ ^ 

and this leads to 


“ F (c — 1, bi, b^, 6g; c; r^;) , 

(C-ij ^ 

which is aa appropriately modified as a solution of (1.4). 

Now the equations 

(S + c— 2) a = O = (S -f c- 3) a 
arc satisfied by 

2 — c j 3— c 

u "* X and v — x 

respectively. Therefore the second and the third solutions of (3.3) arc 

W = (1— px; (1—?^) 

I a: — {\—qx} * (1 — Tx) dx 

where /* = O, I, and these lead us to two series solutions of (1.4), viz. 






for P‘ = O and = 1. 



dx 


y dx 

) 


*Gf. eqn. (2.2) in [4]. 
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abstract 

In this paper, some theorems on Varma and Whittaker transforms defined as 

¥.P) = J “ (pi) ” ■ ipl) h ll) dt 

and 

<Pip) = pji “ (2.p<) api) h{t) di 


respectively, arc obtained. Particular cases of the theorems are the results due ta Rathie and Boie As 

applications of the theorems, some infinic integrals involving Whittaker function and Gouss’s hvoer- 
gecanetric furxtion are evaluated. 


1 . INTRODUCnON 


The classical Laplace transform 


k(t)dt 

...(1.1) 

has been generalized by VARMA (9) in the forms 


Jip) = P (PO W^. ^ (pt)e -P^^^ hit)dt 

and 

... (1.2) 

dl» = pj^ i2pt)~* i2pt) k{t) dt 

. . . (1.3) 


as Varma transform of Second kind and Varma transform of first kind respectively. 
(1.3) is also called as Whittaker transform. 

Relation (1.2) and (1.3) can be reduced to (1 .1) by putting | and 

X « — /Jt = J respectively by virtue of the identities : 

\V| - m, ± mix) = e 

and 

vv^ (j;) =a: * e 

-i- i 

Throughout this paper we shall denote the relation (1.2) as 

V. 

Jip) - h (/) , 

k,m 


♦Present address : Deptt. of Maths., S. A. T, I., Vidisha (M.P.) 
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the relation (1.5) as 

^ [p) = h (0 
\,P- 

and the relation (1.1) as usual shall be denoted ai 

^ ip) = Ki) 

2. Theorem 1. If 

V„ 


4>{p) = ^ (0 
k,m 


and 

■ P 

then 

4a>)=2' (ip) 


' i(MP) = gV) 


V, 




1 = 0 
^4 


(4) 


CO 


Lr 


^ 


i «(») 


1 1 - — m-v-f-r 


I 


m-v + r \ 
— m —v-\-r J 


dx 


(2.1) 


provided R imhv+X±ni+5/4)>0. R(5/4 + & + rn±^^+v)>0, R(j))>0, R^P+r^+v-h 

3/2) <0. where g(^f) =0 (/) for large x and R {a+m-{-v+P+ 3/2) >0 where g(x) = 
a ) for small x and ^ = min. (i rt w,— J ±P — n* — v). 


PROOF : By hypothesis 
00 




and 




. . ( 2 . 2 ) 


° (2.3) 

Substituting the value of ^(/) from (2.3) in (2.2) and on changing the order of 
integration we get 


CO 00 

4>{p) - + ^ ‘ ^ g{x) dx j 




^ 1 


-Pil^ 


r7x\ 


I r 

(A) 
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, CO ^ J ^ \ 

= 2'%’"+^ 2 7/ ^^•'-'-i>-i-^ + ‘) 

r = o ^ o 

o 

Wi.„ «■') Wx,,. ( r ) ■" 

(B) 

on expanding and changing the order of integration and summation. Noir integ- 
rating term by term with the help of the result (6., p. 412) 


^ “ P- 1 

r V $ 


•/ o 


+f-) (-' ) 'V 


40 , i.i, i_x-p,. 

24 1 / 


where R (fl) >0 and R (fS) >0, we obtain the theorem. 

The above proof involves two inversions which have to the justified, viz. in 
steps (A) and (B). 

The first inversion is justified, under the conditions stated, by virtue of Dcla 
vallee Poussin’s theorem (3., p. 504), since l^th and integrals co^J^ge 
lutely and the double integral exists as the asymptotic behaviour of Whittaker 

function is as follows : 


Ai X CO, \Vij,m *0 « *1^) -i 

asx 0. Wfc,m (z) =0 {ax^^ •» 

The inversion in the step (B) is valid since each term of the series 

{xty 

Lr 


. . . (2.4) 


is continuous and 


«o i (xty ! 

rial ! 

converges unifromiy in the arbitrarily large finite interval 0<f <<*5 

also + W, i;t) \V. (2;r/0 is bounded and integrable in the 

ffijfTl XjPi 

interval 0< if <a. 
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COROLLARY 1. 


If the above theorem if we take X 
relation 


L P-— i, v=:k—m — 3/2 and use the 


02 

we obtain the theorem given by RATHIE {7., p. 67J 
COROLLARY 2. 

Taking k-\-in=^, we get the theorem as 
If 

== HO 


and 


V, 


HUP) = eW 

KP- 


then 

Hp) =2^ {2pf 


% /■ v>|-f + f / I — X-V . 

f=„ -Lr i ‘ 13 ( i , 1 ('2-S) 

° o Id I i—r, 

provided R(X + i'+3/2)>0, R (v4;^ + 7/4) <0, R(;))>0, R(p+v4-7/4) <0, 

where ^(;c)= 0 (/ ) for large and R(cr + v + ^ + 7 / 1 ) >0 where ^ (;tf) = 0 lx° 'S 
for small * and je = min ^ ) 

EXAMPLE : 

If we take ( 1., p. 13) 

iW = , 

then pra±/t+5/4 . 

2 ( 2 ^) aT{a-k-\-ll4: ^ Aa-^k^lj^ * 


where R(<r±/i-f 5/4) >0, R (p) > R {pJ>Q and | ;. | > | j j . 

Using the value of g (/) in (2.1) and solving the integral, we get 

2^ ilpP+i 5(j, 


;2.6) 


Hp) 


V 4,7 /^| -a-OT-v-i. 


o'+m-|-v4-S/2 r = Q^^ 


G 
3.4 


i siwt, - — v-j-f 


where R (j& > R (pj >0 and \p \ > \ q\ , 


• - (2*7) 


Now using the value of ^ (;») form (2.6) in the relation (2.2^ and equatine this 
integral with R. H. S. of (2.7) and on adjusting the parameters, we get. ^ ^ 
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. . . ( 208 ) 


I 


05 




(|- 


G 


4,1 / ^ il — V, \ •k. c—v-\-T 
9 


’ b (4 


^ r =a 3,4 \ i±m, a-v-fr, y+r 


where R(<i)>0, R(£) >0, R(^)> R!po)>^ and | /? ( > | ? 1 • 

in this relation if we take b = c and use the result (4., p. 213) 

1 


m,n i j flj, . . ap\ ^ S. 

G Xa: I = X ■ S -_<! -X)' G *1 , , 

p,q I 6j, . . bq j r—o P>9 \ 1 ^2* • • •. 


. . . (2-9) 


we get the known result (6., p. 237). 

3. THEOREM 2. If 
Va 

^ip) = tp (f“) 

k,m 


and 


Vi 


then 


4> (p)- 


X,/" 


IZL? - -V 
(Zat) ^ 

2i 


liil r -- 

W J ^ g 


2,2n 

2 n -4 1 , fi -{-2 


1 £\(n, n/4-v-2m), i-X4-»’ 

^ ^(n, n!^— v-^-k—w 4) 

.. . (3.1) 

provided R(l + v-|-B/4+iniJ7!in/i)>0, R(i7J-f-X-i"iTV— r, 44-4)<0, R P-fX — 4;<0 
where g(x) =0(^^) for large at, R(aifi-|-3/2)>0 where g» = 0(s‘^) 
for small and the symbol A denotes the set of 

'I fl-r 1 a-j;- n — I 

— . — . — , - if— 
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iProof : By hypothesis 


CO 

Kp)=pj '^‘km 


and 


''‘’'vip)=p J ( 2 pt) ^ ( 2 pr g rdt 

o 

Substituting the value of ^ (/“j fro n (3.3) in (3.2) we get 


( 3 . 2 ) 


, . ^ 3 . 3 ) 


<bip) = pj ^ (ptf‘~^ < ^‘1-^ (pt)!” i (2*(") 

1 ^ cc 

= 2-i/,J x-i g(xy^ J '^k.m (2*i»)(*-'’/'»rf, 


,. (C) 


1 CD 1 ^ 05 

p W I g(x)dx f \pi. (A/) f “«/4 

r=o — J Kitn 


•a:*' 


(2*(») * 

(D) 


Now naaking use of the relation (9., p. 403) 

^ ^ ^2,7) (^ -«)/2 ^A + oj-np ^ 

^ I A (n, np), A (n, np^2m), l- \ \ 


2n-fl, 2-fn \ P j i±/i, ^ (n, np-j-A:-m-|) / 

where R(1 — nP-|-ro±m-}-n/2±np.)>0 and R(^)2s0, 
we obtain the theorem. 

(D) in^e proof. ‘° the two inversions in the steps (C) and 

underatconc^ronfStedfSvr^^^^^^^^ (C), is justified, 

since both *- and (- integrals ronverge absolutely andThe°ri (3-. P- SM) 

as the asymptotic behaviour of Whittiker function iral in’^p.tr^ ' 
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The second inversion in the step (D) is valid since each term of the series 

1L_ 

is continuous and 



converges uniformly in the arbitrary large finite interval 0 < i < a 

also .-i"/.-*'” vv^_^ {pt) {xl-) 

is bounded and integrable in the interval 0 < / < a. 

Corollary 1. In the theorem if we take X= ± ft = i we get the theorem as : 


If 

’Kp) 

kyTJl 

and 




then 


♦ W = (2») „•'+"’+* J 


1, 2n 
G 

2n, n+l 


anx |A (n. A. (n,-»»-2m)\ 
b, A (»>— / 


g{x)dx , . . (3.4) 

provided R. (l-j-v-f* 44*'® i*^) — n/4)<0, R(P + l)*<(.0, 

where f (*) = O (/ ) for large x, R(ff+5/0 >0, where g'n)=0 {x° ) 
for small X and R(/>) >0. 

For n^2 , the relation (3.4) can be written as 


«!» ip) 


(2s)^-«/2„*+m+v r(l+v/«) nijn+v^n T{\ + vln-{- 2 mln^ 

T + 2m n) 


/ r( 1 + ) r ( i/™ + ) 


CO 

X ^ 


1-4-v/n, l/fl 4“ > 1 + v/n4“2?7j/«, \ln-\“vln-\-2mln 


1 + ^±E±k, i/„ ^ ; 






:3 5 
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For n= 1, we get the theorem given by RATHIE [8 ; p. 214] 


Corollary 2. If 


<f> ip) 


and 


1-v/n ,, Vj 

) • 17 TJ ! 


P" 'I’P) s (0 


then 

fl —n'1‘1 ~ V V-4-A f r*^ ^ 2n^x 

= " '2^ ^ J I G 

n+1. 2 


/\(n, v), ^ — 

i “I" /* 


g(x)^fx ... (3.6) 

provided R(14.v + rt/4±»/4) >0, R(X-v-fl/4 + l)<0, R(p-x4-f)<0, 

where g (a;) = 0 (J^) for large Ri<?±/i+3/2 )>0 where g (x) = 0 ( ) for small r 

and R(^) >0. 

This corollary can be obtained by taking = J in the theorem. 

Further, if we take «= 1 and use the rssult (2,9), we get the theorem due to 
BOSE (2., p. 19). muucio 

Example: If we take (1., p. 13) 

g(0=t" 


then/*'^/"c(p:= ^g(i) 


V, 


X,/* 


r(gj^^+5/i) 

2(2pf r(a-X+7/4) 

<7±/*+5/4 


2^1 [ 


ff-X+7/4’‘' 


• . -(3.7) 


where R(ei.<+5/4) >0, R(rt > R (;.o) >0 and Ipj > | y | 


we get 


9 (P) 


Putting the value of ^ (t) in the relation (3.1) and on solving the integral, 

1,2:7) 

2^ ^nlA-k~m — v ~ ^ 

2, «/4 - v), A(«s «/4-v- 2/n),l ™X+r 

\ *n 


^ G 

Lr 


2n-f2, «+2 '4±/^ + r, A(«, «/4 - v+zt- |i 

where R (p) >0 and R G +PFn/4»{«//iA^inP')>0. 
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How using the value of ^ in the relation (3.2) and equating this integral 
with R. H. S. of the relation (3.8) and on adjusting the parameters, we get 


,v-i 




t- t 


' r/ ^ PA. ~ 2“ b)l2-]r^r.li - f X 


CO {ly 2, 2n -r 1 

X ^ — G 

r + o f*’ 2n + 2, n + 2 


,(S^a-b)L, A(«5 n/a 

l!.i ^)> i-oU- bU-\-(-^r 


I 2n° At«5 n/a - v-n 

\ \\±{a-bil2-)rT, lA{n, (fj/2- 


V -j-i — n/2 (fl-d-^)) 


. . . (3.9) 


where R(u) >0, R(^) >0, Rl» > R(/>o5>0. ! /> I > I ? I R(4+v+n/2 (fl + ^) 

d:nii^/2 (u *“6) )>0» 

In this relation if we take b=c, we get 


CO 

J ,V+M _1 ri’‘vri__^ -?) ““ 


^-v-{-«/2-«i/2 ^(l-3)/2 

s= r(a) 5n/4 - 5/4-|-fl/2 — naf l ni/2--k - v + 4 —-nail 
2 « 


J,2n4-1 / 2 „tj 3j2-~al2, £\{it, njl — v±m ^^-nafl). 


2n-|-l, n+1 ^ fl/2,^(n, n/2-l-i— V — na/2) 


(3.10) 


where R(a) >0, R(/» > R(Po) >0, I 1 > I ? I and R(|+vAm-|-n<i/2±+n6/2)>0 . 

I am highly thankful to Dr. K. C. Sharma of Rajasthnn University, Jaipur, 
for this constant guidance and keen interst during the prepration of this paper. 
J am also thankful to the referee for his valuable advice. 
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ABSTRACT 

In this paper soir.e functional relations satisfied by the generalized transform 




J oo 


xy) 


have been established. Transforms of higher derivativ’cs of the functions / W have also been obtained. 
The results have been illustrated by means of a few examples. 

1. In a series of papers* 1 have studied the properties of the function 
Jv.\ w f (1+X+r) r (l+x+.+Mr) 


which reduces to Lommel’s function (Watson, 1958) for /* = I and to Maitland’s 
function (Wright, 1933) for X = o. 

Also, with the help of this function I have given a generalization of the 
Lommel'transform (Hardy, 1925), 



F^ (x)’)/(*) 


(LI) 


where 


(*) = 


oe 


JU 


r =o 


i-lf ^ . 

r(i+x4-r) r(i rx+v+f) r(x) r(v+x) 


-f2X“‘ 1* 



in the form 


g{y) = ^ 

o ’ 

and obtained an inversion formula for this generalization, when X is a non-nega 
tive integer in the form 


* Under communication for publication. 
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CO 

,, , ,^X - c , ,2M(v + X+l)-v- 2 \- 3/2 ,l/f> 

/(»)= 1//* (- 1) V2 J (*J) ' ' ^ J(, + X+J)/^-X-l 




under certain appropriate conditions. It may be noted that (1.2) reduces to (1.1) 
for = I and to the generalized Hankel-transform (Agarwal, 1950) for X = o, 
which we call, as the Maitland-transform. 

In this paper I have obtained some general formulae for this generalized 
Lommel transform. Some of these formulae are similar to those of the Hankel 
transform and the generalized Hankel transform, studied by Kumar (1961), while 
the analogues of others do not exist in the above Hankel transforms theory. 
I have also illustrated theii applications by means of some examples . 

We shall denote g (y), the generalized Lommei transform of/ (a;), by the 
symbol. 


g {y; ^ ^,) = J )• 

To begin with, we have (Wright, 1935), as a; co 

= Of "2^(^+2 x+1/2) / cos(Trk) ) 

L I J 


I 

V + 2 X -2 


/iA: 


r/)r(v+A+Twi) ], 

= O [ ,»+ 2 X- 2 i (.+ 2 X+ 1 / 2 ) I 


where K: 


(1 4-/^) 


2. From (1.2) we easily get 
(I) i/a/£(y/'i:f‘.''.x) = J (/(<w) ) ._ 

2(v ~ '"S(j’;>*.v+I,x-1)] 

=j(/W/*). 

on using the formula (Pathak, 1 963> 

* -^C-l.A ^*^C-1-1,X-1 +2(v+X~/iX) (Af). 

(A) 
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( 3 ) dy^ [ 5 ^ v^lil^m ^ 

— J ^ /(*)) > ot=o,1,2,..., 

on using the formula (Pathak, 1963) : 

( J-:,. w ) «. (-M.2....). 


'v-\-m,\—in 


EXAMPLE ; Let y ^ , 

Then, by tem/by term integration 

O 

„ v+ 2\+1/2 2-V-2A-1 g 


_^v+2x+l/2 (-//4). 


where f»0, R(X);> -1 and EeJ is the generalized -Mittag - Leffler function 
(Erd^lyi, 1955). 

Therefore, from (3) 

o 

= 2 - ' / ( My ^ )"■ ]. (2.2) 

where i^>o, R (A.) >— (jn/2+ 1) and m = 0,1,2 .... 


(4) y 


\j2-\-v ^ -1/2- 


g( 27 ;/i,v-i-l,X- 1) = J ( / (a:)/^A ^^(A) > o). 


This can be easily proved by using the formula (Pathak, 1953) . 

/** ■ " 1,, - 1 (-) t'* “ » Jv,.v w> 


CO 

^5^ j" — g V d" 1,X — 1) d'^ — J 
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where 0 < ^ I and R (\) < 1 when R(A.), R(\ + v + 1 7 ^ o, - 1. - 2, ... , 

witfi an additional condition R(v) > — i in case ft = 1 . 

This can be proved by using the same formula as employed in (4), 


EXAMPLE : 

Let y (*) [x"^) and J. 

Then, by term by term integration 


.1 — V r) tVs 


X- {xy)dx 


g “J' j 

O 

.^-2V.(3v+X-3)^-v + ./, (gj. ) ] . (2.3.) 


whore R C^-) > -• L 

Therefore, from (4) 
■^_- 2 v-l 


I t ■-+44-) 

^ ,=» rci+x+o r(i+\+v+r/2) r (s/.+v,) 


where R (\) >0. 

In particular, for v = 1/4 - x , we have 
ry 


j ,2X % (-^) -Lx/, ( 2^)3 


dr) 


2^/= r(X4.i/,) 2X - / 


’) r(x+i) 

where R fX) > O. 
Also, from (5), we have 


y " tFs 


( 


_ y‘ 


X+l.’// 


)■ 


^ L v+x 2^/T) \ 2 v /2 / 


av 


(2.3) 
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^ 2 X 2 - Vs ( 5 . + 5 X + 3 /j) ^ , 

,_„ r(i+x+f) i'(i+^+'’+f/!) AVs+Vs) 

i?-i) 

where — ^ < R (X) < 1. 


And in particular, for v = J/^— X, (2.4) gives 

- - ^ ■■ - i5i 


TT r(x+i) 

where — I < R(X) < R 


). 


(2.4.) 


2//A(v + x )+y-^2x4-V2 J-;* 7,2//^(v -i-X-‘^-f)--v + <t-2x -®/a 


( 6 ) _ 1 

^i2 r(ff) 


X 




= J ( / W- ) , ( R(v+x) + 1 > RW > o ) . 

This can be easily proved by substituting the value of g{Vil^}V - <^jX) in the inte- 
grand on the left and using the formula (Pathak, 1963 A) 




f (XV) = 
v,X 


^ — 2//<‘(v + x)+''+2X 

2''-‘ r(») 


X 


X r*^2/Kv-d-X-‘^+l)-»-2X + a-l ^ 2ll^ 


.2/M 


J V — 


€r,X 


(yV) dy, 


where R(v-hX)4' 1 > R(v)>0 and i^>0. 


h v+i/ 

(7) •> -.. 1 f -v-p+V. 

(P-)! S 

= j(/f*)/*^). 

where 0 </*^l, ^isa positive integer and R (X) < 1 when R (X — p\ 
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K. (y 4* V - -f* 1) 4=3,— 1, — 2,..., with an additional condition R (v) > 

when f*=l» 

The proof is similar to (6). Here we use the formula (Pathak, 1963B) 


(p 


i-\9 X -v-f+l . jfl 


^ / 
-1)1 i 


KV)dy> 

where O < 1, /> is a positive integer and R.(X)< 1 when R(X— f), R(x-l-v— 1) 

5=^0, — 1,-2,..., with an additional condition K^^v) > p - | in case = 1 . 

EXAMPLE. Taking / x)=x^^^~'" ’ 

it is easy to show from (6), that 


= 'L, TM “ '-yVif Tg -cii+i+r) 

^ f=o r(i + x-T“0 i'(i'^"X4“V+/^r) * 

where /* > O, R(x + v) + 1 > R(ff) > O and R(x - aj^) > - 1. 

Also, from (7) we have 

J ^ V -r)dv 

y 

--■=i (—1)^ ( p—V! V T(\-pj2-]r\-\ -r) 

r = o ^1+X+f) Al+X+v-Tr/^r) 

where O < /^ < 2,/>;2^1< R(x) <l and;.= l, 2, 3. 


(2.5) 


(2.6) 


3. GENERALIZED LOMMEL TRANSFORMS OF THE DERIVATIVES OF 
A FUNCTION : 


( 1 ) 


fl4-2y] 


4(T’+X^7;xr-^ - 1A)+ { J’Mw.v+i.x-i) 

X-^/W). (3-1) 
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provided 


* Jy y) ^60*^5 to zero both ss x—^o and x—^ co . 


For, by integrating by parts 


g' 






fix) 


dx 




provided {xy)fxx) tends to zero as « tends either to zero or to infinity. 

Now, using the formula (Patbak, 196S) : 

f 

'v-f I5X — 1 


*J'vA K"r*jC+iA-l 


wc have 


o 

-J' J (« l.X- 1 ^ 


which, by applying the formula (A) proves the proposition. 

The formulae for the generalized Lommel-transforms of higher derivatives 
of the function/ (x) may be obtained by repeated applications of the above 
relation ( 1 ). 

example : Taking f{x)=x^^^^^ e {x^) , 

we easily see, from ( 1 ), that 

o 

(l+2v) ’'»( 


dx. 


(y^-x-i^x) r(i+x) r(v -i- X) nw2-i-i>/2-i-V2+^-p) 
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2 — v--2x 2 ^ 



X 3^ 


^-1-2 ^ 






—II 


l+X) W2+P/a4-V2+^ •” P> (v+X)//^, (v+X4-l)//^, ..., (V+A+/A- l)//i 


+ 


X :y 


Kl+2y) _ j \ 

^(v-t-X-ftX) / 


r* (^/a+P/a+X + g) 


Ti^x) r(i+v+x) r(v/2+p>/a+V2"F‘X+p) 


V+2X+V, 2-’’-2^ F /l.vi4+?/a+X+-7,v/a+^/a + X-r;->V.(* ' x 

^ '‘"^\X,v/ji}-;/j+l+X+P.(l + ’’ + X)//*>(2 + v+\)/ftl 

••• )(^+v+X)//* 


— 


provided that R (vid-2X + 2flr) > -^ and is a positive integer. 


(2) (-l)”^’”i( X-m) 


m-r-i 


previded that ( i 4 . ) [*“ ' (, ^)] ( 1 ^ ) 

[ /+“-i /(*) ] , ,=o, l,2....,m-l, 

vanishes both at O and at co . 

This can be easily proved by induction method on using the formula (B). 

EXAMPLE : Let f{x) = x ^2 exp{ — x^l^ {x^) and M=V 2 * 

Then, from (2.3a) 

„,„.,X>W9 «'M».+x-.>,-.+./. [ 

where R(x) > - 1 . 

Therefore, from (2) 

/ “ 4,x ( V ^ L” °x ]> 


c-lf V 


■- 2 V 2 (3v+2mri-X-3) „-vr, \ /j'M 

^ ^ LHxV 2 ^; 
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where R (X) >"-1 and m is a nonnegative integer. 

My best thanks are due to Professor Dr. Brij Mohan of the Banaras Hindu 
University for his kind help in the preparation of this paper. 

REFERENCES 

1 . Agarwal, R. P. (1950), Annals dejla Soe. Scienl. Bruxelles, 64, 164 — 168. 

2. Erddyi, A-, (1958), Higher Transcendenld Fantiions, Vol III, p. 210. 

3. Hardy, G. H., (1925), Pros. London Math. Soc. 23, IX 

4. Kumar. R., (1961 ), Bull. Cal. Math. Soc., 53, 7-13. 

5. Pathak, R, S., (1963) in the press. 

0 . _ _ — (1963A), do. 

7 „ _ _ ^(l9f3B), do. 

8 . Watson, G. N., (1958), Theory of Bessel Functions, p, 345. 

9. Wright, E. M., (1933), J. London Math Soc. 8 , 71-79. 

10. — ^(1935), jf. London Math. Soe. 10, 287-293. 


I 565 } 



EFFECT OF SOME HERBICIDES ON SOIL MICRO-ORGANISMS 

By 

HARI SHANKER 

AssU, Professor of Agric. Chemistry and Soil Sci.f Govt, Agricultural College, Kanpur, U,P , 

and 

M. L. KUMAR 

Department of Agric, Chemistry, Govt. Agricultural College^ Kanpur 
[Received on 27tli December, 1965] 

abstract 

The eflfert of six herbicides in two different doses on microbiological population was studied. In 
eeneral sdl the herbicides, except planotox, did not show any adverse effect on the bacterial and fungal 
population of soil. Planotox.proved to be toxic to the growth of fungi. 

The microbial population of soil is dependent upon the maintenance of proper 
soil environment. The application of herbicides may prove beneficial or 
harmful to the growth of soil microbes. The micro-organisms use all types of organic 
matter including organic herbicides. Certain herbicides may remain toxic m the 
soil if the soil is cold, dry and poorly aerated. It is, therefore, obvious to deter- 
mine the extent to which different herbicides being used in different quantities 
affect the growth of the soil micro-organisms and various other allied cyclic pro- 
cesses. 

A considerable amount of research work has been done on the use of different 
herbicides. Pokorny (1941), Zimmermann and Hitchcock (1942) and Marth and 
Mitchell (1941) have contributed a lot by reviewing the effect of 2.4-D on soil mic- 
rofiora. Smith et al (1946) demonstrated that concentrations of 2,4-D ranging from 
0.5 to 500 p, p. m, added to a sandy soil of good fertility did not appreciably in- 
fluence the microbial population. Newman (1947) found that 2,4-D, MePA 
(4-chloro-2 methylphenoxyacetic acid), and 2,4, 5-T (2,4,5 -trichlorophenoxy acetic 
acid) were more fungitoxic under acid conditions. Kratochvil (1951) had shown 
that rates of 2,4,5-T upto 16 lbs, per acre have no effect on the carbon dioxide 
evolution of treated soils. Wrobel (1952) found that herbicidal concentrations of 
2,4-D as applied in agriculture have no detrimental effect on Rhizobium trifolii and 
Rhizobium-lupini. Hoover and Golmer (1953) showed that applications of the trie- 
thanolamine salt of 2,4,-D,upto 259 fold regular field applications had no appreciable 
effect upon the number of fungi, actinomycetes and Bacteria in a clay soil. Fletcher 
(1956) and Fletcher et al (1956) have shown that concentration 2,4-DB, 4 (2,4, Dich- 
lorophenDxy butyric acid) and MePB, 4(4-Ghloro-2 methyiphenoxy butyric acid) 
upto 500 p. p. m have no adverse effect on the growth of Rhizobium trifolii. The 
effect of TGA (Trichloroacetic acid) on soil organisms follows the pattern for many 
other herbicides, having an initial inhibitive effect at accepted rates for weed con- 
trol (Kratochvil 1951) followed by a recovery of the soil population (Golmer 1953b, 
1954, Hoover and Golmer, 1953, Paixao and Dobereiner 1956) found that over 
1000 p. p. m, TGA was required to produce marked decreases in the soil propula- 
tion. Fungi were even more resistant, some species resisting concentrations as 
high as 40,000 p. p. m. The present investigation was undertaken to see the effect 
of herbicides on soil micro-organisms. 

EXPERIMENTAL 

Six herbicides were selected for study and the experiments were conducted 
under controlled laboratory conditions. 
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Btrbicides used with recommended doses ‘ 

(1) Simazine 2 Chloro-4,6-Bis (Ethylamino)-S-Triazme. A. E. 46%» dose 

2 and 5 lbs per acre. 

(2) Tropotox (Sodium salt ol MePB) A. E. 40°/^, dose 4 and 8 pints per 

acre. 

(3) Spontox (2,4-D and 2,4, 5-T) A, E. 70°/o, dose 2.5 and 5 pints per acre. 

(4) NaTA: — Sodium salt of trichloroacetic acid), dose 40 and 150 lbs per acre. 

(5) Fernoxone (sodium salt of 2,4-D), A. E. 80%, dose 2 and 5 lbs per acre. 

(6) Planotox : — (Butoxy-ethyl- ester of 2,4-D), A. E. 70%, dose 0.5 and 1.5 

lbs per acre. 

The soil for the study was collected from the Students, Instructional Farm, 
Agricultural College, Kanpur. The respective doses of the herbicides were mixed 
in the soil properly inorder to maintain uniform distribution of the herbicides m 
the soil. The moisture content of the soil was regulated from time to time and 
wa* maintained according to the optimum field conditions. Thorough stirring oi 
the soil was done in order to break lump formation, if any and to provide sutnemnt 
aeration. The sampling of the soil was done after an interval of every 25 days. 1 nc 
total bacteria and fungi were counted by plate method as described by Waksman 
(1928). 

RESULTS AND DISCUSSION 


Data incorporated in table no. 1 indicate that different herbicides in bot 
lower and higher doses as used in experimental studies do not have any adverse 
effect on the bacterial population of soil. Rather it was noted that under controlled 
laboratory conditions, there was in genexal an increase in the number of total 
bacteria. This falls in line with the observations of Goarin and Armand (i9o7) 
who showed that sodium salt of 2,4 -D,McFA and triethanolamine salt of 2,4- 
do not adversely affect aerobic cellulose decomposing bacteria, nitrifiers, 
bacter and Clostridium. Verona (l948) has found that herbicides of the type 2,4-L> 

applied at customary rates showed no diminution in the number of total bacteria. 

It was also observed that the higher doses of herbicides were less beneficial than 
the lower ones. The higher dose of planotox has been observed slightly toxic to the 
total bacterial population. The toxic effect of planotox may be attributed to e 
fact that chemically it is butoxy-ethyl-esier n 2,4-D, and the esters in general are 
more toxic (Klingman, 1961). 


The data in table no. 2, reveal the effect of herbicides on the fungal popula- 
tion of soil. It was observed that the herbicides like Simazine and Tropotox m 
both doses accelerated the growth of fungi. Spontox, NaTA and Feroaxone were 
found to be without any adverse effect. Planotox was the only herbicide which 
inhibited the growth of fungi. The effect of NaTA (sodium salt of trich oroacetic 
acidl follows tne same pattern having an initial inhibitive effect iolloi^d oy 
recovery of the soil population (Kratochvil, 1951, Golmer 1953 b, 19 d 4). Hoover 
and Golmer (1953) have found that rates of trichloroacetic acid m excess oi those 
used in field practice had no adverse effect upon fungi : 


SUMMARY 

Effect of six different herbicides as Simazine, Tropotox, Spontox, NaTa, Fer- 
noxone and Planotox was studied on the microbial population of soil. All the her- 
bicides, except Planotox, were found to be without any adverse effect on bacterial 
and fungal population of soil. Planotox w observed to be slightly toxic to the 
growth of fungi. 
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TOTAL BACTERIA ( Lacs per gm of soil ) 



Average ... 10 00 12*50 10*62 11*40 11*71 9*88 9*82 9*69 10*62 9-37 9‘38 8*13 8*75 
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ABSTRACT 

Tiiree alkali as well as their adjoining soil pto61e samples were analysed for total, organic and inor- 
ganic phosphorus contents. The average values of total and inorganic phosphorus were found to be 
higher in adjoining soil profiles than in the alkali soil profiles. Organic phosphorus content was nearly 
similar in both the types of soil profiles. 

Organic and inorganic phosphorus contents were significantly (positive) correlated with total phos™ 
phorus content in both the typs of soil profiles. Significant positive correlations were found between organic 
phosphorus and soil pH in ^th the types of soil profiles, but inorganic phosphorus showed significant 
positive correlation with soil pH only in the alkali soil profiles. Organic phosphorus and total sulphur 
were significantly correlated (positive) in both the types of soil profiles. 

Soil phosphorus occurs mainly in two forms : (1) Organic and (2) Inorganic. 
The latter form is responsible for the main supply of available phosphorus and 
occurs in soil in combination with iron, aluminium, calcium and magnesium. 
The role of organic phosphorus in plant nutrition is thought to be of conspicuous 
nature. Its importance to crop plants, specially in mineral tropical soils as well 
as in organic matter rich soils of temperate countries, is not clearly understood 
(Goel and Agarwal, 1960). The forms of soil phosphorus arc greatly influenced by 
other soil components such as pH, GaGOs, carbon, nitrogen, sulphur etc., as seen 
in the subsequent discussion. 

In the present investigation a depthwise determination of total, organic and 
inorganic phosphorus was made for a comparative study of the alkali and adjoi- 
ning soil types in the light of some soil factors related to them. 

EXPERIMENTAL 

Samples from three alkali soil profiles as well as from their adjoining cultivable 
fields were collected from a few districts of Uttar Pradesh, viZ; Ballia, Jaunpur and 
Varanasi. Genetically, all the soils are Gangctic alluvium affected by salinity and 
alkalinity. All the soil samples were found to be on the alkaline side with pH 
ranging from 7.2 to 9.4, 

Total phosphorus of the soil was extracted by sodium carbonate fusion method 
(Muir, 1952). Organic phosphorus was measured as the increase in inorganic phos- 
phorus extracted by 0.2N -HaSO^, after ignition of the soil at 550°G for an 
hour in a miiffic furnace (Saunders and Williams, 1955). Inorganic phosphorus 
was obtained by substracting organic fraction from the total one. All the phos- 
phorus determinations were made colorimetrically following the method of Truog 
and Meyer (1929), Sulphur, nitrogen and organic carbon were determined as des- 
cribed in an earlier paper (Singh and Singh, 1966). 
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REStJLTS AND DISCUSSIONS 

The average values of total, inorganic and organic phosphorus contents in 
alkali soil proBles are 0.01903 , 0.01473 and 0.0043 per cent respectively, 
corresponding figures in adjoining soil profiles are 0.02588, 0.02120 and 0.0 
percent respectively. The average values of total and inorganic phosphorus are 
found to be higher in adjoining than in alkali soil profiles, while the values ot 
organic phosphorus are closely similar in both the types of soil proles. Tjey sh w 
no definite trend of distribution with the depth of the soil profiles. Tot^ 
content of the soils differs widely from those reported by Kanwar and Grewal (.ly y) 
in Punjab soils and Goel and Agarwal (1959) in soils of Kanpur. 

In the present investigation ratio of organic to total phosphorus (Table 1 ) 
ranges from 0.10 to 0.49 and from 0.05 to 0.34 in alkali and adjoining sod pr<> 

files respectively. The results show significant positive correlations ( f = + U.b3) and 

^ y + 0.59 ) between the two factors in alkali and adjoining soil profiles respec- 
tively. Jackman ( 1955 ) reported similar results in a number of soils. 


TABLE 1 


Analytical data of alkali and adjoining soil profiles 


Depth in 
inches 

Calcium 

carbonate 

% 

pH 

Total 

% 

Phosphorus 

Organic 

% 

Inorganic 

% 

Ratio 
Organic P 
Total P 



1 . Abhanpur (Ballia)- Alkali soil. 



0-2 

0.2 

9.4 

0.02238 

0.0064 

0.01598 

0.29 

2-10 

0.3 

9.3 

0.01827 

0.0051 

0.01317 

0.28 

10-20 

0.7 

9.2 

0.01758 

0.0044 

0.01318 

0.25 

20-35 

1.5 

9.0 

0.02299 

0.0036 

0.01939 

0.16 

35-50 

1.4 

8.S 

0.02367 

0.0048 

0.01887 

0.16 

50-65 

15.0 

8.8 

0.03110 

0.0042 

0.02690 

0.10 

65-74 

22.0 

8.8 

0.01355 

0.0036 

0.00995 

0.27 


2. 

Abhanpur (Ballia)- Adjoining soil. 



0-8 

1.3 

8.0 

0.02494 

0.0052 

0.01974 

0.21 

8-20 

16.6 

8.3 

0,03110 

0.0058 

0.02530 

0.19 

20-32 

19.0 

8.4 

0.03381 

0.0057 

0.02811 

0.17 

32-48 

25.2 

8.6 

0.C2367 

0.0055 

0.01817 

0.23 

48-65 

16.0 

8.2 

0.03178 

0.0039 

0.02788 

0.12 

65-72 

26.5 

8.1 

0.01357 

0.0041 

0.00947 

0.30 
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TABLE l-Conld. 


Depth in 
inches 

Calcium 

carbonate 

% 

pH 

Phosphorus 

Total Organic 

% % 

Inorganic 

% 

- Ratio 
Organic F 
Total P 


3, 

Lagdharpur ( Jaunpur)”Alkaii soil. 


0-2 

0.2 

9.3 

0,01439 

0.0070 

0.00739 

0.49 

2-S 

0.2 

9.2 

0.03110 

0.0066 

0.02450 

0.21 

8-20 

0.8 

9.0 

0.04059 

0.0065 

0.03409 

0.16 

20-32 

9.0 

8.8 

0.02807 

0.0067 

0.02137 

0.24 

S2-44 

7.1 

8.9 

0.031 15 

0.0044 

0.02675 

0.14 

44-62 

1.0 

9.1 

0.03313 

0.0059 

0.02713 

0.18 


4. 

Lagdharpur (Jaun pur)- Adjoining soil. 


0-6 

0.8 

8.1 

0.04063 

0.0047 

0.03593 

0.12 

6-19 

Nil 

7.7 

0.04064 

0.0070 

0.03364 

0.16 

19-33 

5.4 

7.7 

0.03381 

0.0047 

0.02911 

0.14 

35-52 

7.9 

7.8 

0.02303 

0.0046 

0.01843 

0.20 

52-65 

12.5 

7.9 

0.03043 

0.0028 

0.02763 

0.09 


5. Korajpur (Varanasi)- Alkali soil. 



0-2 

0.3 

9.0 

0.01269 

0.0037 

0.00899 

0.29 

2-12 

Nil 

8.6 

0.00676 

0.0017 

0.00503 

0.25 

12-24 

Nil 

8.4 

0.00540 

0.0018 

0.00360 

0.33 

24-36 

Nil 

8.1 

0.00406 

0.0012 

0.00286 

0.30 

36-50 

Nil 

7.8 

0.00338 

0.0012 

0.00218 

0.36 

50-66 

0.4 

7.7 

0,00880 

0.0020 

0.00600 

0.23 

66-75 

0.6 

7.7 

0.01149 

0.0043 

0.00719 

0.37 


6. 

Korajpur (Varanasij-Adjoining soil. 


0-10 

Nil 

7.2 

0.01825 

0.0011 

0.01715 

0.06 

10-24 

Nil 

7.2 

0.01827 

0.0013 

0.G1796 

0.07 

24-36 

Nil 

7.3 

0.02231 

0.0041 

0.01821 

0.18 

36-48 

Nil 

7.3 

0.01434 

0.0049 

0.00944 

0.34 

48-60 

Nil 

7.4 

0.01165 

0.0022 

0,00945 

0.19 

60-70 

0.3 

7.4 

0.01 759 

0.0028 

0.01479 

0.16 
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Kanwar and Grewal (1959) reported an increase in organic and inorganic 
phosphorus contents with a decrease in soil pH, while Jackman ( 19^ ) lOimd no 
significant relationship between pH and organic phosphorus ia New Zealand soils. 
To study the relationships between pH arid organic and inorganic foriM oi phos- 
phorus, the data were analvsed statistically which gave a significant positive correla- 
tion ( r = -+ 0.71 ) in alkali and ( r = -F 0.59 ) ia adjoining soil profiles between 
organic phosphorus and pH. The correlations for pH and inorganic phosp orus 
were found to be significant ( r = -^ 0.5-I- ) m alkali soil profiles and not signifi- 
cant ( r = 4- 0. 42 ) in adjoining soil profiles. 

To study the relationship between GaGO.-; and organic and inorganic phos- 
phorus, the data were anaivsed statistically. It shows no significant correlation 
( f = -f 0.06 ) and ( r = + O.SO ; between GaGO-- and orgpic phosphorus in 
alkali and adjoining soil profiles respectively. The correlations for GaGOg and 
inorganic phosphorus were found to be not significant ( r= -h 0.23) and (r= -|-0.02) 
in alkali and adjoining soil profiles reapectively. Hoyos and Garcia ( 1959 ) 
reported dissimilar results in a number of soils. 

Several investigators (Jackman 1955; Thampsoa et si., 1954 and Youeda and 
Shigeta, 1956) have reported a positive relationship between organic phosphorus 
and organic carbon contents of the soils. A perusal oftaole 2 indicates that organic 
phosphorus content varies irrespective of the total organic carbon content of the 
soil, showing no apparent relationship between the two factors _in fapth the types ^ of 
soil profiles. Statistical analysis of the d..:ta also shows no significant correlation 
( r = + 0.04 ’ and ( r = -r 0.03) in ihe auall and adjoiniag soil profiles respecti- 
vely. The result thus substantiates the .findings of Kaiia 1953 ). 

Williams and Steinbergs ( 1953 ) reported a significant relationship between 
organic phosphorus and nitregen level in -he soil. Thompson et al. ( 1954 ) found 
a positive relationship between the two ic rtors. The results reveal ( Table 2) that 
organic phosphorus content does not seem to bear any apparent relationship with 
the total nitrogen content of the soil. Statntical anmysis of tbs data for the two 
factors also shows no significant correlation {r = — 0,23 ) and (r 0.43 ) in 

alkali ^and adjoining soil profiles respectively. These results lead to indicate that 
probably a very small fraction of total nitrogen is associated with soil organic 
phosphorus. 


T.\ELE 2 

Organic Phosphorus affected by organic carbon, nitrogen and sulphur m the soil 

(Average in per cent.) 


carbon 

range 


Alkali Cultivated 


0 * 0.1 

0.2-0.3 0.0047 

0.4-0.5 0.0060 0.0052 

0.6-0.7 0.0042 0.0041 

>0.7 0.0036 -O.C ■ 


s Total 
Nitrogen 

Organic Phos- 
phorus 

Total 

Sulphur 

range 

a' 

/o 

Organic Phos- 
phorus 

range 

o/ 

/Q 

Alkali 

Culti- 

vated 

Alkali 

Culti- 

vated 

n-o oso 

0.C051 


0-0.02 

0.0023 

0.0036 

0.020— 

O.OOS4 


0.02 — 

0.0057 

0.0043 

0.035 

0.035— 

0.0040 

0,0030 

0.03 
0.03 — 

0.0054 

0.0041 

0.040 

0 0035 

O.GMI 

0.04 

0.04— 

0.0052 

0.0052 

0.045 

0.045 

0.0044 

0.0014 

0.05 

>0.05 

0.0047 

0.0057 
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Further, an examination of table 2 does not show any apparent relationship 
between total sulphur and organic phosphorus in both the types of soil profiles. But 
statistical analysis of the data for the two factors reveals significant positive correla- 
tions (f = + 0 47 ) and (r = + 0.51 ) both at 5% level in alkali and adjoining 
soil profiles respectively. The statistical results evidently show a close relationship 
between organic phosphorus and total sulphur content of the soil ( Williams et al., 
1960 and Walker & Adams, 1958 ). 
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ABSTRACT 

In this paper, the author has summed some series of Meijer’s G-iunc:ior. o> expre^mg th- ^ G-func 
tion as Mellion-Barnes type integral and then interchanging the or^^er cU ir 4 eg.^...^n _u.Rm 

1. In this paper we have summed a number of series of Meijer’s G-function, 
expressing the G-funetion as Mellin-Barnes type integral and then interchanging 
the order of integration and summation. MacRobert (7, 8, 9) summed many such 
series for E-function, which is itself a particular case of Meijer’s G-fonction. 
Recently Bhise (1, 2) has summed many such series. 

2. The Mellin-Barnes type integral (6, p. 207) which we have employed is 


i, tt 7 <Jp'\ 

( 2 - 1 )- %q[’'h 0 


2 TT i 


I 


J-1 


TT r{bi 

; q J 

L TT r ; -bj-^s) TT 

j = j = U 


s) <1 r(i— Cj-f-'S) 




ds 


F(flj -s) 


where an empty product is interpreted as 1, and the path L of 

integration runs from -i od to -[-» =o so that all the poles of I(b- - 5), j = i, 2,... i 

are to the right and all the poles of r(l -flj-r5).i= 2, , y to the isu of L. 

The formula is valid for p-^q < 2 {i-fu) and arg p-hq) r. 

We have also used the following known formulae. In what follows y and 
r are positive integers. 

The multiplication formula for the Gamma function is 


(2.2). r(«) =( 2 n) 


rC2+ -) 

n 


From (2.2), we also have 

n— 1 

(2.3) 


a-j-j 


7, 

i = 0 


f I ) = y-f (a)r TT r( 

n i = 0 
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and 


(2.4). TT ^ r( n - (a-»+ i)r . . r(L ± ) 

t=0 ” *=0 


(2.5). ” = 

i=0 




«-l 

L ^ r(. 

(l-fi)r i = 0 


(-«)! rr_^) 


where (a) r=a(a-f-l) (fl-f 2 )- (fl + J'""!)- 

(2 6 ) ( a ) = ( — 1)3 

Modified form of Whipple’s theorem as given by Dzrbasjan ( 5 ) is 
(2.7). sFa (a, 1 - fl, /, 1 -2n-/; 1) 

(|a+^/)n (|fl— »— |/+i)n 


= 22° 


(On (^ “ '/ )n 


Cartliz (4) has shown that 


( 2 . 8 ). 


17 r «• 4 fa- 4 -n. ^a+i» 1 (/^-«)a 

U -i-1. * (|8 4-1). i 8+1 (^ + 2»)(^)n 


Dougall’s 1st theorem (10, p. 371) is 


r9 Q^ 1+4 ®j i8> 7> S, 

' ’ '* L4«, oe — /34-1> ‘*~V+1> ®~S+1, a — S+1, a+«+l 

_ (g+ i)n (g - ^ — 7 + Qq — y — S+1 )q ( ^ — 8— ^+l)p 
(« -^+l)n (“ " y+l)n « — S + l)o (« -y — S+l)n 

provided l+2a = ^+y+S +£ - n- 

Dbdon’s theorem (10, p. 362) is 

(2.10) . F ;l] = 

r(4.a+l) r(«-ig+l) r(a-y+l) r(ia-^-Y 4 . 1 ) 

r(a4-l) r{ia-^^\) r(^a-y+l) r(a-^-y+l) 

where R. (« - 2/S — 2y) > —2. 

Gauss’s theorem (10, p. 144) is 

(2.11) . F (»,t;t; 1) = R(«-o-i)>0, 

r(c— E2) r(c— ^) ^ 


r 576 ] 


3. Firstly, iip-\-q <2(/4'w)» then 


(3.1). 


r = o''C2/J+0 r{\-2fi-2n+r) 


u 

w rj / i\ (2X» 20 !“ r) \ 

^ V *ia( 2X, 2a+r). 6i y 

?‘t2x. 


C2X) 


Za 


( , *gp>Z^(X» «-r^)» a (X, g- 

A (A, a+fiFn). A (X, ^ 


r(2j8+«) r(l-2/3-n) 

^+2x, u 

^ ^ A (A, A (X, ^ 

^+2X, g+2X 

where A (*”» represents the set of parameters 

Z Z-\-l Z-^m - *< 

rn m ' ^ 

Substituting on the left from (2.1), we get 


°Cr (2X)^ 


i 


r«o ^*(2^+0 r(l--2^-2n+r) 2^x1 

2X— 1 ^ u 

^ :r T(6j-S) T r(l-flj4-^) 

iiO i=i i=^ 

f . 

X J ■ 


2X-1 


r r(i ii+^) ^ r(fli-j) ^ ) 

j=z+i i=ti4-i i=o 

Changing the order of summation and integration, applving (2.3) and (2.3), we 
have 


I « 

- T{bi^s) XT f(l-ai+5) 




: = 1 


-x® I A, 


i(2ig) r(l-2jG~2R) 2xri -■ g 


^ r(i-fei-f5) - r(aj-i) 
j=Z+l 
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, , „r2a‘“2Xi, 1 — 2a4"2X5j 

where i = l~2fi-2n ’ J 

Now, from (2.7) we have 

T - oari (g+i3 - Apn (° - «4-l - 

(2iS)« (l-2^-2«)n 

Hence, applying (2.6), (2.2) and (2.1), the result is obtained. 

Putting a - 1, l^q. aj_= 1, replacing flf by 2 = 2, 3 p 

and using [6, p. 215, 5.6 (2)], (3.1) reduces to 

,o (2x) rA(2X, 2a4-r), ij., be ; XI 

^ - = o r(2,e4-r) r(l - 2i3-2n-i-r) IA(2X, 2 o: - r), aj_ ap_i J 

(2X) 2° 

r(l-2/3-n) 

Y pfACx, «+^-l-«), A (x> 18+^) ^q; *1 

La (X» o+/5)j a (X,«— — 

Next, if p-{-q < 2 (/+«), then 

n ^4”X, u 

(3,3). s '°'-M±?±rL_LJ0!G ( Joi ap, A (X. 

' “ rCl+^+2r) ( *1^ (X, a+2r), i, *g ) 

t=o .P"i”X, J-{-X 

^“tX, a 

= - G / » ^P’ ^ a — fi — n)\ 

(^+ 2 n] \ A (a, a - / 3 ), b~, , bq) 

.P+X, q rX 

For the series is equal to 

“"a r(P-r«+r) (-X)' 1 „ 

r(l-4-iS-i-2r) 2ai ' 

r=o 

t -1 I u 

;7 r(“+?^-' - j) , rrSi+5) T r{i-aj+s) 

X r-to i = i 

= r(i-ii+s) :7r(ai-j) T r(“+I±L_j) 

? = a-fl i = 0 
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■j = l-\- i 



Changing the order of eunamation and integration, using (2.3) and the relation 
(a) an=2*“ ^ (~^) ’ equal to 


I u 

r,p+„) 1 ' ’ '■(i-'-i+O 

r(i+« 2^ p'=i i=i ,3 1 *. 

J ? P 

t: r(l-6j+0- r(ai-y) 

j=:Z+l jr=u4*l 


, T uP-”* % (a->^s)j ^ (a — X5-|-l)» 1 1 

where I=F[«^X5, 4 (i3+l), 4^+1 ^ 

Using (2.8), (2.6), (2.2) and (2.1) the result is obtained. 

Putting a* l,Ug,ai=l, replacing af by flf-i, i = 2, 3,... p and using 

[6, p. 215. 5.6 (2)1. ;,3.3) reduces to 

^ “CrRfl+n+r) (-X)" rA(X. «-r2r), 5 ^ 

(3.4). 2 — ^ »-A(^» ^ 


rsro 


_ (-^)° t^rACX, «--gh Jn 1 

j84-2n a~-p — n), Op-i J 


Putting « = 0,x=l,i=l.?=l; using [6. p. 216, 5.6 (6)]; and replacing 
(a - 6i)/2 by m (3.3) reduces to 


5.5). 2 "ar(^+n+0 


/q ^ x-iri-U-<-l » 1 - / V ZZ W, „ „ , (x) 

(3.5). 2 4-rn,m-r 

r=o 

— W , ^ . in (*) 

^4-2n — m-b4^-bn, m-P 

Now we use Dougall’s 1st theorom to prove the foilwing summation. Ifp+s 

<2 (l+«) and 2a4-7+64-«=^+S-rl, then 


(3 61 I lrill!^x2/>-S“+’-) X 
^ ^ r=o^C“'r«+’'+^) 
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/+4x, ti 


X G 


f X K’ ’ ^P’ A (4, y t), (X, a-\-y-\-r), 

V lA (X, /?+/•), A(X, /? - a—r), /\ {X, 5+r), 


/»+ 4 a, g 4 - 4 x 


A (X, e-r), A (X, a+g+r) \ 
A (X, s-a-r), ..., iq y 


(«“^+y)n(a+y-s- 


X 


/ 4 - 6 X, o 
XG 

p-\-6X,q-^6X 


{ x ^ii j A (X, y), A (X, a 4 'y+^)> A (X, 0 > 

V ' A (X, i 8 ), A fX, ^ - a-«), A (X, s), 


A (X, A{ 2 x, )S-|-S— a - n) A 

A (X, 8 -a-«), A ( 2 A, )S+S - a), ) 

Proceeding as before and acting that a!+2r=a (|a+l)r/(|a)r, using (2.3) and 
(2.5) we get the series equal to 

^ « X .-1 01 • 

w r(ij-i) TT r(i-flj+ 5 ) TT r(ttL_j) 

r (a+i) 1 •’=' ^ 

r(a:-l-n-hl 2,‘iri J ~ — - 

w r(i-6j4-s) TT r(<2,~5) TT ( JaAk \ 

i=^+i i=ox X I 


A-l X-1 X-1 

, r(g-°+;_,) , „ r(§r _») 

A X X 

^ i=o i^o j=o 

x-1 x -1 x-1 

X rc^+f+J -s) X X 

X X X 

i=o y=o i=o 


I 


where I = F ^ X^> 1 y"^A^j S^A^j l”€”f'X^, —ti 

lia, a-^4-xy-hl, a+y « - g + x^-j. a4.g_X5, a+n+ 1 ’ 

Using (2.9) and (2.6), we have 
I = («+l)n(a-/S‘-fy)„(a-j-y_g)^ 


V r(^+S~a-.2X5) rW-a^n~.Xs) 
L\fi-\-S-a-n-2xs) r[p-a-Xs) 
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X 



r(8-a— rtjS-j-s- g - ^ 
rca+y+fi - \^) r(S-a— A5) r(j3-f5-«-7T-l— aO 

Hence using (2.2) and (2.1) the result follows. 

Putting u= 1, ^ = <3i= 1 ; replacing flf by ai_i, i— 2, 3, and using 

(-6, p. 215, 5.6 (2; ]. (3.6) gives 


(3.7). s(=iy!2_Mi2o_r(“_+o , 


r(a-|-n-l-r-Y- 1) 


r = o 


^ -prAC^ ^-rO. A (X, ^-a-r), A (X, 8-rA A (X, 5-« r), b,.. 
La (X, y—r), A(X. «+7-l-0. A (X. €-f), a (A, a+5+r), 




AJ 


= (-^)” («— ^+8)o (^+'^~S)nX 


V prA (X, 13), A (X, ^-ct-n), A (X, 5), A (X, S-a-n), 

La (X, 7), A (X, «-h74-s), A (X, €), A (X, «+ --r«)> 

A (2x, ^-t-3-a), 

A (2X, (3-\-^-a -n), flj, , flp J 


provided 2 o!-1-7+6-1"^=^‘tS+1- 

Next, lip^q <2 \ atg x \ < r and R (2a-2^-3A:) >0, 

then 


03 

(3.8). 2 


Hr) 


/"pX, U"pX 

G 


(. |A a„ 

V 'A (X. (S+A+O, 4.. 


r=o p-^2\,q-\-2\ 

k r(U+l) r(a-;3-3/2 &) 
r(i-i-i) r{a—^-k) 


> Cp, A (X, «-i-r)\ 

.. ...y bq, A (X> ^■~^)/ 


i-pXjU-pX 

G 

0+2X, ?-l-2X 


„ A (X, fli, , flp, A (X, ^:)\ 

A (X, i8+^;, ^1, , A (X, / 


Proceeding as before, using (2.3) and (2.4), we have the series equal to 


TT r(^»j-5) -r(i-fli4-5j r r{^ ±^ j- L s) ~ r(i-- ~^-ri ^5) 

1 r/ =i 

2-jri J q p X-1 ^ X-1^ 

^ r(l-6i-i-.) T{ai-S) r T(l-^^4-^) ^ 

; = /-l-l i=«4-l , = 

I 

I 1 


X 



X I ds. 


where “ 




From (2.10), as have 


j ^ r(^&+l) T(a—p-3l2k) T(a—\s) r(l~/3 + X5) 

T(A"4-1) r(a! — /3 — k) r(a — — X.^) 1(1 — ^—^k-\-\s) 


Hence applying (2.2) and (2.1), the result is obtained. 

Now, we establish few series by using Gauss’s theorem. 

If X<u<p, X< i+X<g,;)+? <2 Q+u) and R (/3— «) <n, then 


I, u 

(3,9), 2 (—1)”+' "C, G ( ;tj^ “x+l 

P, 9 ' I>^_y A (V e-r) 


Va-c+P) rj'"/' JA(X, ep\ 

X° 1(1 — a~{-p—n) p^q \ ..., bq — X ,A (X, /3— n) ' 


From (2.1) and using (2.4), we have the series equal to 
I u 


(- 1 )“ 




2tt 


■ P— 

* J q— 


i=x+i 


X—l 

O’T 

i=o 


^ r(6j-5) TT r(i-^-+5)7r 1(1- 

\ 


q—X p X—l 

TT r(l bj-^S} TT r{a]—s) IT (1 — 

J=Z4-1 j=M+i j = 0 


I 


where I=F ( — n, I— ct-}"X^^ 1 — jS-hX^j 1). 

Using (2.11), (2.2) and (2.1), we get the result. 

With X=:l, we get a known series [2, p. 271 (S.5)], and with X = l, n-l, and ^ 
replaced by ^8 + 1, we obtain a known result [3, p. 353 (5.1) and (5.4)], 

Similarly, il X^ / ^ q,p-\~g <2 (Z+u) and R (flp) < then 


n 


I, u 


(3.10. 2 IjP+r °Cr X^ Q / I fli,. , Cp \ 

r(l + Z>-ap+r) ^ \ ^A(X, bq } 


rs=o 


A ? 
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u 


Q ( ^ ^1 -,ap, ^ ap^uj 

r(l-i-6 — flp-|-ri) Y -i ('^5 i ^ X-|“^» 


^+X, q-rX 

With X= 1 and b replaced by b^, we have a known series [i, p. 
Also, U \ ^ u —X, p-rq < 2 {l-\-u) iti i R (a) >0, then 


■,b(, 


) 


n 

(3.11) . S (-1)°+^ X-^“Gr r(/i-«-i-«-fr) X 

r =o 

I, u ^ ^ 

X G f .v'^ “x+l. “p 

^ b — - 

py q 

„ ru3-.+n) G ' “ ( .; A a. “-»). “x+l. ■ ^ 

p, g *■' 

Proceeding as usual and applying (2.3). ,2.11 , (2.6), (2.2) and (2.1), we get the 
result. 

With n=l, X= I and replacing a by Uj and ^+1 by Cp, (3.1 ij yields 

l,u h n 

X C / M- G f a; ifi ' 

(ap-fli) G \^x oj 

p,q pyi 

i 

Py ‘i 

which is a known relation [6, p. 210 (12)]. 

Lastly, if X ^ K q-X,p—q <2 and R (-r) < i. then 

(3.12) . S (— i) =Cr ria-l3-rn~r) X 

r = o 

I, u 

/ jiZ . \ 

^ ( "i A ^ x= iS— r)/ 

p,q 

I, u 

p. , a .-■> / ■ "• ■• 

» !(«— i3-f«)G (X, ^4-;.), 0. . , ..---.5 

\ 

5. q 
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With a = I, X = 1 and replacing a by b-^ and /S - 1 by (3.12) yields 


/, u 
p, q 

i, U 

= G I X * 5 ^P' 

[ ,b^ 

P, ? 

/, u 

-j- G ( \ 

. '1’ ^q-fl / 

which is a known result [3, p. 353, (5.3) and (5.4)]. 

I wish to express my sincere thanks to Dr. V. M. Bhise for his help and 
guidance in the preparation of this paper. My thanks are also due to the Principal 
Mr. \ . V. Sarwate for the facilities he gave to me. 
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ABSTRACT 

The present paper aims to evaluate two definite integrals Invclvir.g the product of Meijer's G-funcs- 
uon with Gauss’s hypergeometric functions. These arc analogous to the results recently given by 
Sharma ( ^3), p. 539). 


1 . The first result to be established is 


1 


/ (i-,r .Fx . G^; («- 


G^« /-r2m I | 
2*P~^ p-r2m, q-Y2m \ 


1-p 2— p m-hP I_2p4-fl-f6 3-2p4-fl+6 2 m-2p—l+a^b ^ 

__ , 

dj., ••• 


bi, ..., bg, 


l--2 p+g 
2m * 


3 — 2p - a 

~2iir ’ 


2m — 1— 2p-f-fl 1 — 2p-{-b 
2m ’ 2m ' 
3—29+6 2m— 1— 2P ^ b 


(1) 


where m is a positive integer, R (P+.m6h) >0, 6=1, k, 

R (fl+6) .> — 1, 2(6+/) and [arg < (64-/— |g) tt. 

The second result to be established is 


/ 



( 1 — 


iFt 


fa, \ ~a 

I b 


nbl (r vm ft — 



dx 


TT f(6) 21 

minr(|a+46 ” "r(^— ia+i6) 
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l_.p 2 — P m — p b — p \J^b—p in — \-\-b — p 

m ' m ' ^ m ’ m * w ’ ’ m * 

S’ 2jk, ^-4-2?/2W™ A A fl— 2 p 34-6— fl-2p 2 ot- !+£•— a— 2 p , 

’ -i . ! 0-^, Oq, , — — 

2m 2m 2m 

flj, ..., dp 


i-\-b — 2f’ 2-|-fl+^~2p 2m — 2-l-fl4^ — 2p (2^) 

2m ’ 2m ’ 2m 


where m is a positive integer, R (P+m 6h) >0, R (p— ^-j-m ^»h) >0, h=\,.,.,k; 
2 > p-{-q and i arg 2 1 < (k+l—hp—hq, TT. 

For establishing the above results we require the following formulae 
( (l)i psges 207; 4, 189, i2) pages 104) : 


^ II r(^j-5) II r (i-flj+^) 
r.m nf Ja-,, ap\ 1 i=l J—1 

S « ( % .... <r j . *■ 

*CO . II F(<2j — s) 


r(mz) = m^^ ^ (2rT) ^ r{ 24 

r = o ' ^ ^ 


,R, i_ 4- r(c44) r(|fl4|^4i) 1^) 

" i'4c4^4i), 2c. r(4a4Ri i(ii4i) i (<;4|_^fl) r(c4i— 

R (c >_i, R ^a+b) > -1, R(2c-fl_^) >-l. (5) 

P pa, 1— a, c;1„ tt r(/) rr2c 41— /'') 23-~2« 

H/, 2c41— /I r(c45 r(c41— 4a— 

V. 1 __ 

R (/)>0 and R (2c— J )> — 1, 
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(67 



(7) 


i 

j P^q Dl’ 

o 

where R (a) >0, R (^3) >0 and the resultant series is convergent. 

PROOF OF THE FIRST RESULT ; If we substitute the value of the 
G-function from (3) in the integrand of (1), change the order of integration, 
evaluate the inner integral with the help of (7) and (5), then the value of the 
integral thus obtained is 


2ap-i T{Mb) 


^ 2m f 


k I 

II r(6j-5) II r(i-fli+i) 


i=i 


;=1 


q P ^ 

II r(i-i>i+s) II 


Ap-fffw) r(p-f^— |o— ^6 -i-w 5) / g \g m) 

r(P+i-la+ms) r(P-h|— i^+TTw) \ ^ j 

to which if we apply (4) and then interpret with the help of (3), we get (1). 

The change in the order of integration is admissible for the conditions given 
in (1), as with them the integral (3) is absolutely convergent, the inner integral 
after the change of order of integration is absolutely convergent and the resulting 
integral (7) is also convergent. 
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The proof to the second integral is exactly on the same lines as given alodve 
except that the result (6) is used instead of (5). 

My best thanks are due to Professor Brij Mohan for his kind suggestions. 
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ABSTRACT 

In this paper two theorems on Whittaker transform have been established, by utilizing the integral 
representations of the Whittaker function Wj. 

1. Varma (3, p. 209 & 4, p. 17) gave the generalisations of the classical 
Laplace transform 


(1.1) <l>(s) = s 
In the forms 



e~^^f{t)dt, R(5)>0 


CO 

(1.2) (J) = J r (st)f(t)dt 

^ XVj iil 

o 

and 


CO 

(1.3) ^ (s) =i J" 
o 


(2 si) ^ Wj. ,^ (2 si) /(I) <ll 


which are known as Varma and Whittaker transforms respectively. 

With k+m=|, (1.2) reduces to (1.1) and with k = (1.3) also 

reduces to (1.1). We shall represent (1.1). (1.2) and (1.3) symbolically by 


^ (^) 4 /(O. ^ (s; jn) = W [/(O; K m] 


and ^ (r; k,m) — f (f) respectively. 
m 

In this paper we have established t’P.o theorems for the Whittaker transform. 

The results have been obtained by utilizing the integral representations of the 

Whittaker function W, {z). 

111 

2. THEOREM I. If 

j,{sik,m) A/(0 
m 
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and 


{s; k, m; n; y) ^ J\i) 
m 


(2.1) <p(s;k,m.^ 


k^k X M- 5 /> 9 x- 2 li-l ,.,^.,<^- 9 / 4 , 


rc2X-2A:) 


0'+'^^ ‘ ' X 


X aFi -S ^ '*’ ‘‘y i 

provided R. ii) ^ j<, ^0, R {\—k) >0, the Whittaker traasfonu of 1 1 e f (t) 
exists and the integral in (2.1) is absolutely convergent. 

Proof : — We have (1, p. 440). 

1 

p ii-oi 

^ ^ L 2\-2k 

X (5-l)2^-2&-i 0/*-^ 

Zj^O, } arg 2 I <i7r and R (k—k) >0. 

Replacing z by 2st and v by l-ryjs, substituting for ^ (2^/) in 


■>, (s; k, m) -s ^2jij i ^(2st) /((; dt 

and changing the order of integration, we have 
2^ — k k— X — 

P(r;k,m) = 1 ^2X-2k-l 


0’4-«) 


X 


X sFi ‘-yl‘\ f t2<) ^ w^_ ^ (2^+2st) t e-^^/{t)dtay, 
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from which (2.1) follows immediately. 

Regarding the change of order of integration, we see that the y-integral is 

absolutely and uniformly convergent if R ( 5 ) >^3 >0 R (X.— >0, the 

t-integral is absolutely and uniformly convergent if the \\ hittaker transform of 

1 I ^ ^ i J I exists and the absolute convergence of the repeated 

integral has been assumed. Hence, the change of order of integration is justified 
by de la Vallee Poussin’s theorem. 

2.1. COROLLARY. 

On putting X=|i ii> the theorem reduces to : 

If (s; k, m) ^/(O and ^ (s; n) ~ f (e) 

then 


(2.2) 

k, m) ~ 

2^ s ' ‘ r 

-2 k-i 



0 


X aEi {1 

-k-rm, 

l--2k;—yiS} v 

(2j>f-f-^; i— k) dy 


provided R (s) >0, R (i-k) >0, the Laplace transform of | i ^ ^ f {i) \ exists 

and the integral in (2.2) is absolutely convergent. 

3. THEOREM 2. If 

<!> (5; k, m) 

m 


and 


then 


r r 

’ .n fl/t 


9 is 


; A, m-, n; a) =\V i e ' f (1/0 ; K m\ 


(3.1) 0; ^ / 


X X 


2, 1 i r -1 


’O J I 


jr, - n:, 


‘v (x; X, F]- 


5/4' f’: dx 
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provided JR. (s) >5(j >0, 


R (.1— >0, the Varm^ 

transform of | ^ (J/^) 1 exists and the integral in (^3.1) is absolu- 

tely convergent. 

Proof :— Meijer (2, p. 188) has shown that 


CO 

'^’k, m « = e-i'’ 


Wx, X 




X Go’ :[zv 


|77J, —m, ^-|-/x, 


R{l-P±m±!^) >0. 

Replacing z by 2si and o by xft in this and substituting for Wj^ (2^i) in 


6 (s; k,m) =sj \{2st) ^ ^ {2st) f (t) dt 

o 

and»changing the order of integration, we have 

^(s;i,m) = s(2s)i f -fi-i G?’ ] ( 2m I i-i U 

o 

This gives the result on putting i=ljy. 

1 in Thtor«n 

i, under the conditions stated above. 

3.1. COROLLARY. 

On putting i = i, m .. ij, X + ^ and leplacing (3 + X 4 i by - v 


*vve get ; 
If 


^ O') =r f(t) 


and V- (/; k; q) 



J Oii) 
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then. 


(3.2) # (J) =i(2s) ~ 4" J (iv-as* )i (i. ^-1; >) J.v 

o 

provided R (^) > i'a >0, R (1-f-i’} >0, the Laplace 

transform of j / ^ / (1/f) j exists and the integral in (3.2) is is absolutely 

convergent. 

I wish to express my sincere thanks to Dr. V. M. Bhise for his help and 
guidance in the preparation of this paper. My thanks are also due to Principal 
V. V. Sarwate for the facilities he gave to me. 
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ABSTRACT 

In this paper first we give some of the important properties and special cases of the H-function. 
Later on we evaluate an infinite integral involving product of two H-functions. Since the H-function is a 
very general function, several integrals involving the product of the H-function with Wright’s generalized 
hypergcomctric function, Macrobert’s E-function, Whittaker fnnetion modified Bessel funetton etc,, 
follow as special cases of the integral evalutcd earlier. 

1. The H-function. The H-function introduced by Fox [5, p. 408], will be 
represented and defined as follows [6]. 


rjin, nj" j (flj, aj), (tip, aj,) 

p.ql I 


-zk-/ 


m 


j=l 


r (^j — /?j TT r ( 1 — flj T o-p^) 

j=i 


2ri j q p 




L r r(l-6j+^j^) TT r {a-aj 
J =m-]-l j=n4-l ( 1 . 1 ) 


where a; is not equal to zero and an empty product is interpreted as unity; q, m, n 

are integers satisfying 1 < m ^ g, 0 < « < p; 0 = 1, , pf (J=i^ arc 

positive numbers and aj (j= I, , p), bi (j=l, , q), are complex numbers 

such that no pole of F {bh— i) (h~l m), coincides with any pole of 

r{l—a{-{-ai I) (t = l, a), i. e, 

ai{bh-{-v) {ai-v-\) I3h (1.2) 

(v, 1 } = 0, 1, A = 1, ^ 1 ^ ^^) 

Also a i t, where a and t are real. Further the contour Jj runs fyoin 
g ico tocr-|-i^ such that the points : 
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m\ v=0, 1, 


(1.3) 


L- = {pi, 4- v)/jSh (^=1, 


which are poles of Tph — ^h he to the right and the points : 

i = (i=l, , ^ = 0, 1, ;) (^-4) 

whicharepolesofr(l-a£+flf|), lietothc leftofL. Such a contoure is possible 
on account of (1.2). These assumptions for the H-fu|ction will be adhered to 
throughout this paper. 


2. Properties of the H-funetion [6]. Tiie H-function is symmetric in the pairs 

(flj, cj), (( 2 n, aj, likewise in (a-+i, ®p)* (^i> i^i)> > 

Pm, W, and in p^^u .^i)- 

If one Qf(af, fff) : is to one of (s., i^j), U = ?^i-r b 

[or one of the (6h, Ph) (/«=!, ) is equal « one of fne (C;, «/) U = -'i-r 1. 

then the H-function reduces to one oi the lower order, tnac is, p, u anc. 
decreases by unity ; we give below one of such reduction formula ; 


q) 

(or rn) 


(a) 


n 

p. q 


(fl^, «,), ... - 5 p9> ^l>) 

(6,, jSi), ... pH.i 



^m, n— I 

p-i,q- 


Pv > 



, pp> 

p<i.l 


ap) 


I 

i 

i 


( 2 . 1 ) 


other reduction formulae being similar. 

The obvious changes of the vuriaUe in the integrai 0-i) gt'’= lollowing 

relations : 

(b) 


P,^. 1 

(fli> 

pi, Bp, 

®?) 1 
|3c)i 

(2.2) 

^ hv 
?»q 1 

! (Uii-cr «!, at), 

1 1, 1 „ O C \ 

; /-'1> f-l/’ 

, (dp4-aap, ap) _ ^ 

/ * i - n o ^ 

• 3 f'-i' i 


H™’ 

p. q 

[ -1 ;(fi, 

1 i Pv I'li'' ’ 

(do, S 

Pr„ i 


qt P 

. L K'.-» . ft; 

[ (I— 


:2,3 



Ijm, a 
P. q 


(d) 



^ 1 > ^l)» • ■ 

* (^p» “p) 


(buB,. •• 

. [b^u Bn) 


rrm, n r I (a^, c aj, , (%, e «p) 

p> q L I (X. ^ ^j)» » \K ^ Bn) 


where c >0 

(e) 


^m, n 

i V 1 «l). 

•> ('^p> ^p) 



p. q 

[ \(b.,Bv)- 

» (bti, jSq). 



(1 — N) (m-{-n-~h p—h 

7, p, 



l27r) 


N 



.Nm, Nn 

r 


(a (N, ap)^ 

'*P 

N 

■Np; Nq 

ACN. 

M It } 

(A(N,i..). 

Bn 

N 


where /*, S and (A (N,/), a) stand for the qnantitics 

q p q p 

2 (ij)- (flj) ¥ ; 2 (^j)~ s («j) 

11 11 


(2.4) 


(2.5) 


{%'<’) 


respectively and N is a positive integer >2. 


Proof of (2.5), To derive (2.5), we first express the H-function on tlie kli-hand 
side of it in terms of Barnes type of integral with the help of(l.l) and then use 
the following multiplication theorem for gamma function [3, p. 4]. 


r(N z) = (27r) N ^ 


N-1 

TT 

j = o 



( 2 . 6 ) 


in the integral thus obtained. The result now easily follows with the help of the 
equations (1.1) and (2.4). 

3. Asymptotic Expansions. Braaksma [1, p. 278] has shown that the H-function 
makes senje and defines an analytic function of x in the following two cases ; 
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(i) 8 > U, ,v 5^ U. 


q p 

where 5 = S P'd - S i,«j) ... .. (3.n 

11 ^ ^ 


(ii) 8 = 0, and '^ \ x \ < D. 

^ «• ^ -fi; 

where D = tt (aj) ^ tt (jSj) 

1 1 

From the equation (6.5) of Braakstna's paper we have ; 


•• (3.2) 


n 

p» q 


I" 


(flj, aj) 
(^1. ^l) 




w^ere 5 > 0 and a = R {bhl^h) Qi— 1, , ni). 


(3.3) 


The behaviour of the H- function for large x has been considered at full length 
by Braaksma in the memoir referred to in the beginning of this section. There he 
has considered different sets of conditions of the convergence of the integral given 

by (1.1), We shall, however, for lack of space, restrict oursclvei throughout this 
paper to the case when the parameters of the H-function satisfy the following condi- 
tions of validity ; 


n p m q 

(i) \ = 2(«j) - S («j) + 2 (/3j)- 2 (A) >0 (3,4) 

1 n-fl 1 m-pl 

(ii) 1 arg a; I < I \ TT (3.5) 

Again from the equation (2.16) of the same paper we get s 


p» q 


X 


(^1» 

(^11 


(C7l\ = °( 1*1 


(3.6) 


where S > 0, the conditions (i) and (ii) given above are satisfied and jS stands for 


R 



Finally from the equations (2.36), (2.43) and (4.12) of the same paper, we infer 
that if n*=0, the H-function vanishes exponentially for large a: in certain cases t. 
we have ; 


„m, o (<J,, oi), — , (^p, «p) 

^Pj q ‘ (^u A’q) 


^ O ( exp {-8 * p } A- 

(3.7) 
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where p- stands for the quantities 2 (6j)-~ 


r 'I 

S f^^j) + •- ?* conditions 

1 


given below are satisfied : 


(i) 

m p 

S (/3j) - 2 («j)- 

q 

V 

(ft) > 0 


(3.8) 

1 1 

m-b i 






. m 

P 

q 1 

(3.9) 

(ii) 

j arg ,v 1 < i TT 

2 (^j) 

L 1 

- S («j)- 
1 

- 2 (^i) 

m+l 

(iii) 

q p 

5- S (ft) - S 

1 1 

(«j) >0 



(3.10) 


Remdfkst On account ol the formula (2.3), we can translorm the H'-function with 
8<0 and arg (x) to one with 8 > 0 and arg Hcncc the asymptotic expan- 

sions for the case 8 "C 0 can also be obtained liom the results of 13raaksina, 
mentioned above by interchanging the role of a.' at x 0 and .v ~ co . 

4. Particular cases of the H-fiincthn [6], 

(i) On taking aj = = 1 (i = 1> P > » (?) (1'1)» we have 

with the help of the definition of the G-fimction [3, p, 207]. 


rrm, n 
P> ^ 


f * 


1)» 
(^u ' }> 


(flp5 0 

1) 


] 


G 


m, n " 

X 

p. q 


a,; 

bn. 


( 4 . 1 ) 



Also if we take aj = /3h == — ( J = 1» 

0 


,p;h 1, , q) in (2.4) and 


then replace 


1 

c 


by c' we get the following result ^ 


H 


m, n 


p. q 

where c ' > 0. 


1 (di, c'), .... 

{dp, c ) 

{b„ c'), ..... 

(6n> C) 

.1, h 1 


(dj, oP) 

h~|"kj l-j-r 


{ci> yd 


1 /,/Qm, n r 

' p>q I 


r . 

1 a; ' 

...... dp 

1*' Mq, ‘ 

.. ... , bq , 


, («i>, «h), (bu fh)^ » /’O 

5 (<^1» fl), (<fi) 8,), » {dr, tir) 


(4.2) 
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(27r) ^ A— G) 


X 


(«j) "■ 


-fli 


m 


(y-d 


c\ — h 


(8J) 




nG, A 

^ '^A+B, G+D 


li 

1 


k 

TT 

1 


^ 7- 

1 


^ (8i/^ 

I 


{ A («'hj }> { A (/^k, ^'k) } - 

{ A (yi, Cl) }, { A (Sr, c/r) } J, 

(4.3j 


where I, h, h and r are integers satisfying 1 < / ; 0 ^ /j ; 0 < /c ; 0 < r, 

and a„ «h ; iS,, /3, ; Ti, y. ; S>, , Sr are positive integers 

and A, B, G, D, { A («p, ^p) }, stands for the quantities mentioned below : 

h k 1 ^ / N ' 

A = 2 {oi ) ; B = 2 (/3j) ^ ^ ^ (yj) ; D = 2 (Sj) ; 

{ A («P. «p) } = A («ii <^1)^ A («P» ^p)‘ 

Proof of {4.3). To obtained (4.3), we write the H-function in it, in- terms of 
Barnes integral with the help of (1.1) and then apply (2.6) in gamma functions 
occurring in the integrand. The result follows immediately on interpreting the 
new integrand thus obtained, \yith the help of the deHnition of the G-function, 


/- 1 


(iv) (A.') = 2 


H 


2,0 
0 , 2 




^ V, 1), (i^d- 4 V, 1); 


(4.4) 


whore K (x) is a modified Bcisel function. 


(V) 


a:‘ e 


W 


2 . 0 


k> r 


W = Hj; 2 


1 ) 

(Z+rd-ij, 1), (^'““^'d-A 1) 
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(4.5) 



where "VVk, r (x) is a Whittaker function. 

(vi) pFq (fli, (Jp ; bi, bci ; —x) 




TT r{b]) ^ 

_1 ' 

^ r(si) ‘ 
1 


H 


p 

t 

pj q+1 


(1— flj, 1), (1— 0 

(0, 1), (1-^, 1). ') 


(4.6) 


,Fo (« ; - ^) = (I + ^) 


r(«) 




(viii) E (fl;, flp K>‘^) 

- hP' '■ F* I (>’ ') ')1 

“ q+i.p r I ("I.') {“p.i) ] 

The function defined by the series ; 


(l~a, 1) 1 

(0, 1) ■* 


( 4 . 7 ) 


(4.8) 


CO TT r (flj 4- aj r) 

2 1 {-xy 

q ^ 7l' 

r=o TT r (^j 4 

1 


was considered in detail by Wright [9, p. 287], We shall call this function as 
Wright’s generalized hypergeometric function and denote it symbolically as ; 


. r (^!5 «i)> (<^P) ^p) ._vl 

’ J 


The following formula gives us the relationship between this function and the 
H-function : 


(ix) p»/'q 


(d^ , «,), ....... (dp, ffp) ^ 

' Oa) ’ 


(bif /3i), ....... (bq, f5a 


( 600 ] 



P \x 
P> 


(1 (tj), (1 Up, Op) 

(0. 0,(l--6i.i8O, ,(1-^ iSci) 


(4.9) 


If all the a's and [3'y are put equal to unity in (4.9), we get the following result 
an account of the equation (4.6) ; 


(■k) f 1 

w * [ (*., 1) (j„ 1) ’ M 


P 

^ (Ffli) 

q 

TT r {bi) 


pFq (^1> •••>•«, dp 5 J X) 


(4.10) 


(«) («) ^ ^ I J, (i+v+^O 


(-xy 


H 


1,0 

0,2 


(0, 1). (-V. f.) ] 


(4.11) 


where J (x) is Maitland’s generalized Bessel function [8, p. 257]. 

V 

5. The following integral will be evaluated in this section. 


CO 

/ H“’ “ 

n n 


p, q 


Z X 


(dif <*i)j (dpt 1 V 

(^1, iSi), (K> m ^ 


H 


k, f 

l, 1 


sx 


(^l> 7x), (Cr, 7r) ] j 

(^1, Si), (di, 8i) r- 


- m+f, n+k p 
J-H 1 

s’? P+1, q+r ^ 


{ (da, «n) }, { (l-^fi-»? Si, (7 8i) }, 
{ (6m, ^m) }, { (l-tfr-’7 Tr, <7 y)}, 


(^n+ 1 , ®n+i)» (dp, ®p) 1 

(bai + J, , (6q, ^q)J 


[ ] 



provided that, R (’? + o 


^ii 5f 


m ; i' 


/o, 


R 




X' > 0, 1 arg .2 1 < I \ tt and ] arg a’ 
quantities 


0 (i=i, ,/; »)> > 0, X > 0, 

1 < % X' where X and X^ , will stand for the 


m q n p k I 

s (jSj) — :s (/3i) + s («j) ~ s, («j), S (8j) — S (Sj) 4- 

1 m-j-l 1 n+l i k-hl 

f r 

:3 (Yj) - 5: (Xj). 

1 f+i 


and { (flp, «p) } for the quantities (ai, cci), (a^, o-p), throughout this paper. 

Remark. We have given above only one set of conditions of validity of (5.1). 
Remaining sets of conditions of validity can be obtatined by further considering the 
asymptotic exansion of the H-function given by Braakshina [1]. 

, Proof. Substituting the value of 

r-rm, n [ (T {ax, a-i), (a,,, aP)l 

“p.q l (ii.ft), W 

in terms of Barne’s integral with the help of (l.l) in the integrand of the equation 
(5.1), it reduces to 


CO 

I 


V-l 


271 


{bi -• /3j ^). TT r ,(l -- aj -f aj ^) 


^1 p 

L TT r {l—bi 4 /5j ^■) tt r (aj — (xj ^) 

m4l n41 


.V 


X H 


k, f 
r, 1 


sx 


(^l> Y), , (firj Yr) 1 j . 

(4,8i),^ ,(4 8i) r 


(A) 


If wb now interchange the order of integration in (A) and replace sfc by x 
therein, it rcdqces t(a. 


f 6Q2 ] 



27rz J oj 


m nt 

IT r (6j — jSj I) TT r (1 — (3j + “i 0 


m+l 


r (i-bj + iSj I) ^ ^ 0 

n~\-l 


X 


»?4 


CO 


V or| 


1 <f[' 


(hf Vi), 

(<^i» Si)> 


(^-rj ”yr)] ^ 

,(^^1, 80 J " 




(B) 


Since the x-integral in (B) is L (0.® ) under the conditions stated with (5.1) 

and the H-f unction 




„L.r,» .b. ~i«.! 7"wi!rdiS,bj 

inversion theorem [4, p. 307], the value of x-integral in (B). “ 

applying Fourier Mellin inversion *eorem in it and interpreting 

obLned with the definition of the H-function given in (1.1), and the expressi 

given by (B) reduces to 




^ r (bj- /3ji) ^ r (1 - aj + aj 0 


L ^ r (1 - 0 f 0 

m+1 


n 


X 


TT r {di -h ’? Si +'^ Sj I) ^ J" (1 “ 

1 1 


7, Yj - a Yj I 

iVj dk 


It (i -di-v hi- ^ 8i ^ ^ 


(5.2) 


Interpreting (5.2) with the help of (1 .1) we get the required result. 

To justify the inversion of the order of integration in (A) we infer from § 3 

that x-integral is absolutely convergent there 
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k^y >0. 


if R(>J + |L) >0(i = 1, 

of 

R < 0(i = 1, ,/)and 


the resulting integral in it is abolutely convergent, when 


R;(’) + <'^-+|)>0(A= 1 m;i= 1 ,h) 


and 


R 


(’' = ■’ = 1- ")■ 


X > 0, X' > 0, 1 arg 1 < | Xtt and j arg ^ | ^ x' w. 


To prove the absolute convergence of integral in (A), we put ^ = it, 

Z = Re*"^ in it, and replace gamma function involving— | by gamma function 
involving + by virtue of the well-known formula : 


r (z) r {i~z) = 


TT 

sin (tt i;y ■ 


We know that for large the asymptotic expansion of the gamma function 
is given by : 

log r (I -f a) = (^ + a -r I) log ^ — I -f ^ log (27r) + O ( | ^ | "i). 

Therefore as \ t \ ^co , the absolute value of the integrand in integral ol 
(A) is asymptotically equal to the product of the following expressions : 
exp { - I Xtt I ^ 1 + ,^ i + it (s log f log R + A,) } and 

M I ^ { ^2 + o ( 1 ^ I 

1 ^ , P na q 

where \ = 2 ^ (<ri) + S (ft) - s (ft), 

‘ “+1 - 1 m+1 

5 = 1 (ft) - I (»i), = -fc3_ + 1 (Jj) _ I 

11 ^1 1 

and ki, k^ are constants independent of | i j . 

I 604 ] 



'therefore ^ — integral in (A) is absolutely convergent if the following condh 
tions are satisfied 

X > 0, <|) = 1 arg ^ 1 < i \7r 

From the above discussion it is clear that x-integral, i integral and the 
resulting integral in (A), require for their absolutely convergence the conditions 
mentioned in (5.1), a few of which are not included in (5.1), being easily relaxable. 

Hence the interchange of the order of integration in (A) is justified by virtue 
of De La Valee Poussin’s theorem [2, p. 504]. This completes the proof. 

6. Particular cases. 

(a) On taking all 7'« and equal to unity in (5.1), we arrive at the following 
integral by virtue of (4.1) : 


f 


V-l 


„m, n 
P> 



(^1. «i): 

(h, ^i). 


(<2p, QIp) 
(bq, ^q) 


1 f 

C-j^y . . . 1 

> . • , Cr 

G 1 

SX J 

Cl, ... 



dx 



um+f, n+k [ { (a, 5 , fla) }, { (1 —di—v, <r) }, 

p-bb q+r L s'^ { (^tnj ^ni,) }» { (1--Cr— ^/> O’) }j 


(‘^n+i» “n+l)> (^p> “p). , 

(^m+li /3m+l)> (oq> Pq)J 


( 6 . 1 ) 


provided 


that R 



> 0 (A =c 1 , 


m ; i — 1, k), 




<0(i=l = ,«),x> 0 


a > 0, 1 arg >2 | < ^ Xtt, /a > 0 and | arg s I < ^ 
where ^ = 2^+2/— Z— r. 

If we take 7? = ct, /i: = A,/=Z, r=g', ^=y, « = = ? = S, o‘=N/S and on 


further taking a. ^ and ^ equal to unity and replacing c’s by a and d s by ^ in 
(6.1), we get an integral earlier given by Saxena [7, p. 401]. 

(Z>) On taking A:= 1, r=/ and replacing Z by Z+l ia(5.1), it reduces to the 
following integral by virute of (4.9). 
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n 

“p,q 




(«1» «.l). 

(^1. ^l)> 


(rtp, <>'p) 

[bq, f'lq) . 


ih, yi)y Ji) 

{d-i, Si) (di, Si) 


sx 


dx 


1 

SV 


■um-ff, n+1 
p-j-l-j-l, q+f 


<- 

S(T 


{ Ki. «n) }, (1— V, c), { Si A, cr Si) } 
{ {bmy i8,n) }, { {Ci-V 7f, cr Ti) }, 


(%H> “a+l) (c^p> c^p) 

(^Jn+1» /Qm+l)}*** . > (^aj /3ti)J’ 

( 0 . 2 ) 


where k (^< i+c A\ > 0 ( 4 = 1 . m), „ > o, x > 0 . 

^ 0 (A’= ' » : i= 1 /) 

r f 1 , 

1+ 2 (Vj)— 2 (Sf) I > 0, I arg <2 | < ^ Xtt and | arg s j < 

1' 1 . 

H- 2 (yf)-~ 2 (Sf) 

L 1 1 "J 


(c) On putting all y ^ and s’^ 
ing integral by virtue of (4.10). 


equal to unity in (6.2), it reduces 


to the 


follow^ 


CO 


( ^v-~ \ h“’ ” \ ®i)» K.. «,0 

p, q [ Zx j {bi, /3i), j (^fij 


ii'i (qt, , Ci ; dj, dq 
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■sx) dx 



1 


TT r (di) 



TT r (cf) 

1 


yjm+f, 11 + I r I { (fln, a„) }, ( 1 - 1 ?, <t), { {d]-V, } 

p4-l+l, q+fl 1 { (^cn> /3iii) }> { (Cf — ’?> O') }> 


(<Zn+li ‘^n+l)’ > (^P> “p) 

(^q» l®q) 

(6.3) 


where R 


( ^ ^ , »0> X > 0, ff > 0, 




< 0 (/i’= 1, n ; J = l, J ): 


> 0, 1 arg 2 1 < i XTT and j arg ^ 1 < i (/-/+0 
(d) If we takey =1, /=0 in (6.3), we get the following integral by virtue ol 


CO TYi n r 

j (s+*)““ ^p.’q [ 


(‘^I. Ol)> 
\Px> ^l)j 


s ('^PJ Op) 

, {bqy jSq) 


1 


dx 


s “ ’^,,m+l,n+l 

r («) p+i) 


, (l-’ijo), (fli, ai), 
, ZX^ 1 (a--’?, o), (tJi,^i), 


(flp, «p) 

(tlq, ^q) j’ 


(6.4) 


where R ^ ^ ••• ••7 '^‘)> 

r[, 4.. (^17!) -«]< 0(A' = 1. »). 

\ > 0, (T > 0, 1 arg 2 1 < 4 x^r and 1 arg i 1 < ^- 

(«) On putting i=l,/=t=0,i = 2, <<x=0, 4=— . Si=l aind 5a=P in (5.1), 
it reduces the following integral by virtue of the result (4. 11). 

I bf''? I 



CO 

/ 


,’(-1 J , («) Hp ^ q 


y.,, ^ (%» «l)> (^l>' ^'01 ,/v 

L ((’I.ft), .(\.wl 


'V 

P">^2, 

{ i.^iv ®n)} > °')» (^-\-v—V AS (T M), <^n-i-l' ('*'n+:i) «i>) 

(^1> i®l)> '•■■■*•> Z^^'i) 


where R 


11-\ <T 


bu 

fh 


> 0 (/i=l, .. .. , ni):^ 


(6.5) 


(r > 0, X > 0. I I < i i ^ I < >,r 


>C 

(/) On putting /.■--•/,/= 1 , replacing r by r+l taking ally' and g, 

equal to unity in (5.1), we arrive at the following result by virtue of (4.B). 


( v-l 

J ^ p, q 


0 - / (^h ^i). («, , «,.)1 ,, n I \ 

I (bi> /3i), ., (^,1, (f)’,,)J i •• ••'> ■' 


-V L£^i { “iO }»'{ (i ’/, <»•) }, 

s P4-1, q+r4 U ,cr 1 { }, | (i ff) k 

(^ii-|-l» ^ii-!-l)i * ^t>) 

(/'nifi, /!lro.|.i), ....... (/;,„ /(,,) 


where R (’ 7 +o--|li- 4 c?j) > 0 {h=\, m ; ?=!, /), 

fa'h ■'* 


(C.6) 


«l/ 


< 0 (A'-l, n), \ > 0, IT > 0 , I arg ^ j < 4 Xtt, 


14 


1 r 

I (5f) - s (yf) 


0 , and j arg s 





IT. 


(^) On taking A=/ = 2,/=0, r- 1, c^=:\-k, <ix44'-r, r and 

ri = Si = fa= 1 in (5.1) we get the following integral by virtue ol (4.5) : 

[ 608 ] 



oi 


i x’'+' 


SX TAr 

e *" W 


k, r 


jtn, n 
p, q L 


(sx) H ’ I .a 


“i)) •••”'» i^P) ®p) 
(^l> ^i)j ••••••» (^q» i®q) 


dx 


Tfm, n+2 
s ^ p+2, q+1 


j Qi-r-V, ct), (fli, ai), , {ap, «j 

.gO-'f (/>1 ^x), , (^q, /?<}) {k-71, or) 


(6.7) 


where R \r]-\-(i -'ri±r > 0 (/i=l, m), <? > 0, 

L ph 

X > 0, R (s) > 0 and | arg 2 [ < | Xtt. 

(/i) On taking k = l=2, f=r=0,di-=l v,df^=—^ v.znd 8x=S2=4 and replac- 
ing ^ by s/2 in (5.1), we get by virtue of (4.4), the following integral due to Gupta [6]. 

^ ap 1 


. ■»_! . „m, n ^ (<2i, «i), , (<Zp, «j.) 

j ^ (^x) ^ 2 a: (ix, /3i), , (^q, /Jq) 


_ o’?-2 ~V n-b2 

P+2, q 


(14-^ V --4 I p, ( 1 -i v-l >?, i a), (fix, ffi), («p, «0 

^i)> (^q» 


(6-8) 


where R i ^ ^ ® (k—l, m), 


X > 0, 0 - > 0, R (5) > 0 and 1 arg Z \ < I \ir. 

The authors are thankful to Dr. K. C. Sharma for his keen interest in the 
; preparation of this paper and to the referee for his valuable suggestions. 
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INFINITE SERIES INVOLVING EflODUGr OF TWO FUNCTIONS 
SATISFYING TRUESDELL F~EQJJATaONS 
By 
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Govt. Science College, Gwalior, M. P. (India) 

[Received on 31th January, 1966] 

ABSTRACT 

In this paper we will express the iiiRniie series involving the product of two functions satisfying 
the Truesdell F-equations [5, p. 15], in terms of a Jcuhle series which under ccrtaiii circurr stnnees can 
be sumed up in a compact form. This fact is Uiustrated by three exainpl ts. 1 hose results obtained, 
give us a sum of an in6nite series involving the product of two MacRobert E-functionr in terms of another 
E-functions. The first two results have been obtained by Ragab and MacRobort, and the Third 
appears to be new. 

In order to obtain the main result of this paper we will make use of the 
following operator, [1, p. 250]. 


V (A) = 


r_ih) r (S + 5' + k) 
T (S + A) r '(S' + h) 


, where 8 ~x~ 


dx 


and S' = 


( 1 ) 


V {h) [ (/i)m {h)n X^y^] = (A)„,+n 
We will also use the following results : — 




n—l 


= 

TT 



a = o 

r(i - 

-a 

- n) 

r(i- 

-a) 



(8 -«) = (“-)'’(-8)p[4, p. 183] 
= {~TI(.d)a a ^ an integer 


Gauss Theorem 


sFi 


a, (3 : \ 
7 


r ( y) r (y - a - 
r (y ~ a) r (y - 'I3) 


Saalschutz’s Theorem. 


3E2 


-n, a, ^ ; 1 

,y, l-f-a-j-jS — \ — n 


^( 7 - «)njv r- 

(y)„ (y 


( 2 ) 

(3) 

(4) 


(5) 


( 6 ) 
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A result due to MacRobet [2, p. 255]. 


r — a, a + I, ^ ; 1 

y \j2 a, a — /3 +_ U 2 ^ — tt + 2 


- ( — 0 — (a — 2 $)n—\ 

(a — )S -f" l)n (“" 2 /3 • — ' l)u 

(a — 2 i8 — 1 -H 2 n) (7) 


Therein ; — 

IFF (.V, a), satisfying the Truesuell F-equation then 

F(x',«)= S + (8) 

n = o 

hence 

F (x,a)F(y, i8) = 2 — Xo)° <p (a -j- n) </> (/3 -jr n) (9) 

m, n=o 

operating by V (^) both sides of (9), we get 

CO 

(x — Xoy ( J - 2o)l p a 4- r) F (j, i8 + r)- 
(,/j)r r 1 

r=o 


CO 

S 


m, n = o 


(X - )to)° (jl (J,)^ 

«l '"I '(*)„(/.)„ 


^ (a + tt) (|) (j8 + m) 


( 10 ) 


Similarly for the function y (x, a) satisfying the Truesdell descending F-equation 
we get 


CO 

S 


r «o 


' -^ - r r - - F (*.“->■) S' (>, ^ 

Wr f I 



{ X JlTo)'^ 

tt 1 


m, n = o 


- «■) m) 

m 1 {h)u (ft)n> 


( 11 ) 


Cor. : — Let F {x, a) 


TT i a p/ ^ ;flp 4- a ; I/ajN 

V ? ; 4- « f 
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■fhen using (10) we get when at# = o 


CO 

S 

r==o 


E 

1 


; «p + ; I/a' 

; + a+ r 



a ■ 4 '' n' 
4 “ <x -\-r 


P P' 

^ TT r(a.r 4- a 4" ^0 + ^') 

m l q q' ™ 

ra = O V f (Jj^ <3; ^ p _j_ 

r-1 r=l 


p [—m, aV H-«, 1 — /i—m, 1 

2 + />' + ? 1+/' + ?' [b' Cl -\rci, h, I — a^ ~~ a —m, 

where dp represents ai, , <Zp 


-“ ^<1 

( 12 ) 


Ex. 1. 

Let a=: 0 ,x — y, h = y 
;> = 2, ? = o ; = y, fljj = a + ^ 8 

^' = 3, g' = 1 ; = y, fz'jj = S — «, a'-j — S ■— /3, //, == v$ 

Using (12) we get, 


s E (V + y, a + /3 - 8 4- J' ; — ; 1/^*) 

(yjr r 1 


E (y 4' S 4* 8 — P + r ; 8 ~\- r ; \Jx) 

" ( -x)« r (T) r (a + /3 - 8 + m) r (\) r (s -a) r (s -p) 

ml r(S) 


s-*- 2 


— m,s —a, 8 —iS , 
1 — ^ — |6 4- 8, 8 ’ 




with the help of (6) and replasing x by Ijx, we get [3, p. 86] 


(x) “ 2 r 

S - y j E (y + r, 4 - ^-8 4- r ; x) 


c—o 


J^(y+yjS — <5[4->', 8 — (3 r ; 8 -{•' r ; x) 

i^_g)_ _r(8-^)r(a 4-ie-8) V(a r 

r (a) r (13) P,y ,8; X) 


( 13 ) 
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Ex. 2, , 

Let, x=y,h — a-\-a 
p =^2, q •-= o, «! = a, aa = /3 
/ = 2, g' = o, a\ = a, a\ = y 
From (12) -.ve get 


CO 

V 

r = 0 


a;®'' 

(a-^a): rl 


1 E (a H- « + r, /3 + “ ‘M^) 

IL {a a r, y oi r, Ijx) 


CO 

— LuL ^) — r (a -j- m a) r (/3 -i- m a) r (a a) r (y -j- a) 

m I 

m=o 


2^1 


1 — /3 — m — a ’ 


Using (5) and replasing x by I lx we obtain 


00 

2 

r = o 




r (a-boi-f-)') rl 


I E (fl + a + 5‘. /3 H- « + 


E(a + “ + >'5VH-a + r;^) 

= /3(y + a, /3+a)E(a + a;/3 + y + 2a;A;) 


Ex. 3. 

Let a=.o,x~y,h — a 

p = 2, q = o, ~ a, di = — \ — 2 (3 

p> = 4, o' = 2, ai = *(2, oa' = «, ^ 3 ' = i 

b\ = ^ a, V = ^ 4-1 

Similarly using (7) we get 


(14) 


2 — E (a 4 - r, — 1 — 2 ^ + r ^Ijx) 

(fl)r f ! 
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1 liiBjO 



E(a + r, a + r, + + ^1^) 

, ( — ;v)“ r (<2 + m) r ( — 1 — 2 (0 + W 2 ) r' (a) r (-,]? « + i) r (^q) r (a) 

5, 7^-(^2) J> - 10 + 1) 

m=o 


r — m, «, a[^ -I- i, /3 ; I 

^ 1/2 a, 0! 


^ +1, 2 /I + 2 — wi. 


r(~ 1 


2 ^s) r («) r ft « + 1) r ((S) r ft) r ( 


« — 2i3— 1 


r ( - - 1) r ft - 2^ -1 ) r (l- l|.±.i) r ft/2) 


E (^(J, -- ;8 -1, a - 2 ;8 -1, ? 2 ; 1/x ) (15) 

Author wishes to express his gratitude to Dr. B. R. Bhonsle for his help in 
the preparation of this paper. 
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NOTE ON INTEGRAL TRANSFORMS 
By 

G. K. GOYAL & A. N. GOYAL 
[Received on 31st January, 1966] 

ABSTRACT 

Iheorems and examples involving integral transforms are given. 

Introduction : 

The Laplace, Meijer, Varma, Stieltze’s, Hankel and H-transforms given by 


o 

o 

^.i{p)"p J ^ Wfejm (^0/3(0^^- 


d>4.{p) 


p rjL&) du 

i (P+0 


<!>,{p) =ipj (^) iv (P’O/aO^^- 

o 

^6 ( P) = A J ( PO^ ( PO /e (0 


will be symbolically represented by 

K V 

h ip) “A (0 5 *' ' 


( 1 ) 

(2) 

(4) 

(5) 


1 : 6ia ] 



s J H 

U (0 ; ^6 (^) = /g (0 ; i.P) == /o (0 ; 

\ » « 

hereafter. Equations (2) and (3) reduce to (1) by taking y a + 1/2 and A+nj=: 1/2, 
The following theorems have been obtained. 


Theorem. 1. If ^ (.P)l== /(O 


and 


then 


K. 

'i'(p) t 

V 


2k—' ^ 




«/2+l/4 __ _ V 

^ V'^ i' (2^/^) = 

ic,~Y 



(7) 


( 8 ) 


(9) 


2k— h 

where the Laplace transform of j y (/) | , Meijer transform oi' j i ^ / {t'^) | 

and Varina transform of | ^ (")■■) I exist. 

Proo/ ; Applying Goldstein theorem (justified under the conditions of the theorem 
to the operational pair (1, p. 217) 

2 . i /+^ (2v^^) ~ /-* e-^l^ ( .i) (10) 

and </» (p) — /(f) (11) 

where R (a) > 0, R (p) > 0, reducing in the usual manner we arrive at (9). 

Examble 1. Let /(f) = f^ ” ^ (f-fa)~^ ” ^ 

then (1, p. 139) given ■ ; 


^ ip) ^ r (X) ;> D_2^ (vW) 


r 6ifi ) 



where [R (X) > 0, | arg a | < E. (^i) > 0] and (2, p. 12B) alter a little simplinca- 
tion gives 


where 

f{v) = ^-|y r i-v) r (i+ X + ^-4) R ( 




A:Hr^ > 1+^ 


r ( i- 1 ± f ) = r (i-i+ I) r ( ^- 1 - 2") ± 


€ Stands for + ^ 


when ever used in’pFq's. 

and R (a) > 0, R (^) > 0„ R (2 t+2 x-1) > I R W 1 • Applying (9) we get 


2-^ J p'’/2+i Er(x)r' [a*”'ER(^+«r‘ {/(»)+/(-“) 

V 1 

r (i -1 ±y) iF<[ :Fl.-i+ 2 = 
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where R {k) < R {2k-\-2\± y) > 1, R (a) >0, R (p) >0. 

H 

Tkeorem 2. If ^ ( j!>) = / (0 

V 


and 


ij; (p) = (ji (t) 


( 12 ) 


(13) 


then 


2— 


iji (p) = 


j” (“+3/2g^,_l+H^ ;3/2.»+3/2:i“)/(i)d«. 


CT — 2 

where H-transform of ] / (f) 1 , Meijer transform of j f (0 1 ^xist and (14) is 

uniformly convergent. 


Proof : Applying Goldstien theorem (justified under the conditions of the theorem) 

H 

to the operational pair 4> ip) ~ I (0 (2i P* 165) 

V 


oO' ^ 
2 TT 


— ii-—a—2 

a 


/+5/2 r ^ 1+ j ( r („+3/2) ]-i 


I 1, 1 * | j ' 'CT-P/Ii 
3F2 ) 2 

I 3/2, y^t.3/2 
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w 

V 


where R (fl) > 0. R (cr+y) > 1 R (Z^) 1 -2, reducing in the usual manner we arrive 
at (14). 

Exan^k 2. Take/(() = W M by (2, p. 166) we have 

2cr>-4 jp p ^ 0"+^+^ ^ 

<^ ( ^) = ^ 

a r (a+y) 


E 


3/2, y+3/2, 


(T-jr-y 

^2 


cr-^y'd"! 

2 


4a^ \ 

j 


where R {a) > 0, R (<!+«) > I R (X) 1 + 1 R (“) 1 ’ 


(p) 


( 2 \ ^ 2-^+^r (.4-^) 


E 


1, ff+yiXitii, cr 

3/2.»+3/2.J^, 



where R (v+r+2) > | R (f*) I , R W > 0, R (i') >0, th» by virtue of (14) we 
have 


(2a) 


cr+y p (cr+y) 


E 


Ijff+aiXi^ g«- |-y-|-2zfcZ<' . 
2 ’ 2 




.2or — 5 


(" ' 

\.3/2,y+3/2, 


cr-^y 




= I (V+r+l E (ki+£+^ ; 3/2, r^^3/2 : ) dt. 


o 
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where R {&) > 0, R > 0, R ( /j) > 0* 

Theorem 3. f(t] 


( 15 ) 




(16) 


/ a - 1 


X, ; 


f ) ‘t' 


where the Laplace transform of | / (i) 1 , Hankel transform qf [ / 
/ j I exist and (17) is uniformly convergent. 


?mQf\ Applying Goldstiem theorem to the operational pair </> {p) = /(/) 

aMd (1, p. 22r;2~^'''" (4a//;) ~ f”2X-l 

S, (i>~^^j-, - 0-4-, X, x4--^ : at) 
wherdR (p) > 0, R (p—\) > 0, reducing in the usual manner we arrive at (17). 

Example S. Take/(0 = / {t) then (1, p. 182) gives 

^{p)=- T{i>.f9^\)p. (p 24 .i)~W 2 --l /2 /;/(y;2+l)“] 

where R (^*t 1:'F) > — 1, R (p) > l and (2, p.58) after simplihcation gives 
^ i P) ^ ~2 Li> (f^““Z^"i~2X-l"^''“l“ 1) ^ 

i 

X [ A ^3 ( 1+.. +1 

-/ BoF, (1+,.. 1+ ,^2/16) I 
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where — 3/2— R (p) < R (— 2\-/a— 1) < R (p) + 3/2 and 


A ' r(i+o) r[i+.j (-2x-c-i+5±p)] 

B-i r(i+(.)r[i+4(p+2x+f‘+i±5)] 


then 


2 2X 2 ;,rcsc[HP-t>+2\+(‘ + l)’'] [ rCf'+P-l-l) ]-* 

X [a oFs ( i+». +1 

-/ B „F3 (l+P, l+^^gx+p+ljzi. . 
y— 1 — y— 1 


J Si ( 


2 - ‘, X. x+i ; (^Hi) 




where 2 R (X) < R (1+p.— y), R (p) > 0. 

S 

T^Ofem 4. If ^ ( ^) = / (f) 

P 

I 


and lA (^) = r {t^) 

V 


then 


(r)^ = l»- 0 + 3/2 

'2 / PP "■ n — o4-l 


VP- 

where the ^tleltze’ transform of f /(«) | , Hankel transform of ] c/, (^2) j 

and Meijer transform of | ^+3/2 y j 

^ S 

Proof : Applying Goldstien theorem in the operational pair <f> (p) = f (f) 

P 


(18) 

(19) 

(20) 


S p— 1 
— ^ 

7 ^pTCp) 
r 821 


and (2, p. 235) J. (aP/2) = ^ »-('/2+3/2 





where a > 0,K (if) > — 1, R ^ R (o)+J, reducing in the usual manner we 
arrive at (20). 

Example 4. Take /(O ^ ^ (at) then (2, p. 237) gives 

(k(P) = r (k+p-^±i^ [ r (p) ^i-Zc-p 

where R (p) > J R (z*) ] R (/£)+.^., R (a) > 0, j arg ;> | < tv . Then we have 

g22 ( J^ i-l^, i+/> 

23 \ 4 q k-\-v, — k 

where > 0 J arg « 1 < tt, 2 R (p) > 3/2 + R (o) > R (l-k±P^), then applying the 
theorem we get 


^2 2H«+P//2 



— H-^'+p, k 


^ ,2H»+P+5/2 ^-at'^12^ 

0— p+l 




Where R (a) > 0, R (p) > Oj R (k+i>) > R (p.+i) > -R (/c+y). 
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ON SOME SERIES OF WHITTAKER TRANSFORM 

By 
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ABSTRACT 

In this paper, some series relations of Whittaker transform and Laguerre transfor^p— a special case of 
Whittaker transform have been obtained by using the properties of Whittaker C - ..o ' on and Generalised 
Laguerre polynomial. The same have been used to derive certain series of Meijtr’s G-f unction and 
hypergeometric function 

1 . The Laplace tran.sform 

CO 

(1.1) ^ f{t)dt, (R {s) > 0) 

o 

has been generalised by Varma (15, p. 17) in the form 

CO 

(1.2) ^{s) - s ^ (2a' 0~^ Wk.m ’(2s0 / {t) dt, (R (^) > 0) 

o 

which reduces to (l.l) when k=\ and m = ; and is known as Whittaker trans- 

form. 

Further, for l-{-n and m = I, n being a positive integer, (1.2) reduces 

to 


.CO 

0-3) L(s) = (-)"nl j j (2s(r+‘ L‘^[2st)f{t)dt, 


where {Z) is Generalised Laguerre polynomial, 


and is known as L^ — transform. We shall represent (1.1), (1.2) and (1.3) symboli- 
cally as 

k 

(^) == / (t), 4>{s;k,m) = = / (t) and 
m 
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L (5 ; n) 


/ (f) respectively. 


The object of this paper is to obtain some series of the transforms defined by 
(i.2) and (1.3) by using the properties of Whittaker function and Generalised 
Laguerre polynomial. 'I he same have been vised to derive some series ofMeijer’s 
G-function and hypergeometric function 

2. THEOREM 1. 

If 

k 

== f (t) 
m 

and 

if {s ;X) ^ / (t) 

then 

CO 

2 -y-p (^— A+m ; r) {^—k-^m ; r) </> {s ; k-r, m ; X) 

r=o 


= (2^)^“"^ ik {s ; j 

provided R (/v+x+Zb+f) > 0 where f{t) = 0 ) for small i ■' ~st 

f (0 as i ^CO for R (.) > .„ > 0 ; f^t) is continuous for ^ > > 0 and the 

senes on the left hand side converges. ^ o u ana ttic 

Proof We have 


CO 


4>{s-,k’-r,m;X) = s ^ {2sty 


W, 


-r, rn 


{2st) f(f) dL 


Multiplying both the sides by ; r) {i-k-rn ; r). summing for r from 

to r = c 9 and using the relation due to MacRobert and Ragab (11), 
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m 

2 to ,‘ ?•) Wk_r,ni (z) 

r=o 

we get 

CO 

1 

2 “ J- (i'— ^+m; r.) | - A ~m‘,r) <p (s; k-r, m ; X) 

r = 0 



90 

o 


“ (2^)^ ; X+A:-!). 

Regarding the change of order of integration and summation, 

(4, p. 500). 


00 

(i) the series 2 ^ ; r) (|~^-.to ; /) ^ 

r=»o ’ 

is uniformly convergent in any interval 0 f < a, a being arbitrary ; 

(ii) / (t) is continuous for all values of i ^ to > 0 

and 


CO 

J e~ ^ 1 ^ / (0 1 is convergent, if, 

o 

R > 0> where f (t) = 0 (t^ ) for small t and e — ; 

as f — ? 00 for R ( 5 ) > > 0. 

(2,1) Example. 

Let/(0 = , then (2, p. 13), 
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we see that 


(2s/) 


fit) -^0 



, r(X±».+5/4) 

('2.1) t e ^ r X 

^ m 2 {2st r{X-H-7l4) 

X aFi (X-fJN+5/4, X-m+5/4 ; X— A: + 7/4 ; g/s) = (s ; k, m ; X) 

R (X±m-i-5/4) >0, R (^) > 0 and I i’ | > j (? 1 . 

Also (9, p. 144) 

(2.2) = sr(X+l) = ^.(s;X) 

R (X+A:4-f) > 0 and R is~\-q) > 0. 

Using (2.1) and (2.2) in Theorem 1, and replacing X-^-rn-^-Sji by a, X -m-b5/4 
by b, X— i:4‘7/4 by c and ^ — ^qjs by Z, we get 


00 

V 


n=® 


{c-a ; r) (c-b ; r) 
r 1 (c ; f) 


2^1 («. bic+r; Z) 


_ r (c) r(fl+^-c) ^^c-a-’b 

” ,r(«) f~(b) • ^ ^ 

R (a) > 0, R (^) > 0, R (a-1-6 - c) > 0 and 1 j < 1. 
3. THEOREM 2. 

If 

^ X 

<p {s i kf tn X^ ~ ^ i f if) 
m 


then 


n 


r=o 


(-) 


n~\- r 


{•) 


(l+^+2r) 




•j!) {s ;i-m, m+r ; x-j-;) 


^ ^+'‘’ —i ^ ^ - i « 

provided the Whittaker transforms involved exist. 
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Proof : — We have 


05 


^ ; J-m. m+r ; X+r) =* j Wj_^_ (2*i) i^+VW *• 


Multiplying both the sides by 


(-)“+’■ ( r ) (2sy r W+n+r), 


r (l+j3+2f) 


summing for r from r — 0 to r = n and using the result due to the author (8), 


-)"+'(") 


r = o r(l+|S4-2r) ' m, m+r ^ 


P+n, m-i g '^) 

(P+2»)Z 


we get the result. 

3.1. Example : — 

Using (2.1) in theorem 2 and replacing x-fm+5/4 by c, m+5/4' by i and 
^ (1 — by we get after a little simplification, 

_ (—n;r) r (/?+« + r) T (fl4-2r) . , h ‘ a-\-r ■ 

^ rl i-U + /i+2rj i' (.0+7) ’ “+’^ ’ « 

r=o 

= - ^7+2^'"^’ -8 -n ; 2) 

R (a) > 0, R (A) > 0, R (a— jS) > 0 and | .2 j < 1. 

With .2=0 and a replaced by it yields a known result due to Garlitz 

(5, p. 90). 

4. THEOREMS. 

If 


4>{s ;k,m ; X)= = f (t) 
m 
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then 


n 

2 

r=o 


(-) (2sf 

r I {n- r)\ 


<l> (s ; 




n 1 P(m^k-^n-\-^) 


</j {s ; k-^n, m ; 




provided R > 0 and the Whittaker transforms involved exist. 

Proof ; — We have 


<p (s ; A:— m+lr ; X+?j'r) 


CO 

j 


w 


A-lr, (2H) f (0 dt. 


Multiplying both the sides by (— {2s)^^l rl {nJ^-r) 
and summing for r from r=0 to r<=n and using (14, p. 54) 


I <:zf 

r i (» - r) I 




r=o 


we get the result. 

5. Here, we state a theorem established earlier by Bose (3, p. 210) in a slightly 
different form. 

Theorem 4. 

If 


<{> {s ;k, m f (t) 

m 

then 

^ I (»-0 li' (>»+^Fr+ir ^ ; ''^+i ’■) 


r=o 
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provided R > 0 and the Whittaker transforms involved exist. 


5.1. Examples 


Let = 

then, using the integral due to Bhise (1, p. 74) 


•, «p1 

^qJ 


A—l (-,1—2, u—\. r 1 


’'p- 1, q—2 [ t 


^a> 


k 




V G^’ “ r 2^ I «a> 1 

P>i ^ I X — b.^, ^q J 

= ^ (5 ; A, m ; X) 

provided I < u ^p, 2 I ^ q, p+q-\-S < 2 (/+m), 

I arg J 1 < (Z-fM— I p-:^ 3/2) 71“ ; II (i-/cim) > 0 ; 

R (af±»2— X) < 5/4, Z = 2, , M ; R (Z.j -Z:»X+J) < 0, 

i = 3, ,Z;R(5)>0. 

Using this in the theorems 3 and 4 and replacing X+^'+f by ai, X+w+l by 
Zis,X-m+i by and 2^ by we get 


n 


(5.1) 2 ^ G^’ ^ r n 

_ ^ 0 ^ (l“^i4'Z^i“i"r) P> 3 ? J 


\ pZ, M 

ttl r(l— ai+Z?jL+72) 8 X 


w, tjfg, 

Z», 


•> ^p 

•, Z>qt,; 


and 


n 

(5.2) S - 
r=o 


( ^)n+r 


^ ! {n-r) I r (ai-Z»a+f) F 


g'’ “ f* 
P> 3 I 


fljd-r, a^, , flp 

Z>x4-^, Z’a, Z»q 
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r X 

■“"* n I r r i (T--a7-l-6,--/0 

^ ®?.«L*Ui 

provided 1 ^ w ^ 2 ^ ^ 2 {l-{-u) , 

K, (l-fli+^'i) > 0 and R (I— <2i+^a) > 

With n= 1, (5.1) and with n= 1, a replaced by a -1 , 

(5.2) yield a known result (10, p. 209 (1 1) ). 

6. THEOREM 5. 

If 

L (s ; i, » ; A)i±?i±2. f {t) 

then 

n 

(l+a+i+2 f) (1+a ; f) (l+i+ r ;” -<•) j, (j . i+o+H2 r, n-r ; \) 

^ rl(tt-)-)l( 14 -a+i+f ;n+l) i, . T t 

r = o 

fOcV^ 

= L (5 ; « ; X 4-i «+'^) 

provided R (i^+X+^ a+|6+7/4)>0 where/ (0=0 ) for small values of tj(t) is 

continuous for i > io > 0, b-{-7l4: ^-Sot j^b ^ 2 ^^ y as t ^x> 

for R (0 > ^0 > 0 and the series converges. 

ProoJ :— -We have 

I ^ ’ l+«+H2r, n-r ; \) =r. 

(p 

s f ( 2 st}i ‘'+i *+’■+5 e - l1+«+«'+2)' ^ 2 s() /(O *. 

./ n r 

0 
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Multiplying both the sides by ^ ^ f) 

rl (l-b^-1-^4-^ ; ^+1) 

summing for r from r = 0 to ran and using (6, p. 38) 


n 

L ^ (a:) = V (— )f ■)-2r) (1-j-n ; y) ^ ra—r) „ j l-S^a-\-b-\-2r , , 

^ r 1 (14-a-l- ^+r ; n+1) ' n -r 

r =: o 


v;e get 


n 

(-)" 2 
r=o 


(l+a-bii+2r) (l+n ; r) {\~]-b-{-r ; n—r) 
r 1 (n—r) 1 5-1-/ ; a-fi) 


L {s ; \~{-a-]~b~{-'Zr, n^r ; \) 


r= s j (25f)- e~-'^ l}^ (2st) t^f{t)dt 
o 

= C.ist)^ L (J ; 4, « ; x+i a+|) ; 

hence the result. 

The change of order of integration and summation can be justified as in 
Theorem 1. 

6.1. Example : — 

Let/(0 = , then (2.1), on putting ^;=|+ V /-fn and n2=-- i’r / yields 

n A .-qt h+hl+n r(\±^/+5/4) 

(b.l) t e ^ — - ^ 

2 (25)^ r (X-^* Z-n+5/4) 

X 2F1 (X+i /+5/4, X-J /4-5/4 ; X - 4 /-n + 5/4 ; J (1 ^g/s) ) 

= L (^ ; /, n ; \) 

R (X±^ /4-5/4) >0, R (5) > 0 and I J I > I g i . 

Using this in the theorem 5, and replacing l+n+^ by «, I-j-n by [3, x-f-?? a-\-hb 
-|-7^4 by y and | (1— ^/^) by Z, we get 


[ ] 



(a-\-2r) ( - tt ; r; (i8 ; r) (l+oj-zS+r; n-^r) (y ; r) ra+r, y - «--y 

- rlCa-fFTn+l) (l+«~y ; »') ' y-a:-« 

r=o 




(i+^ -jQ-y ;^) 

(l+a~y ; n) 


a^i (7, /3-t-y - « ; jS+r ~ «-;i ; Z) 


R (y) >0, R (/3+y~a) > 0, R (y-a-ri) > 0 and j -Z 1 < 1. 

If we put 2=0 in this result, it yields a special oasc &( Dougall’s secoad theorem 
(13, p. 372) 


P «, l+-^ff,A7, -";1 

B ^ ^ a, a " -y-i-1, 




(^d~ 1 ; / Q (*« - fi — y 1 ; 

(a - -1- I ; n) {a — y 1 ; n ) 


R (y) > 0, R (iS+y - a) > 0 and R {y - a—n >0. 


7. theorem: 6 
If 


==: L (^ ; fl, r ; X) 




/ ^0 


and 


then 


n 


S' 


r = 0 


I 

r 1 (w- r) I (i-l-<^ ; 


L (.y ;a, r ; \) 


1 ( I -{-a ; n) 


{s ; 


a+J) 


provided R (X-j- «4-5/4) > 0 where/ (/)=:0 ) for small values of t, (0 
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continuous for t > to >0, a-{-5li ^ Soi j ^ q g^g ^ ^ I'q^p ^ 

So > 0 and the series converges 
Proof : — We have 

™ L (5 ; a, r ; \) « (-)" j j (2st)^ {2st) f (t) dt. 

o 

Multiplying both the sides by --r, summing for r from r = 0 to r=n 

^ ^ ^ ' (n - rj 1 {l-j-a ; a) 

and using (13, p. 207) 

n T a / ^ 

(-)i' 

(n—r) 1 (l-f-fl ; r) n ^ ”) * 

r=;o 

we get the result. 

7.1. Example : — 

Using (6.1) and (2.2) in the theorem 6, and replacing \+l fl+5/4 by a, 
X - 1 fl+5/4 by j0, and Hi - ?A) by we get 


n 

2 

r = o 


r 1 (n - r) 1 (a — 1 ; r) 


(a, ^ ; /3-r ; ^) 


(« ; n) / 

= nl(««^i8+TT^ 


R (a) > 0, R (/3) > 0 and H 1 1. 


8, THEOREM 7. 


If 


L(5; 


I, tv, \) 


y-HH 

^±u 


f (x) 
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iiid 




then 


CO 


r =0 


L (5 ; a-f, r ; X+^ r) 
r 1 


^ (, ; X+1 .+1 ; 0 
( 1 - 1-20 ^ ^ 


provided R (3-1-5/4) > 0, where / {x) =: 0 {x ) for small values of x, / (x) is 

continuous, R {s) > 5o > 0 and | i 

Proof :— We have 

tl" L {s ; a-r, r ; X+^r) 
r i 



o 




{ 2 sx) f {x) dx, 


Multiplying both the es by ( 20 '^^ summing for r from r ='0 to r = X), and using 
( 7 , p. 222 ), .'•/ / 


CO 

:s .(Z) ^ (l-H)" , we get 

r=o 


CO 

S 

r = o 


(-y (25) 

"r ! 


L (5 ; (2— r, r ; X+'i'O 
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= s(l+J)“(2s)^ '’+■^1 « 

o 

^ (2i)^ “+* (l+i)‘ f /jc 

\-\-2t j ^ \ l+2i 

o 

on replacing x by xl{i-\-2t) ; hence the result. 

8.1. Example : — 

Using (6.1) and (2.2) in theorem 7, and replacing X+i a-\-5li by a, X—^ <2+5/4 
by P, and | (l—j/^) by z, wc get 



CO 

2 

r=o 


ilzUlShl) 


gFi (a, /3+r ; ^ ;Z) 


= (1+/)'"'“^ (l+i-2)““ 

R (a) > 0, R (/3) > 0 and i 4: 1 < 1 . 

I wish to express my sincere thanks to Dr. V. M. Bhise for his help and 
guidance in the preparation of this paper. I am also thankful to Principal 
V. V. Sarwate for the facilities he gave to me. My thanks are also due to the 
referee for some useful suggestions. 
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ABSTRACT 

Fox has defioid a function. 


c-|-ico 

c— ico 


P 

^ F {bai-\-Ca\S) F BjP) 

m=l 

^ F (iuj+Cm— CmO ^ r (fla— 5) 

m=l n=l 


—5 

X 


ds 


which is more general than the Meijer’s G. Function. He has proved that it is a symmetric Fourier 
kernel and has pointed out that it is a most general function that needs further study. 

With the help ofL^ — theory of transform given by waston it can be shown that the kernel plays 
th e role of a transform. Let us therefore define 


CO 

f (p) = J' H 

o 

as the Fox'transform of / (x) provided the integral on the right converges. 

In the present paper the author obtains two theorems giving some formulae of Poisson type in case 
of this transform. 

1. Introduction : A more general function than the G-Function of Meijer has 
been defined by Fox (2) by a Mellin-Barne’s type integral. 


( 1 . 1 ) 


H {x) = 


27rz 


J" P ( 5 ) a; ^ ds 

T 


where 

q P 

TT F ipa^-^CmS) TT r {Ou—e^s) 

(1.2) P (^) = . ^ L- 

q p 

TT- (^m+Cm~Ca.5) TT F (tin— ^ 5 +^/) 

1 n = 1 
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and 


(i) Cm > 0, OT = 1, 2, q. 

> 0. n = 1,2, p, 

(ii) all the poles of the integrand arc simple, 

(iii) The contour T is a straight line paralled to the imaginary axis in the 
5 (= cr -f ii)-plane and the poles of F (/A„-l“C«,.y) lie on the left of T while 
those of r («n CaS) lie on the right of T 


(iv) D = 2 


q 

2i . Cm 

m= 1 


P 

- S 
11 = 1 


> 0 


It may be noted that if (t -I,- the integral (1.1) is uniformly convergent with 
respect to x. 

Fox has further proved that the function IT (x) is a symmetric fourier kernel 
and that it is a most general function that needs further study. 

With the help of ~ theory known as the theory of K-Transform given by 
watson (5) it can be established that the kernel defined by (1.1) plays the role of a 
transform. Let us therefore define. 


co_ 

^ (p) — J (p^) f (^) 

o 

as die Fox Transform of / (x) provided the integral on the right is convergent. 

In this paper we obtain two iheorems in which some formulae of poisson type 
(3, pp. 60-66) have been derived in case of this transform. 

The following result in connection with Mcllin Transform shall be required 
in our discussion (3. p. 95). 

If c/) (s) and i// (5) be the Mellin Transforms of/(.v) and g (x) respectively then 
CO (T-hioo 

(1.4) jf{ax)gibx)dx^~- ,^^. | </j(1~6')H.O ^ b dx 

O cr — ico 

provided that x"" f (x) and g (x) belong to La 

2. Theorem. 1. If a; /(a) belongs to and if F (.v) is the Fox-Transform of 
/ (aj) then 


[ ] 



CO 


CO 


r+1 “ 


, w /■ 

(2.1) 2 (^>+1 F (2r-l = ^TT 2 (-1) j f {^r —\ v t) Q^{xt) dt 

'#'r=l o 

where , 


(2.2) a(.)= j 


—s 


O’— ICO 

Provided that 

(i) the ser'ies are convergent 

(ii) r (^n,+Cm <r) > 0, 1, 2, .q 

r (a^—en O') > 0, n= 1, 2, .p 

and a < — ^ 

Proof : Consider the integral 


ds. 


CO 


CO 

/■ 


I=v''n'2 (-1)^+^ j f(2r-\ ^t)(:i{xt)dt 

r=t=l 


• = 1 


0 

c-j-ico 




c— ico 


(i=o'4-tV,c< — ^) 


(using (1.4) 

Now changing 'the order of summation and integration which is justified by 
uniform convergence, we obtain, 


I = 


c+ico , 

^ r ( 1 -ij) 
2n J . 22S-1 ■ r (i+J s) 

C— ICO 


rf 


P{s)^([-s) L(l-^) ds 


where 


(2.3) L. (s) = 


-3^+^---^ + 


Now L (5) is' an integral function of s satisfying the functional relation 
(4. p. 298) 


(2.4) L(l-i) y. V n (ix7r) r (^)L (^) 


£ 639 I 



Then using duplication formula (l^p. 5) 

(2.5) r (j) = TT-i 2*-' r a «) r (j+i s) 

we have 

c+ico 

I r $ (1-5) P (^) L (s) x~~^ dx 

Zm j 

c - ico 

^ c+ico 

= s (-!)"'’■' 4 ri ^ 1 2’- - i X 

]C=l C— ioD 

CO CO, 

= 2 (-if"’' J H(2r-l*j’) /(.)')«(). 

r=l o 


CO _ , 

2 (-!)'■+' F~(2^1 x) 
r = l 

Plence the result, 

3. Theorem 11. Under the same conditions as in theorem I, 

00 CO CO 

(3.1) 2 F (fAJ) ” R 4- (47r) ^ 2 ^7(4 ir r f) Q(fl;<) rf/ 

r= 1 r= I 0 


where 


(3.2) 


(li^) 


\ 

Z-ni 


f 


or-|-ioo 


239-1 


-loo 


L«-i ,P (,) 


di' 


and 


(3.3) 



X 


q 

r(5„+c„) 


p 

nJl ‘n) 



m=l n=l 




if (|) ( 5 ) has no pole in (c, l-pb) ; c < o < b. 
But if (h ( 5 ) has a simple pole at 5*=o we have 
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(3.4) R = |-[ (1-1)2 ^ (i_s) I (j) p (,) I 

I (s) being the Riemann Zeta-function defined by 


(3.5) = — + — + — + 

^ ^ w IS “ 2S ~ 3s “ 

Proof : — Consider 


R (s) > 


CO CO 


I = (47r)‘*^ 2 J f TT rt) Q^{xt) 


dt 


r= 1 o 


c-J-ico 

25- jf 

r=l c—icc 


5-1 , 

X ds 


(i = CT -f. it ; c < — i) 
cHrico ^ 

'2Ji / Si^riw P 2 

c— ico r=l 


[by (1.4). 


5—1 — ^ , 

r X ds. 


the change of order of summation and integration being justifiable as before. 

Now using (3.5) and noting that | ( 5 ) satisfies the functional relation (6. p. 2 9) 

(3.6) tts ^ (1— 5 ) == 2^“^ cos (i 5 tt) r ( 5 ) I ( 5 ) 
we obtain 


c-f-ico 

I = <f (1-5) P ( 5 ) J ( 5 ) ds 

c— ico 

Moving the line of integration from a- = c to a — I b where b > o and 
c< o < and observing that <p{\-s) has a simple pole at 5 = 1 with residue 
= I and (3, p-63). 


1 

4,(j) = J^) + J (/(»)-/(o).} 

O 



has in general a simple pole at 5 = 0 with residue/ ( 0 ), we have 
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(3.7) 1 + R = I* <t> (1~^) P (a-) I (s) 

I’-i-b—ico 

where R is the residue of the integrand at the pole ^ == 1. There are two cases. 

Case /. When <p (s) has no pole in (c, 1+b) ;c < o < b. Evidently in this 

case. 

R = P (1) $ (o) x~^ 

q p 

P P (<^n ^n) 

=i <t (») 

q p 

TT P (bji,) TT P (a„) 

m = 1 n 1 

Case U. When f/j {s) has a simple pole at i t=o 
Here 




Hence. 

I + R 


l-f'b'^'iKi QQ 

<1 (l-.y) P {s) 2 {rx)'~^ ds 
1 ""1“ b ICO I* “ I 

CO l+b-f-ico 


= -1. f 

27ri J 

1 - 

ol 

= 2 I* ^ (1 -5) P (s) ds 


r=l 14-b— ico 


CO cq 


= 2 I* U {r xj) f (y) dy. Using (1.4) 
F (rx) 


r = 1 d 

CO 


r = 1 

and the proof is complete. 
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ON POLYNOMIALS RELATED TO THE ULTRASPHERIGAL 

POLYNOMIALS 

By 

S. S. PAGEY 

Lecturer in Maths., M. L, B. Girls College, Bhopal (M. P.)* 

[Received on 22nd November, 1965) 

ABSTRACT 

In this paper few generating functions, hypergeometric forms, and some properties of the polynomials 
given by L. Garlitz have been obtained. The results are believed to be new, 

1. Garlitz [1] has introduced a class of polynomials related to the ultraspherl- 
cal polynomials defined as follows : 

n 

S a/^^ (^) G ^ (*) = o, n > 1 
r=o 


A„W(*) = 1. 


In it he also obtained 

[n/2] 

(1.1) = (-1)“ 2 


{\ )n (2^)°-^^ 
r I (n — 2r) I (i+X)r 


(1.2) («) = (-1)" {x) 

and 

(1.3) (*) = ^ C (.) 

The Rodrigues formula for (1.1) is given by [1, p. 130] with a slight misprint 
The correct formula is 


n 41 A (*) = - (l-»<>)^+“+'‘ .D“ (I-*®)"’' ^ 

(1.4) A. W (2\+l)„nI ^ 

*Old Address '■ Lecturer in Maths., Govt. College, Bhind 
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2. GENERATING FUNCTIONS. 


From (L4) wc easily obtain the generating function 


(2.1) (l~.vV 


-H[ 




-A-'i 


CO 

"S' 


n = o 


(-2)^(A)u ' “ 


(.V). 


IM < ! 


From [1, p/28] we have 

CO 

= 2 •2" (x) 

n = o 


where t = ~ [ 1+2 — { ( 1 + 2 .a 2)2 — 4- ' 


Therefore 


CO CO • 

S S +-”‘V » 

n 1 m 1 

n = o m = o 


A 


u + « 


(A) 


(.) 



n I y'“ 
(n — iii) \ ml 

va — o 



{X) 


CO 

= 2i (»+»)" A„^'V (.,) 
n = o 


( 2 . 2 ) 



u-{-v ^ 


where I is given by 

u- \-v _ 1 

( 1— 2Af-|Arf 


I .1 



Also usiag the relation [1^ p. 131] 

CO 

2 (X+l) 5-a+‘ (20 

'^^)n 

n = o 


S 2 
n = o m = o 


(n-{-m) 1 ^ a+rxP^'^ (^) 

nl m\ (^)n+ni 


00 


= 2 


n = o 


(u+vY aS^'^' (x) 

(X-)n 


= r(x+l) (u+v)~^ e“^* 

X { 2 (u+o) } 


Ftom (1.4) we have 



= ( —2)° (X)n . 


.D^'[(l-x) ^ ^(1+0 ^ h 


Using Leibnitz’s theorem, we get 


W = 


(- 2)° W„ a -.1^1'+“+^ 

(2\+l)„nP 


n 

X 2 
k = o 


(n — k) 1 X‘ 1 


X (^+-^)k (^-4-^) «-l£ 




(2.-t) 


(-2)1 (M. 
(2\+l)„n! 


n 

2 

k -- o 


n I 

(n—k) 1 k I 




(X + Dk (X+f)n-k (14-'^)’' 
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jEieiic^ 


CO 


„ CO 

^ (2\+l)„i“ A f'') ~ '^■' G^' + 0'‘ (v_nii -k (\ I is 

^ A„ W ^ . k\{n-k)\ ^ 

n =0 n = o k = o 


n-k 


CO CO 

2 V ,(^+l)n(^-l)“i” 

n I n 1 

n = o n = o 

(2.5) = iF„ [X+i, -, (*+l) /]. iFo [X44, -, (.v-1) <J 

giving another generating function. 

3. HYPER GEOMETRIC FORMS OF (x) 

From (1.1) we obtain 

(3.1) (*) = [ -in, 1+X, l/*“ ] 

From (2.4) we obtain 

13.21 aA) 1*1 = p, r-K,x+i f *+i\ 1 

' ^ (2x+i),;ri \ .?-ij J 

Reversing the order of summation of (3.2) we get 

(3.3) aW (v) - (-2)^( X)n(xm(H-l)^^ V p \-n,\+^ x-1 

(2X+l)“«r ' ^ 

In (2.4) expanding (1— in powers of changing the order of summa* 

tion and summing the first series we obtain 

(3.4) A,/^) (*) (^)ii (l^+i)i. p f -2X— » 1+* 

(2X+l).nl • [ -X-ri+J ’ 2 

Using (1.2) in (3.4) we get 

(3.5) Ai/^) (*) - J,. I — — 2x ■«. 1- 

‘ ^ (2x+l).,«l “^‘L-X-H-4, 2 
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4 . kainville [2] has obtained a series for Legendre polynomials. A similar 

expression for (x) has been obtained here 

From [1, p. 131] we have 


■S'. 


= r (X+1) X 

(Mn 


n — o 


Therefore 


CO 

n=o 


(tans)^» ^ p (X+ 1) IX (2 t)e ^ ^ 

(X)n 


and 


S X“^.-_&^)i‘'=r(\+i)t'''' (2 () « 

"" (X)n 

n=o 


—2 tan y. t 


giving 


(4.1) 


CO 


n = o 


(tan 8) _ 2 t (tan V — tan 8) ^ Ap^^^ (tan y) 

(X)n 


n = o 


Equating the coefiecients of of both the sides of i^4.1) we obtain 


i\'\ {2Y r sin (y— 8) V *' A (X) 

(4.2) An (tan 5) = S ^ \ ws y co^S j 


r = o 


(tan y) X (-l)Ul”X-tt)r 


Also from [i, p. 131] we have 


CO .(X) 

V 


Ar ^ (x) ^ oFi [1+X, 

(X)r 


r==o 

which can also be written as 


t4.3) S = oFill + X.l^) 


W. 


r =r o 
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^Equating the coeflicients of / ’ of both the sides of (4.3) wc get 


{\)7('i—rjT 

r=o 


0 If ti is odd 


1 

(l-i-X) »/2 («/2) 1 


If n is even. 


I am extremely thankful to Prof. P. R. Kliandekar for his kind help and 
guidance during the preparation of this note. 
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ON CERTAIN KERNEL FUNCTIONS 

O. P, SHARMA 
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ABSTRACT 

In this paper, two rules, connecting ditlerent classes of self-reciprocal functions in transform. 




J %,2q 




2y 


2y-l 
4y 

j2y-i 

4y 




2y— 1 


2y-i 

2y-l ^ 

4yl 

1 

4y “* 

■’ 4y ' 

2y-l 




4y 

4y 

’’ 4y 


X Jiy) dy, 

based on asymmetrical Fourier kernel, given by R. Naraioj have been stated. Using these rules some 
new kernels have been obtained and various particular cases have been discussed. 

1. A new generalisation of the Hankel transform may be introduced in the 


form 


( 1 . 1 ) g{x)=2ypl'^^ 


^\xy) 


2y 


4- +“i> • 

2y~l 

4y 

, 2y-l 

+ ^P' 4y 


-4y- 

Ti- +'’1’ • 

2y-l 

, / 2y-l 

-hi, . 

2^-1 -b - 
■ ’ 4y 


CO, 

G^’P 

J 2p,2q 

I 47 ■ ” ■ 'ty ‘t/ ■'r 

xf{y)d , 

with the help of a symmetrical Fourier kernel, given recently by R. Narain 
(7, p. 951), in terras of Meijer’s G-function as 

(1.2) 2^y I a. .... 


2p, 2q 

where (3 and y are real constants. 
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If the functions /(;\:) and g (a-) are identical, then /(a) will be called as self- 
reciprocal in (1.1)- 

On setting the parameters suitably, (1.2) yields, as particular cases, various 
Fourier kernels. 

(A) With ^ = 1' and y = l (1.2) can be reduced to another Fourier kernel 
(5, p. 298) 


(1.3) 


P 

^2p, 2q 


■ ^2 

. 1 


dpf Ulf 

6ci, ^l> ••• ) ^‘1 . * 


(B) Taking 7 = 1, ^ = 2“", where,/? is a positive integer, and giving suitable 
values to the parameters, (1,2) reduces to 


(1.4) 2^ 


-n qU, o 


o, 2n L 





-^1 

-/^nl 


2 ' 


2 ’ ■" 





('^)) 


where «„ 


(x) is the kernel, defined by Bhatnagar (2, p. 43). 


(i) 


When «=1, this gives the Hankel’s kernel x 






{it) If n= 2, (1.4) yields. 


[ x'^ 


V 

—/X, 

-v 1 

1 16 

2 ’ 


-2~» 

2 J 


A, V 


(«). 


where ^ (x) is the kernel, given by Watson (11, p. 308). 


(C) On putting |S= ^ , 7=/': and adjusting the parameters in (1,2) 

suitably, we obtain^Evecitt’s kernels (3, p. 271), 

( 1 . 6 ) 


1 050 1 



G 


k,o 

0,2k 



k-\ \ _ k~\ 

~W ’ ’ 2k’ 2k J, 


which reduces to the kernel of the Hankel transform of order zero when k=\, 
and 


(1.7) 




pk, o [/'a; \2k\ 3 2k— I _1 3 

o, 2k [[ 2k ) 4A:’ Ak’ " ’ ' 4/c ’ 4^’ Tk‘ 


2k-\ 

1» 


which gives the kernel for sine transform if A; = l. 

(D; Substituting 1, 1, ?=2 and choosing the parameters in (1.2) 

suitably, we have 


( 1 , 8 ) 


v2 


q2, 


, 1 f 
. 4 [ 4 ' 




-A:-!- 


which plays the role of a kernel in another generalisation of Hankel transform 
(4, p. 271). 

Earlier the author (9) has investigated the condition under which a function 

can be self-reciprocal in (1.1) and has given some new self-reciprocal functions. 

The object of this paper is to state some rules connecting different classes of ^If- 
reciproeal functions in (1.1) and to use these in evaluating some new kernels. The 
importance of these kernels lies in the fact that some known as well as unknown 
kernels can be deduced from these, as particular cases, by suitable substitutions. 

2. RULE 1:— Tf/(^) is a self-reciprocal function in(l.l)and belongs to A 
(a, a) , the function ' ' 


I 651 ) 




Q f (j) dy 


is 6elf-fC«procal ia (1.1) with a’s and replaced by c’s and al’s, provided that 


( 2 . 2 ) 


P (.v) = 




where X (>) is regular and satisfies the condition 

(2.3) x(^)==X(l-5) 
in the strip 

(2.4) « < cr < (l-«) 

and 


■(2.5) X(^-) 


= 0 ^ 1 M ) 


for every '>7 and uniformly in any strip interior to (2.4) and c is aiiy value oi a in 

In ®ther words Pf.v) is a kerind trauslbnning a self-reciprocal function in (l.l) 
into another self-reciprocal function in the same transform with «’s and Idi replaced 
by c’s nuci <;/’s. 

RULE 2 ; If / (-r) is a sclf-rcciprocal function In (l.l) and belongs to A 
(•;, ( 2 ), then t.;e function 

' . . -1 - ■ rp 

(2,h) i.’ (A') = J P OyO/ (y) dy 

o 
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is self-reciprocal in (1.1) with a's and b's replaced by c*s and d’s, provided that 

c+ioo 

(2,7) P(.) = 

c— i*® 



where x (0 satisfies the conditions (2.3) and (2.5). 

Since the result is symmetrical, the kernel (2.7) effects the comve^rsc trans« 
formation also. 

In other words P («) is a kernel traasforming a sclf-reciprocal function in (l.H 
into another self-reciprocal function in (1.1) with a’s and ^>’s replaced by c’s and 
d’s and vice versa. 

The proofs of the above rules can be developed on the same lines as in the 
proofs of the corresponding rules of the Hankel transform (10, pp. 268-270), It 
should be assumed that the function / (x) is integrable in(Oj co ) and the integrals, 
involved, exist. 

3. Consider the function 


Qq-f r, q+r 
P+q+l'h p+q+k 


1) «p+q+k 

/5l) /?p+q+b 


, q+2r >p-\-k > r 


By definition (1, p. 207) this equals to 


q q 

c+ico TT r(/3j-i) TT 

1 f j=‘ 

T J . P 


27rj 


C— ICO 


_ TT r TT r (aq.,.b+j — /) 

J-1 j=l 


r r 

^ r(l-aq.^j+/) 

J-! j=l 


h k 

_ TT r (1— /5q+j -bO TT r (a'q,^.j —t) 
J=rrbl j-r+1 


dL 


[ 1 



VVitii p=a=2v and replacing t by 



' 4y 


we get 


(3.1) X 


T—i q-irr 


p+q+k, p+q+l 


X 


2y 


®p+qfk 

^1) •••> 


c'+ias TT r 

1 j = l V 4y ^2y) 

■ni J 




^ r /2y+l 5 

TT r I — -i — aj — 

j=l ^ 2y 




-X (i) a; os, 


r r 


where x (s) = - 


2y— 1 


4y 


/^n+j 


r 


/ 2y-t~i 


‘ j!i ' V-4V 


/2y+l 




I- (?ti 

j = r+l 


2y/ 


TT I 4-a',^.j 4 j^ 1 


2yy 


which satisfies (2.3) if 

®q+i + ^q+j ~ o *. e. — o-j (say), 

J ^ 1 ) •*? > A, 

Now setting «j = ft = j_l j and = -aj. = q, 

^ it is seen that the right hand side of (3.1) becomes the same as that of 

(2.2). 


Hence we find that 


(3*2) 


^y-^^q-fr, q+r 


P+q+h, P+q+k 


,.2V, 


^q> 


■^q> ^1) 

-0^1, •. 


•> Cp 

CTk, Cl, ..., tfp 

?+2r > pJf^k >r, 
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is a kernel, transforming a self-reoiprocal function in (U) into another self-reciprocal 
function in (M) '.vith fl’s and b*s replaced by cs^ndd s. 

3 I PARTICULAR CASES ; Giving suitable values to the parameters in 

(3 2) as particular cases, we can deduce a number of known as well as unknown 

kernels connecting different classes of self-reciprocal unctions under various 
generalisations of the Hankel transform in view of section 1. 

With T = 1, f = 1, 9 “2, aid choosing the other parameters suitably in (3.2) we 
obtain the kernels due to R. K.* Saxena (8, p* 88). 

When T = l, 9=lt/> = o und setting the parameters suitably in (3.2) we get 
R. Naraiii’s kernel (6, p. G2). 


Taking y = land giving suitable values to the parameters in (3.2) we can 


get 


(3.3) 




G 


q+r, 

p+q+k, p-i-q+^ 



• , — dc\, O'!) 

. , -fll, 

— flpl 

1 ^1. ... 

&q» ■ • >' 

— <^k> ' • > 

h 1 


q-\-2r > p-{-k >r, 


as a kernel, transforming a self-reciprocal function in the transform with the kernd 
(1.3) into another self-reciprocal function in the same transform with c s and 4 s 

replaced by c’s and d’s. 

IfY.= l,? = °,9”".2''i = = Xj.f=l a, we have a kernel 


^n+r, n-f-r 2 

G„ , 1, n_L.lr ^ 


(3 4) s/x n+k, n+k 


2 


2 -, •• . 


“2“’ 2"’ 




n+2r > ft > r, 


which transforms a self-reciprocal function in the transform with the kernel (1.4) 
into another self-reciprocal function in the same transform with (I’s replaced by 

\’s. 

In addition, if we put n = 2, then the kernel (3.4) will vield 
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(3.5) ,, 


- __ 

2 > *• » o’lt j 

\ 

2 ’ ' 2~’ ^ 


2 + 2?” > k > r, 


replaced by ,*■ aad V respectiveir' '“ ' 


kernel 


Substituting y=i, 5 = 4 , 

•' 01, i J ~ ^ i 


me can obtain a 


(3.6) ^ G^+^’ f .ak 

k+n, k+n ^ 


/u-1, 

2k 


1 ^'-1 

2k ’ ■'■’ - gj’ •• . —o-n 


.ran,forn>ing a self-reciprocal function in the transform 


^■+2r > « > r. 


with the kernel (1.6) into 




Putting r = i,p = o, 5^,4 ^^j 2 i-l 

•' ^ Ak •••. k, WC can oc 


(3.7)/ ^Qkj-r, k+r f 
k+n, k-f-n 


~-l 2k-~l 

4k ' ■■*' 

-L_. 2A— 1 

4A: ’ 4.^ «••) -cPn , 
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^■+2r > « > r, 



as a kernel, which transforms a self-reciprocal function in the transform with the 
kernel (1.7) into itself. 

If 1 (3.7) yields a kernel, which transforms a self reciprocal function in the 
sine transform into itself. 


4. Consider the function 

pm+2q, m 

n-l-2p, n4-2q 




^1) J» 


rn < n < 2 m-\-g- 


By definition (1, p. 207) this equals 


2q m m , 

C+ico r(ft-i) r(( 3 M+i -0 r (l-aj+O /3“ .v' 

1 r j^i jji! j"' di. 


i 


27ri J _ 2p n — m n — m 

c-ioo TT r (a,^+i~-/) TT r (o'm^.j*— i) TT f (1 ”,/?aq+m+i4-0 

j=l 


5 oy 1 

With f = 2y and replacing tb) “ 2y " — 4“ 


(4.1) . 1 ! G„^2p. n+2q [P ft, , ft.+i,- ] 


I 

2Tri 


c'-f-ico 


i 


2q 

TT 

■ j/y j=l 


" -i-) 


c'-— ICO 


^ 4y ' ^ 2y / 


X (^)x"S efi, 


where X (^) 


m 

TT r 

j=--i 


/2y-l , I \ -r ( 27 .+ 1 

(-47- + A.+l + 47 / j J, ^ I ^' 4 ” 


S 

u 


r («. - ' t;' r ('ipA 

which satisfies the relation (2.2) if 
+ ^aq+j = o.i=^ •••, n. 


s 

27 


( 657 ] 



Now putting iSj = b], /Sq+j j~\, — , (/ aji-i-j - --- au <^u+pfi -- — <!i, 
j — \, ..., p we see that the right hand side of (4.1) is the same as that oi (2.7). 


Hence we get 


(4.2) 


G 


m+2q, m 
n+2p, n+2q 


jQ'2 


2y 




^n> ^Ij •••» ^Pi ^1) •••> CpI 
^q, di, .»• , dq, • (Xj-j J, 

m < n < 2m q—p, 


as a kernel, transforming a self-reciprocal function in (l.l) into another self- 
reciprocal function in (1.1) with fl’s and b's replaced by c’s and d's and vice versa. 

4 .),. PARTICULAR GASES : Having suitable values of the parameters in 

(4.2), as particular cases, we can again deduce a number of known as well as 
unknown kernels, connecting different classes of self-reciprocal functions under 
various generalisations of the Hankel transform in view of section 1. 

Ify=l, j8=4,^=li ?=2 and setting the parameters suitably in (4.2) we arrive 
at the case due to R. IC. Saxena (8, p. 66). 

When y-— 1, iQ = |, ^ = 0) 9= 1 and adjusting the parameters suitably in (4.2) 
we have the case, given by R< Narain (6, p. 59). 

With y= 1, ^ = k and having suitable parameters in (4.2) we obtain 


( 4 , 3 ) ^Jx 


pm-l-2q, ra 
n-T2p, n-l-2q 




““ ^li ^p> ^I> •••> “~^p 

•••) bqf d If ..., dq, • ..., 0!n , , 

m < n < 2m + q—p, 


as a kernel, transfor.raing a self-reciprocal function in the transform with the kernel 

(1.3) into another self-reciprocal function in the same transform with o’s and 6’s 
replaced by c*s and d’s and vice versa. 

When y = l, i8 = 2-«, /!» = o. q=n and 2bi-Pif 2d]==y^,j~- 1, ..., from (4.2) we 
can deduce the kernel 


(4.4) 


y X 


pS-l-2n, s 
^t, td-2n 



«!, at 





■ x'^ 


yi , 



] 

L4'‘ 

2 ’ 2 '■ 

' 2 


' 2 * •••* 


s < t <. 2^-l-n, 

which transforms a self-reciprocal function in the transform with the kernel (1.4) 
into the same transform with ^’s replaced by y’s and vice versa. 

In addition, if we substitute a=^2 the kernel (4.4) will yield 


a. 


( 4 . 5 ) s/x 


^s-1-4, s 
'^t, tH-4 







1 

LTe 


y i*.' 

y' 


, —at \ 

2 ’ 

2 ’ 2 ’ 

2 
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s < t < 2i-l-2, 



as a kernel, transforming a self-reciprocal function in the transform with the kernel 
(1.5) into another self-reciprocal function in the same transform with and y 
replaced by and y' respectively and vice versa. 


Putting y=k,l3^ q^k&nd ^^',7=1,..., k in (4.2) 


we obtain 


(4.6) 


k—h pm-|-2k, ra 
^ n, n-}“2k 




1 

2k ’ 


k-l 
2k ’ 


J* 

m < n < 2m-]~k, 


which plays the role of a kernel, transforming a self-recipiocal function in the 
transform with the kernel (1.6) into itself. 

When k==l (4.6) gives a kernel, transforming a self-reciprocal function in the 
Hankel transform of order zero into itself. 


If we substitute y=k, /5= — ^ ~ 

k in (4.2) we get a kernel 

(4.7) 


[( 


2kJ 


«1. •••> «n 

1 2k~\ 1 


% 


9k — \ 

IF" ’ ~W^ -W~ 


, "“1. » 


... 

m <i, n <, 27n-]-k, 


which transforms a self-reciprocal function in the transform with the kernel (1 .7) 
into itself. 

With k= \ (4.7) yields a kernel which transforms a self-reciprocal function in 
sine transform into itself. 

I wish to offer ray heartfelt thanks to Dr. R. K. Saxena of Indore for his help 
and guidance during the prepation of this paper. 
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abstract 

In this paper we shall establish a new theorem concerning the generalized Laplace transform 
introduced by Mainra (1961, p. 24) ; viz • 

w {/ («) ; ^ ^ ^ 





An inHnitc integral involving the product of H-func.ions has been evaluated as, an application of the 
theorem 

1. Introdutkn, Maima (1961, p. 24) lias iatroduced the getieralizatlon of 
the well-known Laplace transform 


CO 

L{/(«);5} = 5j e~^^f{x)dx (LI) 

o 

by means of the integral equation 

CO 

= ^ J" ^ e (^a:)/(a) (L2) 

o 


(1.2) reduces to (1.1), when v=k==-r on account of the well-known identity 


Wi 


-rj 


i Y 

{x) = x^ 



(1.3) 
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if we take ’? = /£: in (1.2), we get an integral transform given by Meijer (1941, 
p. 730), viz : 


00 

M {/(.v) ; Hi r ; ^ = 5 J '^Hl/ 

o 

(1.4) 

On the other hand if we take V— — r and /c— i for /c in (1.2), we get the 
following integral transform originated by Varma (1951, p. 209) : 


W {f{x)i k,r; s} = s j {sxf e (sx) f (x) dx (1.5) 

o 

In thi* paper we shall be establishing a general theorem for the transform 
defined by (1.2). Some ’of the results obtained earlier by Saxena (1960, p. 404 ; 
1961, p. 292) and Sharma (1964, p. 362) follow as special cases of our findings. 

2. The H-function ; We shall represent and define the H-function introduced 
by Fox (1961, p. 408) in the following form as given by Gupta (1965, p, 98) : 

n r I (i?i, H. » («P» «p)l 
P, q [ 1 (6i, h), .... (*,. h)\ 



1 

27rz 


m n 

TT r {bi-l3i I) TT 

J M 

j=m+l 


r (1 — flHaf 4') 


P 

IT r {a]-ai 
j = n+l 



(2.1) 


Where x is not equal to zero and an empty product is interpreted as unity ; 
p, q, n, m are integers satisfying 1 <^<5, 0<72<p; 

"i (i=l« P)i (i==l, , q) are positive numbers and 

» P). ^j(i-l, , q) are complex numbers, such that 
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no 



, m), coincides with any pole of T (l-aj-f®! 


pole of r (bh—^h I) (h—1, 

(i = l, ,«») i.e. 

(^h+y) 7^ /3h (fli — — 1) 

(v, »]=0, I, ../;/i=l, «)• 

Further the contour L. runs from cr—i co to cr+z co such that the points 
^'~{bii-\-v)l I3h (A = l, M I 0=0, 1, ••• ;) 
which are poles of F (bh—^h ^)} He to the right and the points 
|=:(ai— z?— l)/ai (*=U •••» ” j 1, ... ;) 

which are poles of f (l-oi+«i I). He to the left ofL. Such a contour is 
possible on account of (2.2). 

3. The following results obtained by Gupta (1966, pp. 4-, 10, 11 , 1965, p. 99) 
will be used in our subsequent discussions. In what f ollows N and S will always 
stand for positive integers : 

rrm, U r (zZl, «!x), ..., (<5!p, jSp) 

P. q I (*1. ft), •••. (ft, ft) 



(Ci, C(Xy), 

(Ph « /3l)» 


(flp, € Oip) 

{bq, C /3q) , 


(3.1) 


where c > 0. 


<r j^m, n r 

p» q L 

J (.^V ®l)> •••» ®p) 1 

1 (Pl) ^q) J 


= 

p» q L 

(fli4"°' ®i)j •••» (^p"!"®’ “pj ^p) 1 

{bi~\-a ^j), ..., {bq~^(r /3q, ^q) ], 

(3.2) 


(fll, «]), (<2p, ttp) 1 

(^1? Pi)> •••> (^q> /^q) i 



(1 — 6^5 ^i), (1 “^q, ^q) 1 

‘ (1"«I, «l)> •••> (1 “Op. O’p) J 

(3.3) 
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J («) - 2 


1 ) 


(3.4) 


rrin, n4"2 (Ji, S), (/gi {di, N), ..., (<2p, N) 
“^p+Z, q+1 L'“Kii.N), ..,(4c, N),(/, S) 


“1 P 

s (*i) - S 

i+/-h-k '- 1 i(l-S) + (l-N)(m+n-i;,-|j) 

= S N (2t) 


pNm, 2S+Ntt 
^ ‘^2S+Nj!), Nj+S U 


SN(j&-g) 

SN 


A (S, k,) A (S, k), A (N, A (N,ap) 
A{N,b{), ..., A (N,^q),/>ci), A(S,/) 


where the symbol (S, a) represents the set of parameters 



fl-j- 1 

__g_ 




— 1 

_ 


(3.5) 


W| z/ 

L p} ^ L 


= S-' [zs-" 

P+2, q+1 L 


(%. «l)> 

(^1, ^x)» 




(^-z+r, a), (n >.l~r, a), (fli, «i), ..., (ap, ofp) T 
(^l> ^l)> •••> (^q> iSq), (’?+-A:-/, cr) J 

(3.6) 


provided that o- > 0, R ( 5 ) > 0, R (/^7/+r+l+a min ^^hZ/Si.) > 0, and the set of 
conditions given below is satisfied : 

(i) \ > 0 and | arg (Z) 1 < \ tt 

(ii) \ =0, is real arid positive and R (m) < 0, 
where \ and stand for the quantities 


n p m p 

2 («j)— 2 (aj) + S Wi) •- 2 (^j) and 

I n+1 1 in+1 
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\ (6j) - I (flj) + 4 (/>-?) 

1 1 


respectively . 


4. Theorem 1. 


If 

y ( 5 ) = W { g («:) 4 > (^) j ^ } 

(4.1) 

and 


si (s^ ) •■= w { /i (^) ; ’?+-i ’ ^+^'’ ^ ^ 

(4.2) 


then 


/(^) 


1 

cr s"^ 


-5 




<y 


/ O' X 

g ) fi 


- i,SX 


W 


X+i, 


{sx ) \ V-\~-i 


k-\-h r;t}dt, 

(4.3) 


provided that the integral is convergent, R (s) > 0. v > 0 and the Mainra transform 
of \ § (x) 4* (*) I 1 ^ (^^1 exist. 


Pj.Qof We have from (4.2) 


^(S^) = »’“'f 

o 


00 




CO 


Therefore, 

/(r) = r /” ^ W S W 

o 

665 ) 


X 


•• X V / 

O 


(4.4) 



On inverting the order of integration in (4.4), which is easily seen to be 
permissible by virtue of De La Vallfee Poussins theorem (1956, p. 504) under the 
conditioned stated with the theorem, we get 

/(5) = jJ [ J (sj:) 

X { e-i (.'/". t)s (*) } d,] dt. (4.5) 

Putting a: =« in (4.5), and interpreting the result thus obtained by the 
help of (1.2), we get the required result. 

Since the theorem proved above involves a generel function g (aj), many 
interesting theorems can be obtained from it by specializing this function. 


5. Theorem l{a). If we take g (x) in theorem 1, it reduces to the 
following form : If 


/(S) = W{/ ^ (*) ; S+4 u+i. ; s }, 


and 


Ji </, (5*^ ) «= w { /i (ac) ; r ; s }, 


then 


fis) 


— cr.s 



^ (0 

”r“"3,3 


o 


(V-^r, a), {v-r, a) 1, 1) 

cr 

(1+C“”5+/^— -L 1)^ (l_|_<;__g_ii — i n (t) 

cr cr 
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provided that the integral is convergent, R (s) > 0, a > 0 and the Mainra trans- 
form of I ^ (^) 1 and 1 ft (^) 1 exist. 

The above theorem easily follows by virtue of the results (3.4) and (3.6) after 
a little simplification. 


Example. On taking 


h {x) = B. 


m,n 

P.q 



(«!i . «i)» 

(^i» ^i)> 


..., (flp, «p) I 
y (ftq> ^q) 1 


(5.2) 


in theorem l(fl), we have by virtue of (3.6) 


</> (s'" ) = H 


m,n+2 

p+2,q-l-l 


( 

r Z 1 {v+r, or), (p~r, (t), (a^, ai), (flp, ap) 
\g<y\ 


(5.3) 


where cr > 0, R ( 5 ) > Oj ^ 


/ b 

\ Ph 


> 0, 


f 

x=-l 2 («j) 
I 1 


2 («i) + 

n+1 


m q 1 • 

2 (iSj) - 2 (|3j) ^ > o and 

I m+l J 


\ arg (■2) 1 < ^ 

Therefore, by virtue of (3.3), we have 


x^ <f> (x) 



H 


n4-2,m 

q4-i»P+2 


r- 

I z: 


(l-fti,/3), (i 
(l—V+r, (t), (1- 


-ftq, i0q)>(i-“’7“^. 



(5.4) 


on applying (3.6) again dn 
obtainable from (3.6) 


the equation (o.4), we get, under the conditions easily 
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fM 




un.“|-2, in-4"2 

q+S, p4"3 


— e~\-l^, 1), ((5-j- — "“C — ^)> Pi)’ •“*’ P'\)) ®') 

ff or I 

(l-»?+r, (t\ (1-^7-)', or), (1-fli, Oil), ..., (I ~flp, «,:>), (84-X-l- ™ -c, 1) 

(5.5) 


substituting the above values of h {x) and / (a) in (o.l)r we get the following integral 
by virtue of the equations (3.2) and (3.3) after a little simplifitation 


CO \ \ T 

J P,q’ I (^1. Pi)> (^^n Ar)J 


xHc 


2,2 


3,3 


(1 — l-S — c-l-/'''- 1, 1 ^---'+8 •“ ^4'/''“ 1 > ^ ^ — — cr) .. 

j dx 

Z\ a). (1— — f — cr, or), (8q-Xq- ~~~ --c ~ 1, 1) 


un+2, m4-2 

^ ^q+3, P4-3 


ZS 


(SH 1), (o~l“-— ^ (1 Pi)’ ••■> (i"^^Xi) p(\)) (1“ (t) 


(1 — V-jrf , (’')} (1 — O’), (l — ^j, o:j[)| (1 c/p, «p)» ((VhX-f- —c 1) 


(5.6) 


provided that the following conditions are satisfied 


<7 > p, R (s) .> p, R 


. ki, , 1— »/~Ur-cr , , 

Pi, o ^ 


> 0 (/i~- 1, ..., m) ; 
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and R [ ( 1=^ 4.3+c_Si^-. ■"] < ° 

Further on putting ojj^jSh (i=lj •••»/>» •••> ^ — U •••! ?) ==--o'=:l in (5.6), we get 
a particular case of the known integral (2, p. 422). 


N 

Corollary 1. On putting cr = — in theorem l(fl), it reduces to the following 

O 

form involving Meijer’s G-function by virtue of the equations (3.1) and (3.5). 

If 


f(s) = W{x^ <l> (:>) ; s+^ ; ^ }j 


/ ^ {s^l^ ) = W { A (^) ; V+l ; r ;s}, 

then 

f(s)= /S/N-c j^3/2+A-« gi+c-S+N.-/S/N ^ 27 r)^ (2-N-S) 



A(0 ^2i-,2N 

t '^2N+S,2S+N 


S 

5 N 




/q 

A (N, V+r). A (N, V-r), A (S. l+t-S-X-^) 


/c; /q 

A (S, 1+£-8+(*-^), a (S. 1+t-s-/'- ^), A (N, 1 +k) 


] *, 


(5.7) 


provided that the integral is convergent, R (^) > 0 and the Mainra transform of 
1 / 4> {x) 1 and \ h {x) \ exist. 
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Corollary 2. On taking S = \ and -) =km corollary 1, wc arrive at the follow- 
ing result : 

If 


/ (s) = M { (j) (x) ; X+-a> ^ 


and 


s‘ ^ (s’^/* ) = M { /I (*) ; k+i, r ; f }. 


then 


/(s) = s'S/N-r ^312 s4+t-iS/N^2T)H2-N-S) 


X 



O 


h (t) p2S, 2N 
T 2N+S, 2S+N 


tS nN 




A (N, k+r). A (N, k-r). A (S. H-r-2k-'i.) 

A (S, l+r-\-^+(.), A (S, \+c~\-iL-ix), A (N, 2k) 


(5.8) 


provided that the integral is convergent, R {s) > 0, and the Meijer transform of 
I 9^ (^) 1 and I A (:«) I exist. 


Corollary 3. On taking I = - -g - , = — m, r ■= m, c » — p — cr, 8 « — /« 

and further putting for k and X = -^ for X in corollary 1, we get the result obtai- 
ned earlier by Saxena (1960, p. 404). 
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6 . Theorem \{b). On taking h^k = 
following interesting theorem : 


r in theorem I, it reduces to the 


If 

f{s) =- W { I W (^) ; s+i ; ; O. 

and 


J' (j) ) = L~ { h (x) ; 5 }» 


then 


/ W = a -8 /“ ^41 u { / j (/ ) (./ ) ; <} dt. 


( 6 . 1 ) 


.p/A>>n(T !>0 and the Mniura trans- 
provided that the integral is convergent, R ( 5 ) > U, (t > u 

form of I s (*) ■#> W I and the Laplace transform of 1 A (») I exist. 


Corollary 1. On taking g («) 
ing result by virtue of (3.4), (3.6) 
Culculus, viz : 


:= / in theorem l(i) we get the follow. 

and the well-known property of Operational 


If 

^ (5) = I— [A (x) ^]j 

then 


If 


y (s) = W {x e 


1 /cr 

<fi {x) 


5+4 ;)!•+».. i- I'l 
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and 


s' <|> (s^ ) = L { A (x) ; 


then 




{(t+a)” 


(0,0'), (l--S+<? — X — — , 1 


(1-8+^+/^--, l),(l-S+c-/^- 1) 


dt 


( 6 . 2 ) 


provided that the integral is convergent, R (^) > 0, o'> 0 and the Mainra trans- 
form of I / e~^ ^ (x) | and the Laplace transform of [ h {x) | exist. 

Corollary 2, On taking a = ^ in corollary 1, wc get the following result by 

O 

virtue of the equations (3.1) and (3.5) after a little simplification : 

If 

f (s) — {x e ^ (x) ; 8+% ; X+^, I s }, 


and 


<l> (^^/^ ) = i~{h(x);s}, 


fis) == N^/2 /S/N-^ g^-s+c+X-./S/N (2-N-.S) 
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then 



X 


f 


o 


h (0 . 

{t+a) 


p2S,N 

^N+S, 2 S 





/, I sN 


IS 

A (N, 0 ), /X (S, l- 8 +«-X-jj-) 

/s 

(S, 1— S+c+^^“^-)> A (S> 1— 


A 
(6 3) 


provided that the integral is convergent, R (s) > 0, and the Mainra transform of 

S/N 

I / e “ cji {x) \ and the Laplace transform of 1 /z («) 1 exist. 

Corollary 3. If we take 5 = X io corollary 2 it reduces to the following form. 


If 

S/N 

/(5) = M { / e <1^ (x) ; X+?i, ; s }, 

and 

</) ) = C{h(x) ; s}, 

then 

y(.)= N^/2 si+c-!S/N^2:r)n2-N-S) 


/i(f) ^2S,N 

X J (T+sy °N+S, 2S 


tviN S 
N 5 




IS 

A(N, 0 ), A (S. 1-2 X+c-jj.) 


A (S, l-X+c+l*- A (S, l-X+j-H-^) 


(S, 


]*, 


( 6 . 4 ) 


provided that the integral is convergent, R ( 5 ) > 0, and the Meijer transform of 

S/N 

I x^ e~~^^ <1^ W 1 ^he Laplace transform of ] A (^() 1 exist. 

f m ] 



Corollary 4. On taking /==0, c--= -Z, 8= -h and further putting \=3t>for\ 
in corollary 2, we arrive at another result given by Saxena (1961, p. 287), 

Corollary 5. On putting 8 = X= — /a, or=l, and/— 1, in theorem 1(/?) we get 
a result due to Sharma (1964, p. 362). 

The author is extremely grateful to Shri K. G. Gupta for his help and guidance 
in the preparation of this paper. 
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abstract 

mourDO»e<.ttbi.noKl.tosta<Iyafcwielatiomh!pexiifmg between the new Gauss-Hypergeo- 

The purpose o mw note is to tu y theorems. These theorems 

metric transform. Stieltjes and Varma transforms. This has been ao 

include as particular cases a few results recently obtained by R. K. Saxe . . ^ ^ 

Introduction : la the year 1951. Varma (9. p. 209) mtroduoed a geaerahzatton 
of the Laplace integral 


00 

J ,-th{C)dt, 


( 1 . 1 ) 


in the form 


where 


o 

(2) is the Whittaker function. 


W 


k,m 


(1.2) 


la the same paper he ob.alaed a geaeralmatioa of the Stmltjes ttaasform also 
He showed that if bo Varma traasform of A (0 S'™ by ( .-) 

/I (^) be the Laplace transform of a function /(O, then 


, , r (2m+l) (' 

p p (m— A:4-3/2)~ J 


/2m+li t . [_ 


)/(0 


dt 


(1.3) 


R (2m+l) > 0. 

which is the generalized form of a Stietjes transform. Recently Svvaroop (3, p. 209) 
leatalized this iategral eduatioa (1.3) by iatroduoing three iadepeadeot parameters 
intsead of two. His generalization is, 

■ ♦pepartment of M^ematics, University of Jodhpur. Jodhpur (Rajasthan) 

[ 675 ] 



(1.4) 


GO 

M . j - — (vTJ J ' 1. ’ 

O 

He called it as “Gauss Hypergeometric Transform”. 
When M = »', (1.4) gives, 



^x(i>;x) = {■/>(/>; X, /*) 


CO 


V o 

which is a generalized Stieltjes transform of / (/)• 


/(04i;(0 
( />+0^ ^ 


If we replace^ by y in (1.4) and kt X -->co , wc obtain 


(1.5) 


(pa (s ; /*, y) « lim 
X — 5C0 


X 

^ r (X) 




/>== 


X 

s 


CO 

i dt, ... (1.6) 

o 

and this may be looked as transform of/ {t). 


When (1.6) reduces to, 


(^) = 


lim 

X"“?co 



^t = V 


00 

J /(/) *. ... (1.7) 

o 


which is the Laplace transform of/ (f), 

Wg shall denote the p- multiplied Laplace and Varraa transform as (^)=^/(0 
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And g{p; km) / (0 respectively. (1.4) will be deaoteci al 
k^m 




2. Here we mentioa the Gauss hypergeouietric transform of certain functions, 
easily obtainable from [2, p. 209, 221, 222] and [5, p. 401]. 


F 





G 


a, /3 

y, 8 



bi, V f ^ ^ 


— v-1 

n ' 


I bi- 1 ni+iV-JS+l X 

i = l i=l ■? 

5 


^sot-d-^n, 

^5y+2n;5S+2n V /(S-v) 


A 

A ; ^). !•«) 


A (s ; A ^ A A (S ! A (s : w), 

A (5 ; *„ ). A (" •> -A (« : A A (» : ^5) 


) 


( 2 . 1 ) 


<* 

where n and j positive integers \o) stands tor ^ 


O.C«<8,0<P<7,largZl< W-ii'-iS) 7r.R(i-)>0 

(»+^) > 4 (V+S). B- ( 7 “ia bi) > R (-ff) > R (j (Of '') - 7 ) 
{j^l, ..., «. ;/=l, /3 }• 
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Since G-function is the generalization of a great many of special functions 
oceuring in applied mathematics, (2.1) can yield results involving Bessel, Legendre, 
Whittaker and other related functions. However, we give below some particular 
cases of (2,1) obtained by giving suitable values to its parameters. In what follows 

, ... A / ' “ — 1 

n and s are positive integers, A ;•«) stands, ^-^r ^ 


If /irrv we obtain, 


- ,flh 1 "1’ •••’"v \ 1 /-H-i (i„„)+(i_.s)(«+^-ir-is) 

i"' S.si \b^,...,b^ I T~r(X) > 


a y 

s bi- s y-^5+1 . , 

i=l i=l X 

s 


Qsa-[-n, sp-\-n / 

sy-]rn, s^-i-n \ ^5(§-y) 

A {s ; ai), ..., A {s ; ), A (« ; 1~4 A •••> A (s ; , 

A (s ; b^), ..., A ^ ^ ’ ^m+l)' A (^ ; b^^ ) ) 

where, R(J})>0, O^^a^S, ^ (y+iS), 

1 arg 2 1 < (a+iS-'i 8) min ij j > R ( “ a) > R 

{ j = l, > /3 }• 

when 5=1 (2.2) reduces to a known result due to Saxen [6, p. 341] 
atid if ri — 1 also it reduces to a known result [3, p. 419]. 


F { 




v-1 

X 
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2s+2n, n 
s-\'2n, 2s-{-2n 


zs 

ss 


A (« ; A ; 

l\{n; \~cr), Mni 


V -<t), l\ {S ; \ —k) 

■M— cr) A (•^ ; A (^’ ; “ m) 


(2.3) 


where, R {p)> 0,\ arg 2] < R { 

If/j, = v, then 

„_1 ^-1 aV (zA «"-' *'+^{r(x)r‘ X 

^ Til \ 


P 


.•-^+' «•.:+. (t I A i;\ U’;.i5" 'i«. (. . .-) 


(2.4) 


where, R (/)) >0, |arg2 ( < 


R {A (i-im)} > R(-f^)- 
s' 


If n=^ 5=1, we obtain a known result, [3, p. 237]. 


F 



_ r (0 
" IW^) 


2— /I —-5 


V— 1 r y 


^s+2n, 25+« I 
^25+2n, 25+2n' 



A (« ; 1 — O'). A (” ; V — a), A (■^ ; l— -fl). A (^ ;-l— ^) \ 
A (« ; X — o), A (^< > o), A ('^ 5 A (^ ; 1 <^) /> 


(2.5) 


where, R (A ^ I 1 ^ tt, R (o) > O, and 
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R t(a or 6) + R (X or > k (<J). 


If /i = v, then 


P^+n, 2 ^+^ 

^2s’{-n, 2s-\-n 



A (n ; l— 
A (n ; X - 



where, R iP) > O, 1 arg 2 | < tt, R («•) > O 


R ~ (a or ^) + R (X) ] > R (‘^)- 


3. In this section we establish three general theorems. 
Theorem 1. 

If 


and 


;(() 1 t. m) 

kf m 


then 


i,{p)=p~^ Z+J'-r-l ^k+m-nv+l ^ 


CO 


i 


0 


niJ—l pi, 25+2n > n“ I 

^2s+‘2nf 2s-\-n f pt fiij 


A (« ; ''/’)> A (« ; nr— 2m), /\is X), A ; 1-“/^) 
A (2« ; 2«p+2fe-2m-l), A (s ; O), A A ; 


j X / (0 
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where n and s are positive integers, A (« 5 «) stands for ...f - . 

R (^) > 0 and provided the integral is ’convergent, Varma transform of 1/(0 1 and 

Gaiiss-hypergecometric transform of 1 (0 1 exist. 

Proof. 

We have, 

/(i) - ^ ».) ■■■ • 

k, m 

and [5, p. 404]. 

r(v) 1 V ^ / 

~ p”'’(2ir)4 (2-r.-J) jX+f-* ^*+m-nP ^ 
^ m 

2^+2n n" 

25"i“2rt, 2^-i-tt \ 



where, R (/) > 0, 1 arg « 1 < tt, R {\—np-^m±m) > 0. 

Applying the generalized Parseval-Goldstein theorem [4, p. 66] to these 
relations we obtain. 


i^V) o 


^ ( 27 r)H 2-«-0 I Jz+m-np-\r\ ^ 
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CO 

1 


fir ) — 1 s, 2s~\-2n. • 

^ ^‘2s-\-2n, 2i+« V 


A [nine), A (ii ; W'-2»>). A (s ’ f ^ / W *• 


On putting =« >« ‘he integral on left side, then multiplying both sides ol 

theintegeralbyJand then replacin c byi we get the result, (3.1) 


Corollary 1. 

If X=2m+1, 11= 1, v = «. -t+3/2. (>=". ‘+"‘ = 4 
reduces to a known result due to Arya [1, p. dO]. 


Corollary 2. 

Xf /i = 5 = 1 and 
[6, p. 349]. 

Thtorem 2. 


= v the theorem reduces to a known theorem due to Saxena 


11 


and 


then 


^ n/s — cr+l , / 

/(f) = p ' ' . (/’ ) 


fI'/'W! "P) 


\2 — n~~s X c—1 , — 1 f ]' f\\ i" 

^ (^P) {2Try. n ^ ' p {I (X) ^ 
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(3.4) 


(3.4) 


1 X 



cr— X pS+n, 25+« 1 A (« ; 1 A (^ ; 1 — q). A {s ; 1— ^)\ rm 

J ^ 2.+« W A (« ; A ; o ), A (^ ; i-O i ^ ^ 

o 

(3.6) 

provided the integral is convergent, n and s are positive integers, Stieltjes and Gauss 
hyper geometric transform of | / (i) 1 and j ^ (i) 1 ^^^^t respectively. 

Proof Applying the generalized Parseval-Goldstein theorem [6, p. 342] to 
relations (2.6) and (3.4), we have 

r (a) r (b) j ” S-Zi"/*) <“ 


(2 


^ 2 - n— S( - 1 a+b-c ^ r (X) } ' X 


s+„, 25+» 1 A (n ! 1 A (S ; A (s ; 1-W ^ (,) *. 

J ^ ^2i+«, 2j+nV 1 A (« ; A (« ; o), A i / 

o 

Putting « = //“ in the integral on left side, and multiplying both sides by J, 


then replacing Z l*y4 result (3.6). 


Corollary 1. 

If n = s= 1 and ^»=c the theorm reduces to a Known result due to Saxena 
[6, p. 343] by virtue of the identify due to Sharma, [ 7 ], 

.,22 A I \ _r (fl) r { b) r {c—a) J[__ ^) -p ^ ; 1_2\ ... ( 3 . 7 ) 

^22 r ^ 0> c-a-b j r (c) ^ \ c / 

Corollary 2. 

If we put fl=2m+l,& = l, c=m~-k+Sj2, n -5 = 1 and ot.w-^+ 5/2 we get a 
known result due to Arya, [1, p. 45]. 
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Theorem 3. 


F {/w;V} “ •n.r"h 


^sjn ((x-l). 


<i> (t) =« iJf ■, Ic, m) 
k, m 


{p;k, m) = (27r)^^^’“^" ^X+Z^-v k~~hyn+-^ ^ 

CO 

f 0^^'+^'*’ ", o ^ ^ ^ A 

J s+2n, 2s^l-2n [i^ A (« ; X - «■), A (« ; /t- <r), i ±w)j 

/(0<^z. 


Provided the integral is convergent, Gauss, hypcrgconictric transform of 

\f{t)\ and Varma transform of | ^ (i) | ,.xist, « and arc positive 

integers. R (jO) > 0 and R {tr^n/s (^±m) } > 0. 


Proof : 




metric transform [7, p. lU], 


{ /> (0 ; V } hip) 


F { /s W ; \'*J =--^, (/) 
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then 


CO CO 

i A W ■fs (I) * = i A W A (4) 




(3.10) 


we have, 


CO 

/ ''■ 


■2 w 


njs 


k,m ( rfi = (27r) 


I (3-2n— s) 

X+jU-— V— 1 A:+| 


S ^ X 


/“ —or p2^+2n, n , 2* I A (n ; 1 “«r), A {n ; v—(t), \\-k)\ r,.. 

J '^f+2n, 2i+2ft ^ 5S 1 A {n ; X— o-), A (« ; A ^ 


dt. 


Putting = /^ in the integral on. left side, we obtain, 

j e-i^“ («») a*/“ - A {“) "i" 

0 


= (27r)H3“2«-y) 


CO 


i 


o 


p25-f2«, ti 
s-\-2n, 2^-|-2n 


A (« ; 1— <^). A (« ; v-o^), A (-^ ; l— \ /-m 
iS A (« ; ^ - A o'), A ; l±"*)y ^ 




Hence on multiplying both sides by z and after little simplification, we 

get the result (3.9) on replacing z by p. 

Corollary: If n=^ = 1 and M = v we obtain a known theorem [6. 

p. 349] 

The author is thankful to the referee for his valuable suggestions, 
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6m integrals involving the produgt of two hyper- 

GEOMETRIO SERIES AND SOME OPERATIONAL 
RESULTS IN TWO VARIABLES 
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1. INTRODUCTION 

The object of this paper is to establish two 'theoretns which enable us to 
evaluate certain integrals involving the product of two Hypergeometric series. Some 
of the integrals are generalisations of integrals given in Watson’s^ Bessel Func» 
tions and are believed to be new. Further we have evaluated certain operational 
images in two variables with the help of the integrals obtained by the same method 
as in case of the Hypergeometric integrals. 

2. Theorem 1. 


We have 


I I 

; \ r=l 

pFJ -yx] = _P, 

\^l» • • / 1 1 


^ r (6r) ^ ll 

r=l 1 f ''ifi -(X)!)® ds 

' 2 Tti J 

r(a,) c 1 1 r(^-+0 

r=l (1) 


where larg *1< ir and the poles of r(a,+s) lie to the left of the path on the temporary 
supposition that >0. while the poles of r( - s) lie to the r.ght to the path. 

The relation (1) is first obtained for 1 * 1 < 1 and then since the Integra on e 
right hand side of (1) represents a single valued analytic function of * in he 
domain defined by | arg * | < - and also the left hand side is an integral function 
of *. it follows by the general theory of analytic continuation that the relation (1) 
holds good for all ^ ia the domain defined by | arg x 1 < 

Thus we have 


“ \ V / fli 

J * I n. 


! 

, b 


■ yx I iF 1 


p » 


B 


1, 


B 


Zx I dx, 


m 


q, g- 1 or q-{-\ ; I ^ m, m- 
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■ 1 or m~\ L; K(\)> 1 J 



■|rr(i,) I I r („,)+,) r(~f) 



r(ar) ■= iTrib,+s) 

fsl r=l 


cC 


J'Vl' A*"'^ ' 


X 


V ,P I • • •» A.! ; 


fj/ ffl 

I I r (fir) Jr r(^r) 

_ r - 1 r==l 2 “^“^ 1- 

_£ ■ Stti 

II rw II r(A,} 

r- I r = 1 


I I r(a,fj) I I [XA,-x-l-,0 r(=s) T(l+M-j) 

rr-‘ — 

,/ 5 m 

° 1 I rc6,+s) I I -.) 

r s= i f = 1 


X 



ds 


CO 

C X „ i 


■, «i) ; 

i T- 

.. Ai ; 

\ 

J * fP" 

0 

Ui,.- 

fiq ; 

llSn 

/ \ . . 

•>Bia ; 

-«lx j 


q m 

I I r(ir) TT r (b,) 
-'pi - - 

P I 

1 I ^(<70 ] I (A,) 

r= 1 r ~\ 


/>+ 1 
G 

jO + m-B 1, q-\-l-]r 1 



1 flx> • • M , — X, Bx — X “* 1 , . . .,B«»>~”X~ 1 \ 
O, Ax-X-l, . . Ai-X~l, 1-fii, . . . ) 
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( 2 ) 



tinder the following conditions of convergence^/# . 

For the change in the order of integrations : 

g+1 ; l = m, m-f I : R (X+cj > —1, R (-X— £+^0 > 1 ; • • •, 0 W 

2 P 

p~q—\ '^Izzm, W 1 + 1 ; In addition to (i) | S bt—k 2 a+^ > 1 

I m 

p==q, q+i ; i = m~\ ; R(X+c) >-l> R(-X-£-i Ar-f S Br) >5/4. 


2 

^ = g — 1, l = /;r — 1; R(X+c)>"l» R(i 2/?t 


p L m 

2 «r + c > 1 > R( — X—C— I § Ar-hi % Br) 
" i A 1 

>5/4 


For the convergence of the Integral (2) : 

q=^p, p~\ m = l, I — ^ *. R (— X+'^r+Aa) > 1 j (^ — 1> •• >P > ^ — J 0 


* For the change in the order of integration we use Fubni s Theorem [7], 


Also we note that F 


ij) 


it/4 1 t 


• 1/2 


5 = c+if and 


pF 


P+m-l 



» ip ( =0 (1) for small a: 

flp+m-i ; \rn J •> 


exp [ X ,"1 + S ^ for large 


p j£)+m — 1 

where i9= 2 b^— 2 (m — \) 

r=l r— 1 
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I m 

qtszp^p—l ; m = /+l ! (— 2^ Ag-fiV 1; Bg) > 5/4, (/==!, .w,j6) 


1 


1 


q=p-^\'-, m—l—l, I : R (— \— -^ /^r+Ag) > 5/4 ; .. , /) 

1 1 

R (— X+flix+Ag) > 1, {r~\, .,.,p ; 1, ..., /) 


q q I rn 

gf=^-J^l ; m — : R ( — X— i 2 <^r+i />r — 2 Ar-l-^ 2 B,.) > 3/2 

1111 


R(— X--^ 2 2 ^rH“Ag) > 5/4, ..., /) 

1 1 


I m 

R (-x-^ 2 Ax.+1 2 Bx.+««) > 5/4, (i'==l, ...,/>) 
1 1 

R (--~X+flr+A,) > 1, (r-=l, p ; .y-::.':!, ..,, 1) 

Theorem 2. 

Similarly as in theorem 1, we have 

J te: it: t \ 


r= 1 




r=\ 


r(a,) 


p=q, q~ \ or q-\A ; l .= m, m~\ or m+l ; 

P 


1 r 1=1 


r ( a,+s) r {-^-s) 


1 r 
iiri 


■^y (is 


c [ T ^ (^‘+5) 

r=l 


I'Fn, 

'"'IB, !?,«; ^ 
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(^) 



q m 

1 1 Tibr) 1 I r(Br) 

f-wl r— 1 

» z 

t ■ _L. 

1 I r(n,) I 1 r(A,) 

f = I r ■■= 1 


\+l 1 


/> 

1 I r(--5) r(— X— 1 — s) I I r(Ar4‘X4’^+ 0 

r—\ r= 1 

r {iZ)*ds 

q m 

I 1 r(6r-f>s) 1 1 r(Br+ X-|-l +^) 

r—l f— 1 


! I r( 6 .) I 1 r(Bo 

f=l r=l ^,1 2, /)+/ 



p I p-\' 1} q 'V'Wi“f"2 


TTn^r) I I r(A..) 

f = 1 r = 1 


r 1 I— <2i, •••> l“^P> ""Ai—X, Ai — X \ 

( I w ) 

' 0, 1 — \) 1 — ^1) — Bi X» •••> ■“Bm“*X 


under the following conditions of convergence. 

For the change in the order of integrations ; 

; / = m, m+l ; R(x -i-c+-Ar)> -<1, (r = l, •••> 0 (*) R(X+«)< 

I m 

p=g+ 1, g ; Z = OT - I : R(X+c-| sB..)> - f (”0 R(X+c)< 


q P 

p^Q — 1 / = m — I ; R(| % br — ^ 2'Jr+c)>l 
F H . 1 I 


(to) and (ii) and (tit) 


— 1, l = m, m+! ; (i), (ti) and (ty) 
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For the coavergehcc of the integral (3) : 

At the origin 

q^p p — I, p+lj I ??i+l : R.(X-hAr) > — 1, (^ = 1> 0 


/ m 

I, />+l ; /=m-l : R(^- i ij A.. -1- IV; > -3/4 

I ) 


At infinity 

m, w+l ; q.~p — I, /; ; R( ■— .\ + ^f) > 1, 1, ••. /•>) 

P ? 

l=^.m — 1, m, ;Mfl ; q=p+\ : R(-A - | s; flr+l ij 6r)>5/4 

1 


3. Exampli : 



. .. \ r(B) 

—yx qFi (B ; — zx) dx *= 

. be, ; / r(B - X - 1>: 


/ fli, • . •, flp) X+ 1, 2 1-X 

V ^1 b<\ ’ 


/ ^1, flp; 

or pFq I y 





I < ••• > ; 

1, ..., bq jX 


+ 1,2+X~B, 



P=^q-\-h if/’ ^ ?+2 one of the aPs must be a negative integer and 
R(X)>-U 


14 qder the ysual conditions of convergence. 
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X-fl 

“ 

; -x)dXf 



The gives the integral representation of a Hypergcometric Scries, viz, 

A 


fll, •••, flq+i r(B-— A,””!) 

r(B) r(\+i) 


( «!, •••) uq+i . \ 

y ) 


^ q+i^u-fa 




AUl,... 

M 


h^, ..., Z)q, X-i-1, 2Ti-X’~”B ; 

where R(\) > — 1 , R(:^ar — %hr)< 0 , R(< 2 i-l-B /2 — X)> 5 / 4 , R(B)> 0 , 
As a particular case we have 

/Cl, b , c \ T(B — X — r ^ X 

( y) f 

M, #• ^ r/m mj-n J 


- yx\ oF,.( B -x)dx 


r(B)r(x+i) 

fCi, b, c i 




— 0^1 (B ; — x) dx. 


^d, e, X+ 1 , 24 -X — B ; 

R(X)> — 1 , R (— — b —■ C’\-d-\‘e)> 0 , R(a, b, c, X'hB/ 2 )> 5 / 4 . 
Zi ; ^ /A, A—l 


(2) (/*^ xFi ( 


2A“1“‘& ““X“~2, 2A X — 2, X"!*! > 


2 r(i)[r(x+l )]2 r(2A+6--X-2) r(2A+fl-X-2) ^A X--2 


—qx 


r(A) r(A-j) r(fl) m 

^2A+a-i-i 

R(X)>- 1 , R(a, b, 4-A-X-3/2)>0, R( 5 - 3 &- 2 A-fl+ 3 x)< 0 . . 


, ” . yu , ,3/24- j \ 

( 3 ) I ^ iFa ( 2^1 ( -‘qx) dx 

I U 14-x • M+a+X ; ^ 


r(4) r(£) r(i4-x) r(i+fl+x) 


/ r(<.) r(3/2+x) r(UA) r(2 -2„) 


w 


/;™.l 

(2V^), 
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k(X) >-l, R(a/2-i;/2-\/2-3/4) <0, R (fl/2'-^3/V2‘-^X/2-KV4) <0, R (a+^ 

>0, R(a-! 

This integral is a generalisation of an integral given in Watson’s Bessel Functions, 
p, 385 (2), when «=• y— 1. 


(4) { iFa ( 


0 ; 

b, X-F 1 ; 


■V /3/2-l'\'~4a> 2+\ — a ; •v 
aFi ( -qx) ,ix 

J ^ AH-l; ^ 


TT r(^>j[ r(x+i)^ 
r(a) r (2'-j-X T (X>-<fl-j-3/2) 


a m-al'l-bll .-<7/4+a/2+/;/2-.X 


h - 




(2V>7r) 


R (X) > - 1, R (3a/2-i/2-X/2— s/4) <0. 

CO / 'I \ 

j / ; X+1 ; -px) ,Fi | ^~qx] dx 


[r(x+U? rcA+a>-^\>--i) U ^^('a+b-.2x-:i)/2 

V(a)l(^)^^) 


/1~A^B)/2 


__ A/2 - B/2+3/2. A-B/2 




R(X)> - 1, R - A, B, +1)<0. 

If wc put B = \+ 1 ==a, wc get (22, p. 139) of Integral Translorm Vol. 1. 
Vide Modern Analysis , third edition, p. 340. 

(6) oR. (*;~4 *)oF.(*:- 2/»)*= irw,“ 


R(6-i,)>0. 
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0 ) 


f-' 


A“-2/2 i) ; i^i ^ 


.^/x) dit 


21 r(^A^lM^)^^_A ^l-» ’■ 

*' RW > i, R (A) > - 4. 


(8) 


/^l> • 

/ iFi (A ; \ + l ; p^"'^ L 


.1, ..., «p ’ _ ^ \ dx 


b,, ..., j 


■VrfMTT r(<.,-x-i+A) r(x+i)i ^ 

= l - 


,1+A_^*-A 


T^ r(tfr) i I r (^r)-x— 1+^) 

r=i r=l 


p+l 


/A, fl,-X-l + A. ....«p-^-'+A'’_J\ 


under the usual conditions of convergence. 




(Zjj .«•, flp j 

b,, . , bq ’, 


^Zx\ dx 


r(xt-i) "h r(6,) 1^1 rfn,-x-t+A) r(B) 

r=l r=l 


q , A X4 l — A 

f, I{br-\-^ + ^)y 


I 1 r (^r) I 1 

r=l ^=1 

A, l + A-B,ai~X-l+A, ..., - X+1 + A , 

V-x-i+A,....i.-x-'+A; 

":tt;ii iirL^waws 

p. 404). 
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(iO) J oFj {b; - A?) oF, (B; 

O 

K(\)>- 1, R(*+B-2X)>3. 


r(it) r(H-\) i\b) r(i+ii 

i’(ii-x-i) r(i-A-i) r(Hii-A-2j 


This is a known result. 



.Fa (“ ’ 


fl+B \ ' 1. « — X ; 





r(B) r(l+X) r(l+a/2) r(a + B-\~l) r(flf/2+H--2X-2) r(a -X) 
r(B-x-i) r(i + fl) r(rj/2-x) r(<i/2+ii-x-i) r(a i-b— 2x-~2) 


R (X) > — 1 , R ((2-1.23 — 4x)> 4, R (2^i4.B — 2X) > 5/2. 



la, l+fl/2, c ; 

\fl/2, fl.-|_B— X— 1, a — X 


-- a; 


ol'i (B ; -a:) dx- 


_ r(B) r( x+i) r(]4.iz-c) r(^?+B-X"-i) r(«~-x) .. 2x~2) 

r(B-X-.l) r(a-(-l) r(«-{-B‘- 2 X-- 2 ) r(fl~.s-|-B“-X~ 1 ) 

R(X) > ~ 1. R(l-|-a/2, a, c, +B/2‘-'X)> 5/4, R(c B-f- 2X '|-2)<(). 

Thi, i, a generalisa.ioa of(ll). When wc put c=,„/2, we fall back up,>„ (11), 

(13) f / ,F, (“’ \ ^ , 

\3/2+X/2+a/2-l)/2, 2X ; / ‘ ‘ 

^^r(\+l)^j) r(X+3/2) r(3/2.fX/2+a/2 -B/2) r(x/2-a/2+l!/2-|-4) 
rcB-X- 1 ) r(a/2+|) 1(3/2 +X/2~B/2) r(X.-,V2-l-3/2) ' 

R(X) >-J, R(X-B/2-a) <.-5/4, R(a-X-H- 1)<0. 


05 

(W) I .V'' ,F, (« ; A+1 ; 4 T,. /2+,\ 0/2, 11, t:; ; 

J 1 1 +x 0/2, 3-1 2X 11- «,3..1 2X £. 


(I ; 


.V 
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r (x+i) r (i+x~a/ 2 ) r ( 34 - 2 x-B-fl) 
" r ( 2 +X-^a/ 2 ) r ( 13 ) r (C) r (a/ 2 ) r (l+a) 


r ( 3 + 2 X-c-a) r (l+a/ 2 ) r(B+a-X-l) T (c+fl-x-i) 
r( 3 + 2 X-B-G-a) 


R (X)-> -l, R (B, G, > 1, R (a) > -2. 



jFi (a ; X+l ; 


o 


AAA Ai— a+X+3 . 

-^2} ^3) n > 

A+lj 24 'X+Ai— Aj— flj 2+\+Ai — A3 — a, 


—X 



[r (x+i)? r r ( 2 +A+A 1 -A 3 - 0 ) r ( 2 +x+Ai-Aj-a) 

r ( 0 ) r (Ai) r (^iz£^±+?) r (a^) r (a.,) 


r(A.+<i-\-i) r r(As,+/j-x-i) 


r ) r(A,+a- x) 


F (A3-|-^~X-- 1) 

r (Ai— Aii— A 3 — a+X+2) 


R (X) >--l, R (Aj, Ag, A 3 , H-a— X— 1 ) > 0 , 
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R (a-}-A| — X-|-l) 0 , 



(16) I 


\+l ; 


(s+ax-A-fl, l-|-,\ l-i ,, ; ■'• ) 


£_(A.+1) ^34-2\--A— a) r(l“l-X-|-'^-~/3) N 1) r (l-j (s/2) !' ( k ) 

r(A)T(A-::fl)T(i+fl)r(A^ 


R (a) >— ’ 1, R (A-|-<2—A) >1, R (2 a -*2 A-|"2 h 


I {l \ \ A 3«/2) 

/(1-'1A”H'' A a ) * 

l< {h a \--l 2A) >3/2, 
R {H\ 2A) >..-3/2. 


i *^>(“/l+x If 


[r(x+i)Fr(i ) r(B) r( A+a-.x-,n /'(ii A -^-M+i) 
r (A) r (j-a) f Ta) r ' - 

R (X) >-l, R (B-A-n+i) >1, R (2A - X - . a -\4) >:i/2, R (B A x-| 2u) 

R (u-l A \) ; . B 

This is a generalisation of 3, 4. p. 4.04 in He*,.l Rnnetio „l,en „ /,. 


( .V 

(“ '• 

V \ I,’ /A, |{ ; 



i 

' n*,X+l ; 

■)“‘( 2 -|X-|A 1 

> ii , A"j 1) (•', \»j [ j 

■ 0 


F(St 'iffg ' -'"'i- 0 


/ A..| x 

;irt 2HH-H 
2 

) '■(' 

VH-X- a '2H->j 
2 


[ ] 



k (\)> --1, R [2 (A, B)-fl-fZ>--\]>3/2, R (A, B+a-x)> 1, R (-^/2-A/2-l/4)<o, 
R(2B+3fl---\--A-2^-~’l) <0. 


cQ, 

(19) J .v' iFa 


Tj’ f A-ffv — a/2, B, D ; 

tJ'*’ d " 


l+\---a/2, 3+2A™a-B, l + X+^^-a, 3+2\-~a-D 


-.v'j dx. 


r (\+l) r (/;) r (l+\-a/2) ,r (3+2x~ a-B) r (3+2X--a~D) F (l+x+b -a) 
rpTr (p)'rj 2 +\~aif)Tjf^) r (a/2) r7T+^(3:p 2X-- 


r(l+a/2) r(B^X-l+a) 

^ (1 ® — B) ^ 

r (D"~X-'1+^) r (24-2X“-2fl~-B— D-f^) p 
X r (^) -i ; (^) > -2, 

R(X+^)-2a) >-~-5/2, 

R (a+B, D,-X) > 1, R (2B, 2D, -a+i-X) > 3/2, R (^> a+3X ^2B- 2D) > -7/2, 
R (6-2a-~B*-D+2X) > -2. 


(20) 


J r ■' ) * bfl^, 2A+« A 


1 ; 


- X 1 dx 


r(X+ 1) r (/?) r (2-j-X \y2)J]J2,A±a^^ (i) 

r (A) r (i~a) r (2A+2<>-.2\- ' 2 ) r ("ly) r 


7' (A-|-a-\-i) r (A- \- H-t/2) 
r ( A- x+ “ „ ‘ 1 r f A X 


^ A-X+ ^ ^ 
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R (\) >-l, R (a-j-A-.\) > 1, R {a|2--^ /;/2+\/2+il/'l) <o,R bj-i ) <o, 

R {blA- A/2+\) < -S/4. 


( 21 ) 


J iFa( 


1 “1“X 


a^‘''3 


A, B ; 

\ —I— 1 y vi '^1" (I \ * 


^2b, 


A^-B+l. ‘ 


dx 


[r (\+i) f r ((>) r (3+fl+\-24) /' '' ("• H'J/2) 

r (a) r (A) r (B) r ( *+» -x\ \-f « j | 


r ( r (A+a. ,\ 1) r (b+« x i) r (y 
r (2 r(2+2a ib) 

R (X) >-1. R (A, B,-X+a-l) > 0 , R +*- ““ >) <<>, 

R (A, B. +4/2.. X/2 a/2-.B/4) > o, 


R (Ait? 
V 4 



u. 


4. Some Operational Images in two variables ; 


Here we have </> (p, 



o o 


c 


J (>Vj ;0 (ix dy. 


1/0 r the coditioiis 


under which this result holds, please see [2, 4, 5J aud also Operational Calculus by 
Vender Pol and Breramer. 
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(33 ^ j'l 

(1) Wckwcj r' ,R(X)>-1 (») 


Writing {pgT^I^ ^')i‘ f and multiplying both the sides by (p?) and then 
interpreting we get 




■ rr + iiiT ( H - i )^ 

V Vp? ^ 




or (j(!;)') ' * r 


2 r ( 2 ») r ( i ) p '”’' 



- (^-|-l)/2 

> 


R (w) > 0. 


(0 


patting \ =5 1 ) y V 

y”""^ eKp('‘-"4 y.vv) 7 /> “ (u) (2b v'y^(/) 

Agarn ia W wrifm.; i + I tbr /. aa4 multiplying both the sides by r“ T" 

P ‘J 

then interpreting we gc' 
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I V ''/2 ( y \«/2 
J \t^) 


]n(2t dt 



Putting X= jf f'Qj, jja 


cn 

m/l nl2 f ,\/2~l ~~.i/2 T _ 

j •.!»' (2V,vO Ju {'^\/yi)dt 


r 


2 


« ^ I J 4. 1 + 


or 


,■¥»« ytl 


':; ,;, (tti-^n — V 

r(m+l) f (n+I) r 2 — :'"+'■“+ 1 ;2*, 2,.) 


>-“?-" (l+4-+— ') 

' Pdf 


2 , 2 \~~M-'yyHn)l2 
? 


(3) 


More generally we have 


ximi... x^nik 

^ (^,1+1)... r(wit-}-i) 



— , f/2,,+ J ; 2 a'i 


2A‘t 



(X+w/i+...+Wk)/2 
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( 4 ) 



Again from (b), after putting n~m and \=2m+l, we have 

qp 

J i. )J„, m^y )dt 

o 


= 2“ {pf, “ r (m+1) ( l+A+i. ) 

\ p q J 

R (m^ > — 1. 


2-”’'' (*+J) I (4^ - 

r{ni-\-\) - W ] (5) 

\ p q ) 

When m.~0, we gel the result given in Operational Calculus in Two Variables by 
Ditkin and 1 tudnikov p. 50. A slight mistake has been corrected. See also p. 100. 
Vide also p. 20B [5]. 


(2) Consider the integral 


A 41^/2 


W 


A',« 




"i. 

h, 


b.. : 


"Zx I (lx 


‘II rib-;) 



in 

1 I ^ (^j) ^ (i r 


i \ 

n- 2, wz~l"2 \, ^ j Oy, flni> a-l-k~l-3/2, \ jt-j~I'l/2/ 

when m-«, «+l : R (\±») >..-3/2, R (--.-k- A+flj) > I 

when 1 : R ,■ \^..k i vAj) >3/4, R (\ Tm) >-..3/2. 
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On writing — N for k, 1/2 -u for « ami jintfin..; 


’ .snti niuhijjlyiiig hotij 


1- N 


the sides by p (f /’ ( 2 N) f (N • - u -{ ■ 1 ), we get alter 


inttn'ia-etalitju 


N-1 M f ,X xypH 

X V I fi 


ti. N t 


7) 0 


dt 


] I r(ij)r(2N) 

/=' , • A N H \ 

P q 


m 


i=i 


r («)) r (N+/*) 


Ws 


/Tj! 


=«. «H-1 : R ( A-|-N+„,) >1, R ^,VH- 1. R (.V) K (X ,J > 

: R (N. X-I v,„ , ^ ^ 


or /+N 2, f/H'i 


xy 


i if/i « , , 

o, N-;..,\ 


'All, ;* ,\ 

N A, I 


A N* ,|. A 1 


2 /, I 2-1 \ N I 

' ' 'M. e,„, 2 /». 


m, .. /'• ! 1 I \ \ l 


I'rom ( 6 ) we can dechice 

2 ^^ j 


N ..2 (v^vr) ^ 


'i N 4 ■» a 

/* *■*’ * tr'**' 


((,) 


^ )■ X (N) I, 


0) 
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.. 22 X-i ^ - 3/2 _^, 2 X+-): 

t /'-l-i 0 0 


' /x — x — ^., 1 — X-/t, — ^ 


/ 

. r &-\- 2 k - 7 o r(2\+v/0 ■" 

3 

V 

0, i 2X-i 

•R. (X) > - 

i 

A 

>— < 

1 

-3/2. 


Let /^ — 


p--^+i jX+i 


2\ i, 2\ 


(2vW) 


i ^^2X+i ,i ^-;i/2 ^2 , |o ^.2x\ 

r /' (4X~1^1) ^’2! 2 q[ - -'/ ) > ^^ (^) >- 4 * ( 9 ) 


(3) In llic integral 


i}'!. ^ > /''^-X^-3/2 ; '” y^ 


^ r (x-i i>-i 3/2) r (n X <>. 1 ) 

r (n-H-i) ^ ' xh-H' 2-2»/2, x+H-i/2 17; 

K (X+p) >- 3 / 2 , R (<1-X -it) > 1 . 


putting pq for i, 1, we get 


CO 

f 

o (p+/)/' 




e 




1/^ 
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jSfow after interpretation, we get 


J .r' J„(2 de"^ {pq) 

o 



or 


p2,0 

3 




0 , 0 , 0 


I / 


■-k M'^i 


w 





( 10 ) 


Similarly from (e) we have 


? 


qt 


■X-^-2 ~\lt 


(/(/+0 




gll2xq YJ ( ^ \ . 

“-\4'A-j“2/2, -1-1/2 \y,y/ ' 


which gives on interpretation after putting \-f)L-l-2 . .//i > 0, 


1 p2, 0 

y P {mj 0, 3 


xy 


\,m, 0 


ipfj) 


771 




w 


■m/2, OT- 


1 

PQ 


in > 0. 


(H) 


(4) Now let us consider the integrals 


j 


\ 


X 


0 



dx 
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,X-y--l/2 ,, (\ 


•) '■ m 


\ D _j_ 2 ^ 


m-t-at’ n-i-i 


a^. .... h+ 3 ; 

h, ; 


■2ifl , R (\) > - 1 : (d) 


J / ^ W & 

o 

r (2/^ + 1) r (/a+X + 3/2) .r(^--X-l) ,, //i-l-X+5/2, 3/2 , +X-/a ; \ J 

-f (/x.fq-T/2) r{i^~X~~\l2) ^ ^ \2+\~-k-, ^ + 


r (1+x— r (2/'‘-i- 1) /.— X--1 ., A+Zu— /A, ; \ 

k-X; 


R (X+/^) > - 3/2. (c) 


In ((Z) putting x~-tlz, v~ —2Xi ‘Mid i.\ic n Z--^p(j and multiplying both the 
A/T — -dM 

sides by {—j P !Z > wc get alter lutcrprctation 

CO 

^ 2 M ^- 1/2 J ( 2 -V 4 ,>M p /2 ,./ 2 ^ (»x, .■ J 


. 1/2 1/2 p p ^X +2 


^1-I-X -4M ^^l + \/2— M 


. , Zfli, «•', X-(-l/2, X-l~2/2 ; n o 

''-'i V?i, ..., X -2M+2/2 
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From this, after putting M-=0, a’s^b^s, we have 


SP 

'/2 J ber / •/'/■'■ ^'/-t ,1/2 ,1/2) 

o ' 


(It 


= Tr’^ 2^^ 0/2 p /X + l\ 1-f l-fX/2 /, , „.o s '—.X-l-n/'^ 

^ ^ ( 2 '/ ./^ (l+2/»®r/) R (X) >_1. 


y 02 2“^+02 ^-- 1/2 

or 

r{x+i) 


3 (-1), r (^-4f ) 
"=" rnif+Tfp" ■“ 


■= 0+' 7 
“• (1-I-2/.V) 


\-fi 

(,\-.|-l)/2 


( 12 ) 


Similarly we can prove 


„-l/2 2->‘/2-I/2 

r(i+!) 


e)r ( 2 A;a^)^+i r ( ) 

r 4 [ r (27+277* ^ " 


*’(l+2/>yf^“"2) /2 


R (X) 


- 2 . 


(13) 


Again in multiplying both the aides by (>«)x-)« after 

interpretation, we get ’ 
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(,^)2i-l/3.f ,3X-i+2/3 , / , — X 

A+/A— I, 2/* V t j dt 

T (\-\-l^~\-SI 2 ) r (/b— X — l) T? //*-l-X+ 3 / 2 , 3 / 24 -\— jw * \ 

v4x-A ; ) + 


:^.,Al±^riI^,,('M-/':+ 
r (/A — ^+1) 


p(i 


A (4+^-^4+^+i; -p, ), R (,+,) >_3/2^ 


R (A-1-^) > — 




'1 . (2/^+1) nk-y.-]) ^^^.x~k^9. 


p 


X 


p /^|M-3/i , S/2.1-X. ; \ 4. ,r(2,H;J.)J’ (1+,X-A) [r (,k+^+^) f 

» 1 \2+x-i ; J** j » r {\^-lH:mrr¥=M^^ 


»‘1 1. ^’-^j). (14) 

From tins we can deduce following interesting particular cases***. 




m 

" ( r ) f P (fl+H'O ^2 , . "■ 


2vrV. W 


2 r ^ U+rH-f ; “ ), 

(<^) > 0, R (2<2~|-7;j) > o and a+//j is not an integer. ( 15 ) 

absent, Th^rcsults? 15 ^'^l^^ P,‘ ^ <^he left in ( 16 ) is 

I me results (lo), ( 16 ) and ( 17 ) are believed to be new. 
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/ n* t 2 / -x‘’ 2-2« r(2a-l-l) r 

(»>)■ J (v^^) rftViTT^^' 


(A/)'"'Vl'', (“i,-’;' ■’ -p ) 


r(2H-i) V 

+ r(i)r( ,0 ^ 


ii'i ('’"V+s/a'-' ’ )' ^ 


r (• <1 A) r (a-|™‘V2) 


R (a) >- 3/2 and a is not an integer. 


(17) 


5. Now we shall evaluate one linile integral eonlaining \Vu,i» (.v) witli the 
help oi Laplace transformation in two variables. 

We know 




q-^p-b 


0 for y > A' 
(?i*yfor> <x 


(/) 


From (c) we have 


-m 




p {p •+ (?-H) 


dl 


r (m) 


:i{p-\g) 


w 


w/2,m 1/2 


Now with the help of ( / ) we get 


L. H. S. 
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where 4^ (x, y, t) = o for v > 


e for y 




t e 


CO ^ 

dx ■{ j <l> {x, y,l) -Y 


Q 


I 


CO. 

j <i> {Xy :y,t) dy 


CO OO. ^ 

T r'/‘ A [ I d., J ,h 




t n 


CO, .J- 

J c -/" .v.,;.v J 


1 


« ,--i/i I r ? ,. .-4M-(5-H),rt 


J 


</( [ j <!y j -v- '■ 

o o 


dx 


CO 


t i 


' 


1 1 

dy I ..—'I 

l/'-l- ' J 


il I , “•' . I *“'• dv 


H’'". r-i, t 

J ip+^r:^ 


ill. 




-nH-2/^ 


W 


"Wr 


•1-2/2, w- 1/2 


( -2 - ') 

\ i)~Vd y I 


(ly 


7U 



or 


1 

J 2/2 ^ yl^{p-\"<Jy) 


■ot+2/2,w™-1/2 ( 4y 


)w , 

?r2j) ~w2/2,m---2/2 f 

\ p’^r^ / 


Putting q 

= j{» we get 


^m-2/2 

(l_]_.j>,)—w+2/2 




Mm 



w 

m%vai% -rw/2,w-l/2 ! 

^ 1 \ 
t 2)0 


guidaJ^e *^hTp;«p\SoVoVft?™:pT >*»1P «•< 
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ABSTRACT 

Tn this paper a few infinite integrals involving hypergeometric functions of two variables have been 
evaluated in terms of Lauricellas’ function and Appells’ function , 

1, Introduction : — The object of this paper is to evaluate a few integrals 
involving hypergeometric functions of two variables by applying the parseval — 
Goldstein (3) theorem of operational calculus ; that if 


<■/) ip) h if) 


and 

then 


ip) T S (0 


00, CO 

(LI) j t ^ <h (t) g (t) dt - j h {t) \j/ {t) dt, 

0 o 

when the integrals arc convergent. 

The notation </> {p)r.. - ft stands for the Laplaces’ integral ; that 


IS 


CO 


<f>(p) =p j e h (/) dt, 

0 

where R (^) > o and the integral is convergent. 

We require the following results (1, p. la7, cqn, 43, 217, 198). 
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( 1 . 2 ) 



l2n (2V«() l2p (2Vrf 


- c'‘ /' r (/H-H-P) y 
r (1+2,'.) r (1-1-21') 


Vi (» + 1' + 1‘ ; 1 + 2/s 1 -1- '21' ; '() 

P r 


Valid for R( j!>) > 0, R {v -j- /' /'•) > 0, 

(1.2) has been derived from (1, p. i87, cqii. 43). 


(‘•3) J2;i.( 2'/''0 J2p(2V''') 


J' / I'O'+H-i') 

r (1+2/0 )'(i+2(') 


^_„_/._p+l + ,' + ,.; 1 0- 21S 1 H-21> ; . ^ , 'f ), 

valid for R (/>)> 0, R (v -p i> -■[- /-<■) > (,). 

(1.3) has been derived from (1, p. 1B7, eqii. 43), 

(1.4) Wj.^ (a/t) (2 V « 

valid for R (o) > 0. 

(1.5) i-™-i i;„(() ■Ly:^fz r (i m + ") P (P ■ 1)“^^ l*'" 

U “ 

valid for R (| —• m i ») > 0, R ( /;+ 1) > 0. 

Also (4, p. 342) 

(1.6) t^'~^ I^J (/) =2^^ V2/7r ,/) (p*^-- l)“"*“/’‘^ (p), 

n--'i 

valid for R (i + ^ Hh ") > R {p) > 1* 
and (5, p, 222) 

(1^7) (X + 1 ; X + 1 , 8 + 1 ; -a/t, - b/t) ‘L- 


2 r (H- 1 ) 

■,X/2 ^S/2 


^X/2 - 8/2 +1 
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valid for R (/.) >0, R {a) > 0, R {b) > 0, 

(1.8) Fg (i p, I + /X, i — P, ^ — /A ; 1 4, X ; — tj'la ; - t(2b) 


valid for R (H-\) > 0, R (a) > 0, R {b) > 0, 
in the investigation, 

INTEGRALS 

2. The first of the integrals to be proved is 

CO 

(2.1) j ^x+H-H-(‘-i . x+i, s.|., . 

0 

i/’a (y+/H'-/’ ; 1+2/x, I4-2P ; d, et) dl = x-f y-jl/!^/ ^ X 
Fg [X+y+Z^+fi w+M+P ; 1+8, 1+2/'-, l+2p ; hla, cja, r/a], 


valid for R (\+y+^+P) > 0, R (s/a d; ^/b > R ( c d:: ^ e)' 

To proved (2.1), we apply (1.1) to the operational pairs (1.2) and (1.7), we get 


09 

^ +"/ xd "‘ y +'/*'“"' 1 

o 


'/■'a (X+l ; \d-l, 8+1 ; at, - ht) x 


(yd-M+P ; ld“2/S ld"2P ; d, et) dt 


4 r(ld-2p) /'(ld;2p) /’ (I 1-8) 

T (t;d-p+/x) c'*' e!' b^l‘^ 


j S+2»-l (2V5)Ig (2V4i)I^,.(lv'c()l2,.(2.«)*. 


The inlegral on the right can now be evaluated on using Sliarmas’ result (G) to vet 

( 2 . 1 ). 
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We mention below lome of the particular cases of the general rciuit (8.1). 

(i) If b==^c, then (2.1) reduces to a known result (1, p. 223). 

(ii) If and v^o, then (2.1) yields a new intcgml for Appclli’ fuactiaoi Fj 


©D 

(2.2) j 1 . x»pi, s-f I ; (it, hi) 

<■) 


if'l (/' 


1 '-[“2/^ ; <</) ™ 


r(x-h/H--A ) 


F.1 [\+/A+/', ; 1-1-S, 1+2/^ ; bja, «/«], 

valid for R (X+Z-^-F/^) > 0, R (v'^ :h , 
using the relation (2, p. 430) 


il'l ; l + !.h/-/ ; .X) .-rr..v' Mj,, n. (.v) 

and the well known relation 

(2.3) i/'a(z'+^ ;y+l,»-l-l ; ±x, ^y) f (v-\-]) {xy)’ c ('^**1’'^) ^ 
in (2.2), we get a known result (7). 

(iii) Assuming z)“l, /^ = S, using the relation (2.3) in (2.1) it 

reduces to 

CO 

J ^,„(a^-),_c--c) t j CZ/e'et) dt 

o 


= r (x-i-/ ^+i) (c^) 

r(x+i) roHO 


fc [14"^+/^ ; H-Z* ; H-X, 1-1-/* ; /;/«, eja^ eja]. 

On evaluating the integral with the help of the result (1, p. 19S). 
Wc obtain an interesting relation between and F^. 

(2.4) Fj, [l-l-2X-l-2/<', 1-1-2/* ; 14-2X, 1-1-2/s H"2/'<', x,y, ^:J 


i+2/*; 


(l-j-fV— y-“^2) 1'4: ['i4“-k-l~'/‘*') H A.-i-/*' ; 14 - 2 X, 

4a" 4yz 1 
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The following integrals can be evaluated in the same way from the pair of 
the formulae (1.3) (1.4), (1.5) (1.8) and (1.6) (1.8). 


(2.5) j 2 

o 


'/'a (n'-h/M"/’ ; 1+2/s l+2/> ; —et, —et) 


at ^ r (kfv+pr±m-i) v- /^-P 

I'd [/;+»+/+-/)— OT-- 1, A:+»+/H-/'S ; l-\-2p, l+2/> ; — eja, — eja], 

valid for R (/c+y+/H-/'+wi“-+) > 0, R [« + (^c R; y'^;)*] > 8. 

Assuming y = p. ^ i> and using the formula (2.3) in (2.7), it reduces lo a 
known result (7). 


j [ (H-«+fO'^ 1] 


in 

P 


(/+«+/;) 


Fa [i ; + /', ; l+x ; - -J...., J...] dt 

t lu 2b J 

= V ( H-/^"X--m±«+^) ] 

~ /' /s (’r) /’ (^-.^;,j.„)a“'^' 

Fd'lii {—in M+f’i+Z) X“l”ir)> i ( - //i-l'«-|--/^+/’ — X+4) J 1+/S l + A*- ; — — i*^], 
valid for R (1+X) >0, R {-m±n±i^±p \) > ••- i, R {a-\-b) >1. 


00 

-1]“'"^+” (<+«+*) 

o n-1/2 


s 4+P» i+/^, i—fS ^• 


M ; 1+X 


/ 

liy 



dt 


2 r (1+X) r (- /o r (?«+« +/^±P“X+i) 1 

/S 2^ --ra-l-2 ^jm+n-f^-- ■ X '■ r («+ 1 ) 
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1 /p 

F 4 I ^ X-l A) ; 14"'' ; ^ » ^S' 

Valid for R (l+\) > 0, R (m+«±/«rLV>-X) > -■ ii, R (H“/0 > 1- 


m 

In (2,9), we have used MacRobcrts’ dchnition oi dO^’)* 


REFERENCES 


1. Erdelyi, A. ct al, Tables of Integral transforms Vol. I, (1954). 

2, Erdelyi, A. ct al, Tables of Integral transforms Vol. II, ( 1954). 

3. Goldstein, S., “Operation reprcserJtation of Whittaker.s’ confident hypcrgcmnetric function an ' 
Webers’ parabolic cylinder functions”. Proc, London Math. Soc. SI, 103— '125 (1932). 

4, MacRobert, T. M., Spherical Harmonics. London Methuen and Co. (19'17). 

5. Sharma, B. L., Thesis for Ph. D. degree (lOtH). 

6, Sharma, B. L., “Integrals involving Legendre function“.Scminario Maicinatico Dr Barcelona, 
Vol. XVII. pp. 85-93,(1965). 

h Saxena, R. K.j “Integrals involving Bcs-scl function.s and Whittaker functions” IV«?, Comf, 
Phil, Sac. 60, 174—176 (1964). 


r 71« 
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ADS 1 RAG r 

\ 

In this paper, a new gencralijaiion of the Ilankel transform has been iniroduccd as 


f hP 

o 


2y 




,<jj„ — flp 

— bq 


] 


with the help of a symmetrical Courier kernel u,vcn by R. Naiain. Various other generalisation* arc 
obtained as particular eases of this Two theorems hayc been established and some new sclf-rcciprooal 
functions have been obtained. 

I, Rcccatly R. Narain (8, p. 951) has given a symmotrical Fourier kernel in 
tcrmi of G- function ag 


(El) 


y-^ a t 
2 ^yx Gi’J 


2p, 2q 



flp* “ Ui, —Op 

bq, — bi, bq 


where ^ and y are real aonstanla. 


With 7=1 and ^9=^ this can be reduced to another Fourier kernel (10, y, 

298) 


( 1 . 2 ) 


<s/X 


r "iH 

d-pi 2(/ L 4 ^ 


With the help of (1.1) a new generalisation of Ilankel-transfonn may be intro- 
duced in the form 


CO 


(1.3) g{x)^2[^y j {xy) 


y-^G^PP 

^ 2/;, 2(j 


2y 


(P{xy) 


bqt-^-bi, 




By using a simple identity (1, p. 209), (1,3) may be written in a more compagj 

fpyjn 



(1.4) s(>^)=2yp 


1/2t 


CO 


2/», 2./ 


27.1 

47 

-frti, ...; 

27-1 
’ 4y 

2''“i 

-4*e/|,, ' (1 

27-1 

47 ' 

... 

27 " 1 
47 



»j'.f *'^1' 

2)M . 

4y ' 


Further it has been given in (h, PP* ('-M yh:Uls variou.s uthcf 
generalisations of the well know Ilaukci trauHlornu 

(A) With y=- 1, where « is a positive integer, ami setting llie paruinc* 

ters suitably (1.1) reduces to 


(1.5) 


A'-’ G 


U,0 

0 , 2n 


.v' 

2“" 


2 


/'■t 

V 


(.V), 


whereto _ (a) is th,e kernel defined Ijy Bluitnugar (3, p. 43). 

» ' 11 

(i) when n= 1, this gives the HaukcFs kernel .v- jv (.v). 

(ii) If fi = 2, (1.5) gives 


( 1 . 6 ) 


I lb I 2 ’ 2 




G). 


where (a) is the kernel, given by Watson (14, g. 31)3). 


(B) Putting /5-. (~ V'- :hh 1 giving suitable values to the*, pai.tmetcrs 

(1.1) we obtain 


Hi 




('IJ ’ 


2k 


... ''-[i'—l V- /...| 
4 ^' 24 : ’ 2 /. ’ 21 ; 


1'— 2 1 
4 ’ 2k 


■■■ 24 
24 


v,4 


(A\ 
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wkere ^ is a positive ititegcr and .r J ^ ^ (x) is Everitt’s kernel (5, p. 275) 

(C) Substituting s/~l, (/==2,p = l and choosing the parameters suitably 
in (1.1) we get 


(l.») 


V2 



4 


-rri 


Z “i 


1 

4 


r 

>; 







■t 

- ^ -f 

2i' v,k,m 



which plays the role ol a kernel in another generalisation of Hankel transform 
(9, p. 2/1). 

The object of this paper is to determine a condition, under wliich 
can be a solution of the integral equation (1.4). Here we will also give a proof ot 
the converse followed by investigation by means of it of some new self-reciprocal 
functions under various generalisations of Hankel transform. 

2. IHEOREM 1 : A inucessary and sufficient condition, so that a function / (x) 
of A (a, a) may be self-reciprocal in (1.4), is tliat 


.1 function 
a proof of 




( 2 . 1 ) /(.•)- 2 


TT 






c— ico 


/ 
'/I 


77 r ^ 


47' 


' 2y) 

i/' [s) X ds, 

a + 

; 2y 


where ij/ (^) is regular and satisfies the condition 

( 2 . 2 ) ^ {s)^^ {\^s) 

in the strip 

(2.3) a<tT<: l- a 

and 
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idr every anci uniformly in any strip mterior to ( 2 , 3 ) and c is any value ol" in 
( 2 . 3 ). 

PROOF : Let us now investigate the form of the function f(x)r which satisfies 
the integral equation 




1 

00 



( 2 . 5 ) 

/(^) 

2 r 

= 27/3 

O; 

0 

2? 


’ 

1 2r~ 

1 

27 “i. 

4 ^ <1,1, 

, .2^-! -0, 

27 

47 

— 4 *^ 1 ) 

■*•’"'"47"' 

47 '' 

p ^ ixy ) 

2r- 

47 

1 

27-1 

4.7 


27- 1 , 

-4— - h . 


IXr.} 

’ 4 y 
2 y — 1 

> 4 y“ 




dy. 


or in other words the function / (a:) is self-rcciprocal in the gcncr.alised Hankel trans- 
form ( 1 . 4 ). 


Let F (^) be the Mellin transform of / (x), then 


( 2 . 6 ) F(i)» f{x)dx 

6 



o 


ft\xy) 


2y 


I . 27-1 

4 r + '•'» - 1 " 

27-1 


27 - 
47 




I--- » 


27 * 


47 “ 


27-1 27-1 , 27-1 , if ( j>)dy 


47 


47 


CO 

y-‘m 


dy 
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CO 


/ 


W2y— 1 


2p, 2q 


r 4y ' 

P '^l:z}+b„ ,. 


\ 4.7 


2y-l 

47 


4-flp, 


.iizi +*<.. 

47 


2l~^ 

4.7 


ilri-K. 

4y 


2y--:i 

47 

2y-l 

47 ’ 



dx, 


on replacing 


{xj>) 


27 


by X and changing the order of integration. 



X F (l-j). 


The inversion of the order of integration in (2.7) can easily be justified by dc 
La Vallee* Poussin’s theorem (4, p. 504), if the integral, involved in (1.4), is absolu- 
tely convergent and Mellin tranuform of l/(x)| exists. 


If now we suppose that 



we See that yp (s) satisfies the functional relation (2.2) and therefore by applying 
Mcllin’s inversion formula (IS, p. 7) to (2.9) we obtain 
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OO 


L'l " ( -t- 4 


(2.10) /(*) = 'M \ 

c — i°^ 


«/' (s' di. 


P 


j=l 


( 




a] 


s 

27 


The further proof follows as in the corrcspanding theorem oi ilankel trans- 
form (13, p. 2i2). 


3. ILLUSTRATION: The MclUn transform of function 


r+p,r-i~q 


2y-l 

47 

2y---l 

47 



27- 1 

-f-dr, 

27-1 

.y 27 

^1) 

’ 

47 

’ 4: 

4 - ^ 1 ,... 

27-“ 1 

’ '^*"47 

’•{Pii, 

27"-i , 

“ 47 

/. 27' 

/U. • . 




O 2r il + q - p, 


1% 


iV ■*■*'■*■* 

j=l .. . 

\-Jl. f/'27-“l 
/II V 47 
j=t 

^ 1 - j 

f ) 

p r/27— \ , 

T-r T “i flj + s 

\ 47 ^ , 

\ r p / 2^74-1 

/ 1 1 \ 47 ' 


M- ) 


j-=i j-i-j-l j = /'~)r’l 


Hence using MelUn’s inversiern formula and replacing ;c by (h'P' and ^ by 

~ we have that 
27 




27 G 


r+p, r-^q I 


j3x 


Ay 


4.7 


, 27—1 , 27 - 




27-1 27-1 , , 27-1 

47 4*7 +(>it 


27—1 

4y 


4 7 
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X 


IT^' 4-) IT" (V +^<+ i) 

i_.- B ir^ 

r r -/3— 

I 1 V 47 2yi I 1 I 47 27 / 


(5— t 


j =. 1 


^ p /27+I 
I I \ 47 

j--} 


Ty) 

("47' -!-'«<+ ^^) 


.S 

X (H. 


j - l-{-[ 

Thus in (3-2) the right iiand side is of the same form as that of (2.1) with 
I /27 “-1 , ,, , A' ^ I p/27+i 

J-| r(- 4 y +'’‘+27) ,rr H 4 y- -"'--27) 

I 

11 ( 47 ^ ^ 27) 1 1 ( 47 ^ 27) 

i=ffi i-H-i , 

which satisfies the functional relation (2.2) if 

j=l, r. 

Therefore we find that 


(3.3) 27G 


/•+■(/, I 

r 

r+p, r-\-q 


27 

,^x 


■277- 

1 , 

27-1 , 27-1 

27-1 

47 

- + 0 ' , 

’ 47" “47 ’ 


27 - 

4 y 


27-1 , , 27-1 

» 4 y +^‘ 1 > “ 4 y‘“ "“l' - 

27 1 

'"“47" 


'] 


is self-reciprocal in (1.4) provided that <2l — \{p- (f), 

27 min. Rc(//j)<Re(.v)<~H.^.~27 max. Re (aj), 

and --r)^^+27 nfitt* Kc (rtf)<Re (5)< max. Re («i) 

I, 

Many known and unknown self reciprocal functions can be derived a.s parti' 
cnl^r cases of (3.3) under various generalisations, given in section 1. For example; 
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(i) With y = 1, /3 =1 and rei^lacing «j by — i, js- 1. r ; aj by aj 

p and bj by Aj— 1, 1, q, we obtain the function (12, p. 1 18)’ 

which is scll-reciprocal in the transform with the kernel (1*2), ’ 


and (ii) when y-l (3 = ^, p=o, q^ \ and function (9, p. 286), 

sclf-reciprocal in Hankel transform. 


4. THEOREM 2 : If the. function V($), defined by (2*6), (wherein the func- 
tion f {x) does not contain the parameter (s) satislies the functional equation (2*8), 
then the function f (x) is defined by (2*5), i.c./(.v) is self-reciprocal in (1*4). 


PROOF : By using the known integral (2*7), olitaincd in the earlier section 2, 
for the fraction involving Gamma-functions, (2 8) may be written as 


O *■ 


, 1 

s/r I 

‘ J- 


1 


2y 


q 

71 

7-1 


p (27-1 

\-Jy- 
\ "4y- 


n 

7'~1 


+^i--* 


j; 

2r 





(4-1) 


= 27^ 


^ CO 

l/2r J /(,) dy j ;■ 


G 


q, P 

Zt)> 2q 


/Q*(«>) 


27 


27-1 


27— 1 I , 


27—1 


74 


27-1 

47 




27—1 

4.7 




27- 

47" 


■■+b„ 


^yz 

47 
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-J 

1 1 

.V dx J 

r 

^ 2yp 

1/27 





0 

Q 







!?. P 1 

r 9'v 

! 27-1 




27 — 1 , 

•. 47 

27-1 , 

S 7 -I 

47 ■ 

fWy 

G 




2J). 2(j 


27—1 
i 47 

4-4*, e. 

2v— 1 

2v-l , 

47 ’* 

27-1 . 



on changing the order of integration. 

By using a known result (6, p. 3) the integrah, defining F (s) and F ('1— f), arc 
convergent, if 

/(a) r^O ^ ^.1 j ajA'-vo and 

f(^x) =0 ^ j as.\-^co ^ 

Therefore in view of the u.symptotic behaviour of Mcijcr’« G-function 
(1^ p. 212) vve see that 

(i) the ;('-integral in (4*1) is absolutely convergent if 

^2 7 rrin. Re (/)j)<Rc (s)< ^ — 27 niax, Re (flj) 


and (ii) the ^---integral is so, when 

7 - 1-27 rnin- Re (^j)^ 1 R<^ 1 > ^ and 

I ^ 


7—27 max. Re (<3!j)4" I (^"^) 1 ^ ® • 

’ I 


Hence the change of order of integration in (4-1) i> permistible by de U Valles' 

Poussin’s theorem. 
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Then 






^ ^ / («:) F(s) = A' ^ ^ dx 


X J 2r^ 2'^ G 


?. /> 

2j&, 2(7 


27 
/3‘^ (a;)) 


47 

:iL: 

4-7 



27- 1 , 

2y— 1 

27.. 


4., 

X / 

* 47 


'.'7 1 , , 

’ 47 

27 • 1 , 

4., ^ 

* r 

27 “ 
* 47 


X /iy) dy 


ox 


m 




Q^i P 

m 


27 

^\xy) 


27-1 , . 27-1 , _ 27 


47+“' 47 +“'■■ 4r' 

_l;,_ j.a 

47 




4 7 


27-1 27 --1. ‘iy-l 27 " ! . 

- - HA, 


X /( >) a] d.\*^o , 


Since (4*2) holds for general values of the parameter j', which occurs in the in- 
tegrand only as exponent of a (with respect to which the iuteip'atiou ii pcrlunncd), 
it follows by an obvious rnodilication of XatcIi’s theorem (7, p. Lrhl) that the inte- 
grand is identically zero, that is 

1 P 

I G ^ 

/ (a) « 27/3 2r J ‘^P> 


2y 


/3'^ (xy) 


27-1 , 27 

A ■ ■ 


47 


hr', .a 

'''■■47 “‘■•■■'47 ' 


2t_1 27 - 1 ,, 27 


Jij' t <iy 


.17 ■+« 


whence the proposition. 

4 1. 1 ARIIGULAR Gi\SES : Taking />««« 1, (j- 2, y** I, /h- 4, a, 1“— 

V V V 1 > f A 

■2 * ^ 1 =“ 2 * 2 H- 2w, we shall arrive at the ease due to R. K. Saxentt 

.P’ ‘'‘s i>'i i^ddition to above substitutions having k-l viw»4, we 
pb^ain H. G. Gupta’s page (6, p. 4). ?• » >0 
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h. Consider the function 


/<■)” 


p 1 <J!in 

1 /5x. pB 




Its Mcllin transform (2, p, 337) is 


’('■-“i-T) 


(5.1) F (s)^ 


« \ / i' \ 

iu, I )iu;, 


If F (j) satisfies the functional equation (2’8), then equating the values ol 

F W 

^ from both the equations (2*8) and (5*1) we get 


( /i ) 


(5-2) «»«-i 


) jj r ( 7)13 r( 1— £-7) 

j tc cr-f"' 1 J ^ i 


3 r (; 4 /Ji- ir) I " r (i-ft- ,9 r ( 
i'=! jL,+i j=i 


fl 

j to r-\~ 1 

rV('+r) ‘ 


i 1 


J— ^ 

27 “V 


-7 ^ s 




^ ' 27/ 1 1 r \ 47 .27 


mm 47 

1 
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Applying Gauss^ multiplication theorem to the right hand side of (5-1^) we 


(5-3) a 


TT^ ( ) JT ^ ( '■ 

2,-1 J = ‘ j = <r+l 


1 „ X \ T 

,:-Pi+ 7.) ' i j 

j- 1 


I I r(l+ft-i)yj ‘JjL r ( i ■ ■—•i+i) 

j ^ I ; •= O' -}- 1 ./ ^ i 

fr +“<- ;) 

j r~|" 1 


, I I 

J s.-: r-j” 1 




1 J 

^ K 


? r ^ P / 27-1 , , i' i™.i. 

( > _Z) .1 I f.ll ' ( 4r4 + F+m + i )] 

.1 I H I \ iyk + i ■ ' 2y/t+ * jj 

J — • 1 i « I 


f ^ t—iv 

J 1 L I I V 'm- T'^' 2yk^ k J 

.;=i j ==i_ 

. I I ^ I I V 4v/c 2rk^ k j J • 

J=1 

where A is a positive integer. 

particular only a few ate mentioned here as 

To secure the equality of parameters in (5’3) wo see that, if 


(A) k» ^ p^,2y, 

7«l, .»,p and ___ 


(Tttrg, T=no, m«^p, nmq^ aj « 


4 y d'Yii- 1» ..., q, we obtain 
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(5‘4) 





4 y *^1’ 

27 — 1 





2 y— 1 
4y 


-\-br 


as a self-reciprocal function in (1’4), provided that q > p and~~?^ *2? min. 
Re(i’j) < Rc(0. 


27 27- 

(B) As=2r <x = (3 2 , p=x4y, cr- q, m = 2p, n=2q and 

choosing the other parameters suitably by different combinations of Gamma-func- 
tions on both the vsides of (5 3) we find that 


(i) the function 
(5'5) G|^^2, 

27—1 Oi 27 — 1 flp 27—1 2V--1 flp 

27-1 h 27-1 2^-^ h 27—1 

B7" 2 ' ■" iiy + V > -gy-"" 2 87 ““ 2' 


is self-reciprocal in fl,4), provided that 

L_ZZ— 27 min. Re (^j) < Rc (s) < — 27 max. Re (aj), 

2 ^ 

(ii) the function 




47 


C7— 1 (ii 

87 '^2 


27-1 

““87 





67 — 1 <7p 67 — 1 <1i fiV' — 1 

87 + 2 > T St 2 

27—1 l>q 27—1 27 1' ^ 

~« 7 “+'' 2 - “87" ~T ■■■'• “aT'" 2 
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IS also self-reciprocal in (I.l), provided that 


L^_ 2 r min Re (Aj) < Re (,y) < 
(iii) the function 


2 t max. Rc (o,)^ 
1 ^ 




2 y 


Ry" 


2y -1 , a,, 2y.-l 

T 


^d, ii ^>7-1 , bn dy-1 
dy ^ 2’“'’ Hy -r 2 ' By 


2 y^ 1 

■ Ht"'" 

(iv-l 
’ By 


is a self-reciprocal function in ( 1 , 4 ). provided that 

1 — ’Gy , 

“~9 Re (/;,) e Rf. f Rf<>y 


and 


(iv) the function 


-Ry 



1 




^ 4y 







dr—l , 

"i 

2 ’ 

Gy — l 
By' 

- , 

‘ 2 ' 

fly...! 

By 

' 2' ' 

By— 1 
*• \\y 

Gy— -1 

Oy ^ 

K 

2 ’’ 

By.....] 

-I- ■: ■ 

By. , \ 
By 

h 

By 4 
By 


Up 


, ^ V‘* v» F‘'^vuicu tiiat 

!< — 6y 

' o *~2 y rnin. Re (bi) <• R<v /yN ^ l“l- 2 y ^ 

^ . U; ^ Kc {s) < ^ _ 2 y mux. Re (ai), 

riie functinns (.5.4) to (T) B) will vM i 

functions under various geiunalisntioms of th^e%h!r/‘'i^^ scIf-rcciprocal 

As for example with 1 , «-c 2 , y- i p.:/ 'd m view of section L 

we obtain known cases ( 9 , p. 2 B 7 ) and (fl,' 

, autlior wishes to exnresfl 1 n *< .1 

for his constant help and guidance in prcinrulion'^f ’ of Indore, 

I A^iHUiUion 01 tins paper. 
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SOME POLYNOMIALS OF SHEFFEll A^-'EYPE ZERO ( I ) 
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APhTHAGT 


(«) 


V’-V 

Shrivastav (196t) has studied the polynomials A (a) dclined by 

n 


(tx) 


[ui n / , n—r 

A (,) =. 2 (-1/ [ “+’• \ * 

n r = 0 \ r / {n—r)\ 

Sylvester has studied the polynomials 

* w = 2 (-1)' ( 7 * 

n r<=0 \ ^ / (« — r)l 


In this note the author has generalised </»^ (,v) in the form 


<}> (x) ^ -2 (-1/ 

n f =>0 V / 


a:— ■«\ X 

(n-r)l 


and has obtained various recurrence relations, integrals and expansions 

(«) («) 

wvolvmg A (a-), (/j (x) and </j (x). The expansion ol’ A bv) in terms of the 
^ « n n 

modified Bessel function of the first kind with an arlntrary parameter X seems tq 
be worthy of note. 


1. INTRODUCTION 

Recently Shrivastav [ 15 ] studied the polynomials 
(“) 

A^ (x) satisfying the relation, 
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CO 

S' 


f »» 0 


(a) («4-0 

(^Xi ^ ^0 , n ^ ll 

;«) 

Ao (i^) 1 


(a) 

where (A'j is the generalised Laguerrc polynomial. 


He showed that :- 


— i) 

,,,,(“) “ , ("+r \ X L (—x) 

(1.1) A (x) = V (-1) I > ) („-r)'r '■ 

r .= 0 


and 


03 „ («) - 1 - « Xt 

(1.2) li l" A (*) .. ( 14 - ) • ' 

« = 0 


Sylvester has studied the polynomials c/)„ (x) [ 7, p, 2^5 | 
defined as 


n ^ ' x\ a" " '■ 


(1.3) 4,(-i)(7) 




CO « 

SO that 155 ^ </) (.AJ) - (1—0 . e 

« = 0 " 


The generating function in (1.2) has earlier been used by AV-Salam [ 1 ] in 

connection with his study of the Bessel polynomials. Singh [16] has also studied 
(a) 

some properties of (a). The object of thismote is to investigate lurther proper 

(«) 

ties of A^^ (a) and (a) and to generalise </>^^ (.a) m the form 
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-v'"" 


( 1 . 4 ) ^ 


with generating function 

CO „ (/^) -~A'- /5 xt 

(1.5) S /” .(■„ (*) = (l-o • « 
n=0 

In a recent paper Rangarajan [ 1 1 1 has studied some general properties of 
Appcll polynomials ol the type of A (at) ; but the results al)Out (,v) in our 
paper are entirely different from those of his paper, 

2. The following results will be required in the investigations that f()llow : — 


(a) (a,x) -- 


where (a, x) is the pseudo-Laguerre polynomial defined by Shivlcy [ 14 ], 




where (x) is the Bessel polynomial as considered by Al-Sahm, i 1 ; 


i-j-m - A j. ; x 

(c) „(*)-. . ,F, f 

14-2 m 


where (x) is the Whittaker’s function. 


(d) M, (xj^ f, A 

f'TTi 0 ^ M ^ 

cc 


1-2 m 


4 "** 7W "h 




e da 
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wliere the path of integration starts at infinity on the real axis, encircles the 
origin in the positive direction, and returns to plus infinity on the contour 
\t \ > \ x\ . 

(c) (Slater’s expansion) [ 17, p. ]* 


iFi [ b; X ] 


CO 

V 


n = 0 


-1) 




I 


b 


(i x) 


(0 1+1: 

n — 


, .k k r Z 

Tf 1 - ^ 


1 d“ 


C\ *1 


r z 

B 


2 , 

where 10 Z e and | «> j <e 

For the proof of ( /) see Bromwich [ 4, p. 160 ]. 
(g) iFi [ « ; « J x+y ] 


CO 

V 


r 1= 


(c «),. a-^r;x^ 

0 ”ll«+r~“ r)^'Tcj2r' ' ^ c+2r 


lO 


fl+r ; y 

c+2f 


iF’i [ fl; c; flj] . il'i [ f; jv] 


(-1/ W, (‘-0), yy ra+r;*+-j.l 

--vrw; -W 2 ; ■— ’'^l«+2r 1 

r=r.O ^ 

For the proof of (g) s,;e Burchnall and GUaady|*[ 5 J . 


^ 'I he factor (/;— <7 - ^ j-n) is missing in Slater’s Book and should be inserted.. 
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(a) W 

, ■ We observe that A (x), »/)^^ (x) a.i\d <f) (a') though not orthogonal ate 

n n 

simple sets of polynomials with Boas and Buck [ 3 ] type of generating functions. 
Hence they are of Sheffer A-type zero. It may be remarked that (,v) and 

W) («) 

<P {x) are not Appell polynomials. But A (.v) is an Appcll polynomial and hence 

n fi 

satisfies the relation, 

■ (“) 

d A (x) («) 

(2.1) ” = A (^.). 

dx n—\ 

It is easy to sec that 


(«) 

(h) A (x) 




1 


(i) A (.v) = R ( — ti, x) 


(«) II 

( j ) A (a;) = . Yn 

n Ml 


\ ,v ‘ / 


3. Recurrence Relations, 


Using Sheffer s theory [10, p. 225] wc may immediately deduce 


l(«) 

d A (x) 
(3.1) " _ 

a ,1: 


(^') tt-i ' /c {a) 

riAuix) (Id-A-) V (. 1) A 


n • U- k 


d (x) 


‘ /c^ 1 


t-u..k w 
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ft — 1 

(3.3) {x) “2 (.v)= ^ (a;) 

Following Sister Celine’s technique [ 8 ] we obtain 

(«) («) («) 

(3.4) Af ('^) + (a;) -n (x) ==0 


(3.4) with (2.1) shows that A^ (a;) satisfies the differential equation. 


( 3 . 5 ) » =0 


Proceeding as in (3.4) we find that 

(3.6) (ft+1) (x) - (ft+2 a:) <j>^^ (x) + a: {x) -0 

The following relations follow from the relations 


(«) 


(a;) 


..fJ 

„ 1 L 


-w ; — a: 

-a . — ft 


/ r-n,l+o:Vl1 

Vj2F„l - *1 


and the contiguous relations of the hypergeometric functions 

(«) (a+1) («-hi) 

(a) A,^ (a:) * (^) + W 


(a) («+l) (a—l) 

(b) (a:+«) A^^ («^ +(«+!) A^^_j (x) =a: A^ (a;) 


(«+l) («— 1) (a) 

(c) (a+l)A^ (a)+ xA^ (Atf) - (A:-l-«^-ft+l) A^ (a:) 


(«) («+ 1) (a+2) 

(d) ft A^^ (a;) = (A;+n) (a) _ (a:+2) A^^_ ^ (a:) 


(e) (a+1) A^ (^) + ''■ (.r) == (a+ft+1) A^^ (a) 
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(«) 

‘ iov Re « > — 1(4.3) can be taken as the dciiiutlon. ot A {x) and used to 

derive various relations, 

From (2, d) and (2, h) we have 


a 


(4.4) A 




(0H-) 


n 

where 


n 1 2fi' i io 

« = 1 ^ 0 , 1 , 2 , 






.V 

I 



dt 


For those values o( a for which (4,3) is not valid, (4,4) can, bo oonstdered 
an analytical continuation of (4.3). 


Again by term-by-terin integration we derive lor « > n-^i 


CO 

(4 51 f l“"'‘ 

r '(l+a) i I w 


■ 1 -/ 9 ) 


w 


and for /? > «— I 


r(n-/3) c/ „ w* y 




(.V) 


where P {x) is the Jacobi polynomial. 


6 , Expansions ; 

Consider 


CO ^ ^ / I 

nl s 

A=1 
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n 

r 


r = 0 A = r>l 


(") 


k-r k 

< to 

(-t-r) 1 


CO ^ ^ 


4 - s 


CO 

2 


k^l *1 'rll kZr 


,k-r k 


{k-r)\ 


1 

1 -|- -|- V 

1 “ r^.\ 


r) 


J ^ (J-^r ) 


k k 


k ^-0 


k I 


Using (2,1) we have finally. 


(5.1) a! V 

k^A 


” A” " J {-If </,„ (- 4 ) 


k 1 


,, M 

H" [—z 


Fut.2::=2 then since j z« | < <; ^ we have 


^ k ri ^k ^ (_/c) 

n I :s - ^ -f 1 

^ BKS 1 ^ I 


Similarly for /3 0, -- U ""2, 


" ‘ h\ 

A -0 


k— n- \ ,k 




r»0 


{ n\ (^"1“/^)^ L 

U j ”~ (A:- 4 ) 


n 

^ 2 

r -0 


C) 


^ 4 -^ fc=={) 


( r4- ) I A4"^HrjQ ) 


A-l A: 


4; 1 



Using (2,f) we have 


(5.2) n\ S <|, 

h - H 


/v .--•() 


e r-.() ^ ‘ 




By expanding ' {») and rearranging the resulting double scries we derive 
n 

the following results :— 


(5.3) «1 S A 

4 3M 1 


(«) 


n 


where /3> | and C («) ia the Ricraann zeta function. 


00 . («) 


(5.4) 2 (c) r A {x) ,F„ 

nt=0 n 


c , 1 -|-” (r 5 (, 

xh-l 


(5 5) 2 - 2 ,F. I ‘+''. 

■ „=0 (f-fi);-- ,io ’'ni+«)r I H“->' 


When c -= 1 + a in ( 5.5 ) we obtain (1.2) . 
We have 


hm ( « ^'-l,/5) / 2.V \ ( -“«-«) 


(s-e) 


«i 




0 , /3 - - « ; 
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(-1)“ (l+«) 

S iF, 


ti ; — a; 
<x — n 


(a) 

«=- A (a*) 
« 


Consider 


«, (2<'/ p(-l «-i) 

^ (x) 

A«=0 ( — w)^. 


CO (20 

V 

/c 

V 

(-k)r 

(- 

“®)r / 

l'~x \r 

A: = 0 ^-1 

f = 0 

flO 

-« - 

")y V 

2 ) 

CO CO 

y y 

( 2 t ( _ 

1/ 

(-"«V 

/ i-A y 

A;.-=0 r^O 

r 1 

A:l(. 

-a- 

~n)r 

V 2 ) 

F r 

-a ; {X 

-1)^ 

1 



« ill [ 

'—a—n 


J 




Applying Kummer’s transformation this is equal to 


^{\-\-x)t p - « ; - ( A — 1 ) ^ 


Thus finally we have 


« ■('''•*> (i+«) (-1)" 

(5.7) — 


/o p( 1 “ — a f ti — A) 

I ^ ^ u) 

/c=0 (.-«-« 


(a) 
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Following Carlitss [ 6 ] put 


(i8, 7) 

/ W 


pf’/3 —n, y n) 


(l+i3+y-n)„ „ 


then proceeding as in (5.7) we find 


(5.8) 


!(!+«)„ 


g (*- 1 ) 


« I 


(-if 




( “i. f jM (*) 


= aW (,) 


From the integral representation (4.3) and by interchanging the order ol 
integration and summation we find 


(5.9j I (-X)" A^\v) » .L,!r 


Jbr=0 


(Ul-X) 


n-\- \ 


CO (a-) 

(5.10) 2 — 

A=0 * ' 


CO 


. 


I (*-<)" ' ,I„ (2 xX<) rf/ 


(5.U) ” (-1)'' (*) =■■ T (._()" 

A::=0 tt J ^ 


-t 

C cos \t (it 


Interchange of the order of summation and hitogtation is permissible 
for A > 0. 

Following Al-Salam and Carlitz [ 2 j we have the Turdn expression 

1 2 .<■; 


(5., 2, { *'■'(, )2 

^ «— I «+ I 


(rt-f- 1 ) ! 


r-=0 


( — a ~-\\ J (*4"^ 

( r ) I A (*) \ 

t- n»— .f I 


[ 745 ] 



1 • - . 

which is positive for a ^—n. 

Using (2, g) wc derive 


(5.13) 


n 


( A,' + j ) 


“ ‘-‘‘y'f f (- -r M 1 2 

r 2 r 


and 


■>■'•> (tot 1’ *: 


(a) 


(«) 

W A {y) 


(^-r) («~f) 

A (A!) A (y) 
n—r n—r 


tt {-if (^,i) (—Cl) (n-r)lixyY (ec~r) 

sss V A ( 

fsaO r 1 (— a — n)y, ( a—n) 2 f n — r 

From (2, e) wc obtain 


(a) (_i)«+“+i r(-a-4) 

(5.15) A (*) 


CO (-“-4+i:) (--2<«-l)jj. {n-a)^ (-1)^ ^(— 4*) 

^ il=0 

Now in the integral representation (4.4) put 


( 


X yz 

T ) 


( 


t ) 


CO ( “ + ^ i ) 


s 

r = 0 


r 1 


r 



I 


X 

T 


< 1 
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Mence 


I 



CO 


dt 


CO ^ (3/2-j-«+^ +■'*) 

V 1 - ■ 

f=o ^ 1 (._i)«+«-«^+i r(\+f+i) 


A (^0 

n:-(-X-| - l+M 


and 


{a) r (^a) r (^dj CO { -xf 

(5.16) A (x) :S ^ 

tl rt 1 f “O 7” I l'(X 

A {x) 

A.-]- 


^ ^ •f—^) 

Expressing A (x) in (5.16) in a series ol' Bessel iimctlons us in 

(5.15) and rearranging the double series wc Hnally obtain 


(5.17) (*) _ (-')"+“+* (! + .)„ nx) 

« n 1 

r (i- i-<>!) r (— «) 
r ri^-xf FiH-x) 

00 F+^') (2 X), («-f-«+2 X+'). 

^ ^ 

k=0 (-«-% 


r 2 X+A;; 1 , (“-^.u) 

^4-i, «+H-2 X+1 i 


When X = ~ a — J we obtain (5.16) 


The author expresses his gratitude to Dr. Dr. G. B ■ L. Verma for hi. um,. 
atid guidance m the preparation and to Dr. K. N. Shriv istav for nigge om 
improving the paper. He also thanks the referee for the auggcstionl gben 
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ON ZEROS OF A TRANSCENDENTAL FUNCTION ASSOGIATED 
WITH BESSEL FUNCTIONS OF THE FIRST KIND OF 
ORDERS V AND v+l—FART 11 

By 


S. R. MUKHERJI'E md K, N. BlIOWMlClC 
Engineering College, Banaras Hindu University 
[Reoeivod on 2nd February, 1960 J 


abstract 


In recent years specific work has been done by several authors to develop 
the theory of zeros of the Bessel function (z) where v and Z arc not necessarily 

real. 


The results concerning chiefly with the zeros 7 ^^ of the function (v.) 


»r<5 




«!.) 


I. ■*'('- r(v+i) 


03 / I 


U ss I 




VJl 


II. <r ^^\ = l/2a (v+l), <T = l/2^(v+l)“(v4'‘‘^) 


, ,ctc, 


fttid HI. V ’ 

^ \j£ 

where is the ^th Bernoullian number. 

The present paper embodies eKtensions of the results I, lUni lU to th« 
sscros of the transcendental function 

(z) S {f{Z)+v} Jy (^) — ^ + 


under the cases 

(a) / (z) is an even function of Z 

and {b) f{z) is an odd function of z, 

1. Introduction : In one of our previous pui)lication 8 (^) we iUuft,trat^4 
jnethod of determining the zeros of the transcendental fi^nctipn 

f. 750 ] 



(/o 

^ (c) [h OJ, (e) --O, l('^) 

Where (-2) and Bessel functions of orders v and v + 1 widi the 

addition that h is a real constant and v and Z arc not necessarily real. 

The object of the present scheme is to extend the results concerning /.eros 
of (1.1) to that of the function 


-I- V I (z) ^ (1.^)) 

where / (2) is analytic throughout in the complex plane. 

. It is essential to note that the /or os of (c) associated with even function 
/ (.2) arc symmetrically distributed with respect to the origin, whereas the zeros 
of (2) a3Sooiate.d with odd function f (2) rlo not obey such law in general. 


By virtue of 


TiOmincrs result 


(2) 


we obtain 




Jj, .1, («) 



subject to the a.ssunii)tlou that rr,, and /v are any two distinct zeros oi (Z) and 
V [.A >0 ; which evidently furnisht's the idea that the corn non /.evos ot f (■•-) and 
(2) are real. 

On tluj other hand, tin-, e'^slriuT of real zer.>s (if ( 1 ^, (■:) under the case 
/ (<v) -}=/(«) may be proved by introducing inconsistency in (t.d\ when is a 
complex number and « its complex conjugate. 


In particular, if f (2) = (2) wc obtain 
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Cos “ f 


i 


^ J., («0 0 (« t) " 


J, K) J, .-*0 


> Jv M K) 


f Sin rtg--Sin « ■ 

„5 I * 


accordingly. 

Again, assuming «o a complex uimibcr and its complex conjugate, we 
get 


t (Pa-l-Qa) 




where P, Q., R,S arc real numbers, proving thereby u contradiction, rhereibre 
the 'Zeros of the functions | {z) ■■■{■■ v j j (■;..) arc real for 

v + l>0. 


»,/A 


The existence of real zeros of f-t) associated with the Bc.sscl function X 

. ..« jX - . 1 

(^) the Struve function (-s/.^) {Z) can not l.ic traced by virtue of the rcla- 

tion (1,3), and thus it becomes essential tt. r.stablisl, a piocess .o decide (he reality 
of zeros of (z), 

In^ the present paper an attempt ha* been made to ,j,-rivc certain resnlt.s 
concerning zeros of (z) associated with even functions in 'Hicccssion and it has 

been shown that the existence of real zeros depends upon the choice of the function 
/ (z) and the value of Ae parameter, unlike the case under ( 1 . 1 ) which furnLshes 

real zeros of (z) for all h and . satisfying h -f- i' . ■ 0 mid two purely imaginary 
zeros^ for all values of h and v .satisfying h + v < 0 It may however he 
mentioned that the zerosof (z) associated with odd function / (-:) can not he 
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(ietfermmcd by the method described lat«r in See. 4 «j[ue to the unsymmctrica! 
situations of zeros with respect to the origin, but the zeros may be determined by 
irial and error method which helps to dettn'mine the zeros 3.7 and ( • '•4,026) of 
the function Sin i Jt (z) as calculated by means of Tables 6 and 7. 


2. Numim of ^Z^,ro!; o/Cf, in an a<si»aed litrip of the corriplex plane : 


Owisidcr the integral 




(-:) } 


dz 


(2.1) 


along the sides of the vectangh' with the vertices 

dr < I B H- I (r) I , -1;; i B -}■ 'Tl-H-' i TT -h i 


for large values of U and large integral values of m. Obviously, the number of 

zeros of (.v) inside the rectangular strip is ciiiial to the integral (2.1), 

'as calculated by Cauchy’s theorc.in on Rc-slducs. 

By virtue of the asymptotic cupansion (3) 



I 




r 



2 



I 1+ G::)|exp 



rTT TT’ 


)} 


for large values ot [ j 


, we hud ihit 


d 

dz 


f 

. log 4 

I 



G 


(>’ --/(«) W +[/'«-- 1 . 1 ,, Ci 
[ m 1 


V 
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I / (,t) -v+ i. [;■■ /' fe) I } i--^"';'--^Hi( 


[l+ii 


t)+v- iz I 1-f- 


l 2k 


z ^- ] 1 •[ 140 f ' ’ 


for large values of 
2a. Special cases : 


(i) Replacing f(,z) by A 


vvr a el 


d ^ -v "I 

''...log ‘ G {.:)). 

I J 


|J.W ,, , 


^n ‘ " 


m ' 

m f) 


■2 ■^' A 


1 4" —r - ' ; m ■■■■■ 0 


A 


1- 2k 

1 I 


1 J 

- > «. 


< IH o\k 




[ fc/-® } { ' +-ia- ' + " ( )} { ' + " ( ^ } 


Jy+'k) . , 

J (zj sufficiently large values of | <2: 1 . 


(ft) Assuming ^Z) z ^ tp (z) ^ ■ A 


for large valu»».s of 



j ^ j , where "j’ (-2) is a bounded function, as observed in case of Bessel and Struvft 
functions etc. (4) 


\W. obtain 




„ CJ ] 


{ >' 
l 1,; (q J 



t'+l (Z) 

J,. (-) 


lor sulhc.ieutly large values nl' j ■ | . 


(i.ii) Assuming J (v) ^ e A •: {a ■ 0) for largn values ol 

m ~ 0 

I >3 I , as seen in the case of Whittaker and parabolic cylinder functions * ct^;, 
we get. 


dz 


log 


G (.: 


* W: 


k ,ni 


C/2. J: 


f CO (’ 


f ■ I 

1 1 

i 1 -i j nfi ( 

k hr ... 

... ] sd'-i.')® 

> 


J 

1 ■' J 

' J 


1 /I C " 


for large valuc.s of 1 C 1 wlicu ] arg Z | v< tt 

as o'iven by Wh'Uake.r and Watson in the Book ‘A Course of roodeni Analysis 
Cambridge 2rid Edn. (Ibi8), p. 343. 
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1 If 



1 (•?;) 


for sulFicicntly large vakicfi of 




2b. Conclusion : Using chc result 


• (-) 


0 j,r(^) 


dz ■■■■■ m 0 


( ) 


(5) 


We conclude that the number of zeros of z ’’ t i 

i* 

axis and the line on which 


R (.:;) = w 7T 4- ~ R {v) + ^ tt 


is precisely equal to m. . 


3. (Z) as an infinite product. 

We shall begin with the assumption that G (i- 

integral values of i , such that i' • , ■ n > 

^ I'.ri *v. ; 



(^) between the imaginary 


A’v I ) 0 for all positive 
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for all Mi, with the addition that | / ^ 1 / ' ) \ >d 

\ Imaginary part ' | 


and I (g^ ) 1 < J . \ 

\ Imaginary part ' ’ J \ Imaginary part J 

i,j satisfying 0 < i <j. 


for all 


Evaluating the integral 


/ 

2'/ri 


r c (i I -v , } 


(3.1) 


D 


taken along the rectangle D with its vertices :]ri4:hii? for large values of .d and 
B, containing the zero (w s a positive integer) of the highest rank of G 
With respect (o the poles Z, d: ^ (' sk a positive integer) we get 
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b '■ 




1 I 


'v.l 


'V.l 


“ I 

; = 1 1:H 


1 


■■’vp 


subject to the restriction tliat the integrand is analytic inside and upon the 
rectangle 1). 


In other words we obtain the result 
(I r -I. \ w f I 1 I / 

Integrating with respect to Z between the limits (0, Z) we obtain 

lObt 
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A 
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where Kj , K.j are positive numbers salislyin^ the iui ipj.dity 
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r ^ V -1 ! I r 
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j , i.ir v.uut:',t .il 

' f 

1 


where y,^ 

4, J' 




y.ba t 



Moreover, assuming 


Ki, lirXK^) 

■ H-/ (:,) j ■"' I V -y (2) 


Kj 


un4 


*'4’/’(^)l J- .• • 

- J i *'‘>r iiuite values of Kj; , aud Kr. 


;'h ia possible according;' 


to 2 a (*) ) we get 


dz 
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Also, introducing the incqualitia 

^-/.W_! < L, , I 


.r(«) 

Z 


aud 


*' H" y ('^) 

z 


<s, Lg lor 


finite values of Lj, , L.j , L 3 (according to 2 a (n) and (m) ) we obtain 


~ log { .I""" 


1 

G, (^) ^ 
J 


K 3 I.. 1 . + la 1 
■ W ' 


(say) 


(3b.2) 


which establishes the bounded mess of f log < z g (z) V 

dz I V ^ ' f 


I G 


4. Idea of the existence of real zeros of («) assc dated with even function. 


Differentiating (3.2) logarithmically we get 
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log { Z 
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S' 
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n f-T. 1 m “ 0 
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provided lhai j j 
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Ghangiug tlie order of suramatums, a proca-^ iMslIy juslitlahle, an. I asstirning 
S 1//^” poailive integral values of m, we arrive at lljc result 


Cm) 

OO 

V 1 

1 //'" 

V,1 

i~~ 1 


"-/(«) 1 

*I v-b 1 

(44 


' I ■ .1,. ' *' + / O') I J,,(^) 


tJ 


m 0 


( 4 . 1 ) 


Replacing/ (^) by a ktunvn function (even) it is |)o.Hiiible to determine the 
numbers (rnssii positive integer) by eempuring the coellieienls ol'odtl powers 


ih 


on both the sides in (4.1) and the inequalities satislied l>y the m /era 

and the numbers may readily be ohtuiued in the farm 
i',m ’ ^ 


r,vi 


v,m J 


'^2/' 


< /•! 


V, m 


(r) 


vyn 

v,m I 


where crO) sr: v 

v,m 2 


p-x:m 


!t is remarkable to note that the length of the interval 


1 V2r , 


rW 1 

r,m 


,(0 / ,( H - 1 ) 
v,m / v,in 


decreases with the increase td’the value of r, which ulti- 


mately gives rise to a process for calculating the real zcroi of (C). 

4a. Special cases 

(i) Detemmlion of a ~>^numbers curmpimdin^ tu 0^ (4 assomkd with Ih polym-^ 
I 

Am , 

m 0 
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iv 

Replacing / (z) by s Am j ('bl) .issumes the fornci 
m r- 0 
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I 

— % 
m'=iO 


'•’I'-h i 


(^) -f 


l^\ 


m =0 


2(m-t-l) Am.|.i 
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m 0 


j „ (•''■) 


CO 
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fm'i ^ 2m 

where I ^ V gy , (*“a positive integer) 

Comparing the coclHcients of (p~o, 1,2, we obtain 

(1) Ao+i'+2-^4Ax(v+i) 

y, Aj.j 4 (Ao-j-r) (v>-hi) 

/ , , « (w) 

and ^ ” ±1)"''''""''’ + 

« « 1 mi 1 ‘ r(v+p+2~.m - n)^ 


/> 4*1 


m»« 1 



ni 
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V'-j- A o"|~^(/*' ' m-|~l) 



(T 


(m) 

'',Ai,l 


/'( p~\;'2 — m) 


* 1 . Ao”|~v-|-2(j 0'}" i) (4a, 3) 

m** I I (p+2 — m) f(vify)-)-2 — w)'' r(p~^l) T{v--\--p-\J2) 

4b. Relation mo ving th numbers ^ and j 
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Gombinmg the result 
/?"} 1 

- J {''+A. +2 i:m. 

m^l m) m ' 


' M -i 2 ^ /--i i ) 


,(l) 


VI) and (4a.3) we get. 
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v,Af.l %, Ac, I (t« 1,2,., O.pM.vutg the validity 01 the 

result (4a. 1), 


*(a)m Stands for i i ua , 

as used by Whittaker a,ul Watmu, in ilie book ‘A 

Goun. of Morkrn Anuly,!,’ Gtuuluiclgo, f,uu.(|. Editioo, l:„,2 


76 ? 



4d. Rdation invoking ^ ^ md B’mioullian numbers ; By virtue of the re- 
currence relation («) (-2)+ t | (■^) 


(4a. 1) may be cast into the form 
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On putting v-^=‘$l2, the relation further reduces to the form 
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where Bm is the Bcrnoullian nuuibcsr. 
Comparing the cocflicients of we get 
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where r is a positive integer. 






Ae, Verification : 

reduces to the form 
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O lor i ws 1 
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. 2 m 

4/. DetemtnatiQTi of zeros of (z) associated with the series 2 z 


m=o.. 


Taking the limit I tending to infinity into consideration, (4a. 3) assumes 
the form 


s= I m =5 1 i' {p^-2 — ni'—v) r (v -j- />+2 - m —nj 


+ 


/j'-hl , .m+J. in , {irij 

n; iz.) 4 ~ ffl-d" I)} V, Ai , 1 
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together with result (4a.2)j provided that the series 
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2 2 (-) A, aW I 

nwl m— 1 r ( j3+2''-W""nj r (vd-j&4'2— r» — rt) 

integral values of p» 

Special cases ; 

(i) Real ^eros of the function Jj, (x) (2 Jo (2)--*'“^} 


converge for all positive 


Replacing / (z) by Jj, (z) we obtain 


Oo (^) s Jj (Z) ( -A Jo («)- -2: 1 by virtue of 


2 
I 


J 


( 1 . 2 ). 


Obviously, there arc infinite number of real aeros of G„ (2) common to 

those of Jj, (z) which has already been given by Watson . The zeros corres 
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ponding to the iunouon i -i- .),(«)-* } ... .y i,.- «kutaied hy «««,,, o| 4 

I j 

( 4 a. 2 ) and (4a, 3), as incorporatfd iu the form 


fable 1 
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f l™!/2r j 

[ 0 , Ai. I 1 
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1 Oa A|, u 0* A|j 
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(ii) Kml am «/ thifunclm [-i...!' W 4 , | 

R«plkc!.>g/(t;) by ., | .Jj(q we obtain 


^ i ^ ' ^Ji W •- “ ,1a (•:, by vifitue of (1.2), 


The imallest zero of G, («) may he calcniatcd 


in the form 



Tabic 2 
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[ \Au ij 

r (r) / ^('•+ 1 ) ] 

1 '" 1 , A,, 1 / '^1, A,, ij 

Smallest 
» zero of 

Gi(«) 

1 

1,789 

2.618 

g -2.175 

1.1 

2 

2.163 

2.188 


3 

2.m 

... 


r 

(iii) Smallest ^eros of Gi (2) a 

2 1 

4-j, « + 2 H.w- 
“ j 

^ Ja ('^) 


m:d Gj' (z) = I —Ja W + 2 | Ja W - « Js W 

Wc shall now put forward the numerical analysis for tracing the existence of 
amallest zeros of {z) and G* {z) successively in the forms 
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1 

r Ar) 1 (^'+0 li 

1 1 / *^2, Af, ij 

Smallest 
zero of 

OA^) 

1 

2.353 

4.243 

'does not 
exist on the 

2 

3,16 

3.117 

real axis 

3 

3.148 
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A il' [ irl'.'K I 1'/'^ Siniilleat 

AAi, I j [ "2, A,, I / "2, A„ 1 1 „rG' 


St 2;cro 

j w 


1 11 j aoei mt 
esitt ofl the 
lenl axil 


IV. Real Zeros of (J, (j) {Qo.s « -I- 1 j j, (j) 


^ Ja C'^') 


(disoutd pr»viously)11^1^a^i;Tvi“ W ~ C J, (*) 


"1. A„ir^^' 


Table 5 


[ A I 1 ‘ 1”' Jscro 

•' 1. A|*l J orG^iz) 
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the mIthodt“"rited'^A®f'“5ry (^)«{Sin tr+n T, fev , , 
symmetrical situations of zeros <>f Gi ™) w^'h'JSpm to ri''* 1 

Obviously l,y .Hue or Tabic lOO "To <2“ 
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irt from 
the un* 


Table 6 
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Ji(^) 

G4(2) 

Positive zero of 

G* («) 

3 

- .26ul 

.3391 

__ve 


3.5 

~ ,3801 

.1375 

— ve 

gi: 

*3.7 

3.7 

- ,3992 

.0538 

.003 


Table 7 

z 


jiW 

Sin ^ Jo(2)+«Ji(«) 

Negative zero 
ofGi {Z) 

2.5 

- .0484 

.4971 

+ve 


3 

- .2601 

.3391 

+ve 


4 

- .3971 

- .0660 

0.036 

-4.026 

4.025 

~ .3954 

- .0755 

0.0018 


4.027 

- .3952 

- .0763 

— 0.0013 


4.026 

3953 

- .0759 

+ 0.0002 



VI. Real Zeros of the function 'f ( 2 ) s-^Ho (s) Jo Ji {z) 
Ho (s) is the Struve fuucdoa of order zero, defined by the series 



and hence the smallest zero of Y (-2) may be calculated in the form 
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[ o,Af,l .J 

r ..w 

L o,Ai,l 

/ a('+‘) 1 

1/ 0, Ai, 1 J 

Smallest zero 
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1*424 
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1*28 


1*288 

«=1*28 

3 

1*28 


» • • 
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Vn. Real Zeros of the function ^ (^)a {^1-/^^ 1 i } ^ (e) 
Hx (z) is the Struve function of order unity, dcliucd by the 


series 


(-)-• («/2)2+a‘' 

, iFFW^riT+W 


so lljut 


8 

3ir* 


A I 


8 

45 w ‘ 


A - ^ __ ^.8 

I5f5i • ''■'■■■ (105)2 etc. 

and hence the smallest zero of^, (z) ,nay he cihailated in the [m m 
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[ <,(’■) / ./r+U 

1/2 

Smallest '/.cm 
oi‘ ^ (4) 
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l‘B54 

2*651) 


■ 
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2‘212 

2*255 


Z «• 2*23 

3 

2-227 
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POLAR. CO-ORDINATES 

Oi AN ARriFIGIAL SATELLITE IN THE GRAVITATIONAL 
FIELD OF AN OBLATE SPHEROID 

By 
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ABSTRACT 

this paper the motion of an artiQcial satellite in the gravitational field of an axiallv 
oblate uphcroia lias been studied in Dleaunay variables. Ouring this ^ 

r^and account and yon Zeipel’a method has been exploited. Lastly the radiuf vector 


1. INTRODUCTION 

the ^ 

field of an nvioiio a.; . ■ Delaunay variables m the gravitational 

artificial satallite^ launching of the first 

have been oublisherl Wicb fiflfu ? perturbations 

atmosSe'^a.rf S.S, i»formatk,n on upper 

Itis hoD -d that I !’■« obtained from observatiins of satellites. 

Tn/orZlon mlrbe^ perturbation more accurate 

unay iariXes°^ the second order perturbation in Dela- 

Th^s meih^H ^ ° “Plotted vou Zeipei's method 11 J to attain our KoS 

ihs method was first used by D. Brouwer to study the first order Deriurhatlnn 

tZ S^YoThfd"^^ ‘"T’ dtS'or'^much^from 

due to hfr uZr’^^mat perturbation is concerned. It was 

oerturtaLZ ‘7 “'<=“late the long-period and secular 

Ld toe Stude ^'lieT ‘ 'he perturbation in radius vector r 

very miwieldy expressions conventional method which gives 


The iraain interest of the paper is the expression of the second order perturba- 
tion, in, radius vector r and the longitude u. Different from the conventional 
methods, we have used von ZeipePs method. This method shows that the 
determination of Sj, not only gives the second order perturbation in Delaunay 
variables but in polar coordinates like r and u too. 

This paper gives an important result by showing that von Zeipei’s method 
IS cme of the most powpful methods in the artificial satellite theory. A numerical 
study of the method will give a comparative aspect of von Zeipei’s method with 
those of others. 

It is hoped that the second order theory will help us much in our study of 
an artificial satellite in some other gravitational field. It was this study which 
made us to calculate the second order perturbation in our own way to suit our 
further study. ' 
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1 j^a^ATlONS OF MOTION 


The equations' 

of motion of a i 

small 

mass 

attracted by an 

oblate spheroid tan 

be written as [ 1, page 564 ] 
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. Here it may be noticed that the disturbing function has been considered upto 
the second order terms different from the disturbing function considered in 
( 1, page 564 ] where 
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1 SOLUTION Ot THE PROBLEM 

From the expression of F given in (2) it is clear that h is an ignorable 
coordinate and so H is constant. Now for the complete solution we shall consider 
a contact transformation from Delaunay variables L, G, H, I, g, h to new variables 
L', G', H', F, i' and /f with the aid of the determining function S (L'» G', H'. 
h where 


a s 

_ 2 « 

0 l 

~ 8L' 

a s 


di 

^ d.i' 

0S 

fc' - ^ ^ 

dh 




The determining function S will be obtained by von Zcipel’s method (1916) 
such that F is absent from our Flamilionian F*. Uiis is known as elimination of 
short-period terms Irom F. Let us choose our detamining function S expanded 
in according to the orders of i, e,, S «= 


where So®aL'i~}-G'g-l-H'/i and let the new Hamiltonian F* be also expanded 
in terms of the same orders of & is given by 


F* sffl Fo*+Fx*"f 


Applying this transformation, we get 
F (L, G, U, I, G', g',^-) 

Substituting for L,G,H,/',g',A' (S) equaling the different orders of 

terms in kg. on the two sides, we get 


Ordex xero, Fo(L')'«i'’o*(L')*** 
Order 1 in Hh Fj,«Fj_=^-.. 


. ( 4 ) 

... (5) 


Order 2 in k,^ 


dVo 

W 


asa 

a/ 


, , 0Si , 0Fj 0F, 9Si 

8F dl aG' dg 

Fa (If ,G^H^F,g^~)-JWF,U^H^ ... (6) 
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1 l^ai^ATtONS Of MOTION 

TK cquaiiom of motion of a small mass attracted by an 
be written as [ 1, page 564 ] 



e&n 


dh 

df 

dl 

dA 

'If 

«s 

hf ’ 

"di 

dh 

dCr 


d/i 

3F 

it 

'9g 

at 

““-'IG 

da 

aF 

dh 

df 

di 

dh 




(U 


where T » 2 + 


L" [ (“! + 3 G» ) ( U’+'V + ( S“S 0« r* 1+ 


+^' [ (r"'4G* +1 G*" j ti 


3 15 H> , 3S H* 


) ( 


1/ S U , \ , 

"* 2 0 ® ’T'^'aj *T 


/ «,5 , 20 35 \l f 3 1/' 

+ \ ~ 4- *3 Ga ”” 6 *' j t \ 4<? 4 a 


/ 35 35 , 35H*n 

4 ( "!¥ ““ 12 G^' + 24 G* ) 


1 , ^ Ctrl 2 | I -f 
( 2 ) 


Here it may be noticed that the disturbing functltm hw been coniidercd upto 
the second order terms different from the disturbing funetlon considered in 
( 1, page 564 ] where 


CO +00 fti 

2 21 ; Q.J cos (2|H j/) » ^ 2 ' 2 Pi' 

Jm\ ^ m — > 00 j m\ 


M-cO „ ^ .. rco 

»*- S 2 Pi" cos ( 2 s+j 1 ) V Q,* 

j ms I J »** — OS 
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1 SOLUTION OiF THE PROBLEM 

From the cxprcasioa of F given in (Q) it is clear that h is an igiiorable 
coordinate and so H is constant. Now for the complete solution wc shall consider 
a contact transformation from Delaunay variables L, G, H, I, g, h to new variables 
L', G', IF, F, i' and /f with the aid of the determining function S (L', G', H', 
I, gt h) where 


d s 

„ as 

' “ 31/ 


9 S 


'as 

* 7 : 

1! 

o as 
^ “ a A' 

It 9 b 

“ ’9li 



The determining function S will be obtained by von Zcipel’s method_(1916) 
such that F is absent from our Flamiltonian i his is known as elimination of 
short-period terms Irom F. I^et us choose our determining function S expanded 
in according to the orders of ** bwS 34 -Sj.HrS^+ 

where So«»L'/-f G'^-fFI'A and let the new Hamiltonian F* be also expanded 
in terms of the same orders of & is given by 


F*«Fo*+Fi*4.FaH 

Applying this transformation, we get 

F (L, G, H, /, gr-)-Fni4 IF,--, 

Substituting for L,G,H,/',g\A' from (3) and equating the different orders of 
terms in kj, on the two sides, we get 


Order *ero, Fo(L')=Fo*(L'),., 
Order 1 in ha * 


Order 2 ii 


2mka : ^ dl' dl ^ 0G' ^ 


Fa(IAG'H',F,g',-)«lWF,G',FF,-,g',-) ... (6) 
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f he first order determining fimetion vS, has l)cen already obtained by Brau^cr 
(1959) as 

Si= [ A (/--;+« ^ 4 3in (2g+2f )+ ^ si" W-.D-i 

+ g tii<!+3/)J-(7) 


Where A = 


I , 3 


B 


3 

2 


2 (JX 


Then Sa is derived from the equation (d) in the same inunucr as bj, i# deiivcd 
and it is found as : 






d->/'*(53-13()^'a. ..1 ic/'^)] siii/d'd [d' (11 -’hT^d 2?^''^) • 

™2’?'^(389»-B34^'M-437d *^) - ()#/='( h 3d'*'^)d >/'*(93 - 242^*M“770'*)]X 

Sin2/+8d41(ll 30t^'^+27('n-^/'«(ldl -39U/5''d’'ib7fh^) 

Sin 3/+24fld‘<ll-‘3l)fhH'"27t'i'^ 4/4 24«*X 

(11 .>30t?'»+27fj'‘*)Sin i)f-\-2e \\ I 3(V/-^d-27f^'’^)Kbhb>/d 192«*»/'^ X 

(1--15(?'^)(/- l)cos25-12e'^(l 3^'a)xBm(4/ ‘4»} 

Sin (3/-'- 2£)+44}fi*( I 36'^) x (- Bin(2/ - 2|)+4B#( 1 - 3|)'*)X 

(~41 + 15»?'a+2V'')Bm( /•< 2^)+ [(1 -» So'-)(27 

32 

Sm(2|+2/)+ [(1. , 3^'a)(. “4l0'^)- 

(1- 23^'OJxSm (24'+3/)H^12t:Kl' 30'^)(™dr/4 llh/' b+2v4*d Ihir^} * 


( m ] 



7 ^' 4 (l-, 190 'a)] Sin (2g+4/)+48^ (1-3(9'*^) (-41+7r/H2’]''') X 

Sin (2g+5/)4.16eXl~-3fl'a) (-45+2»7'*) Sin (2g+6/)+144«8 (30'<»-l)X 

Sin (2^4-7/ )+126* ( 30 'a„i) sin (2g+8/)+108e» x(l-0'^) Sin (/-4g)+ 

Sin (2/~4g)+36tf ( 1 - 0 '^) (~41+29»?'a) x Sin (4|:4-/)+ 

3 (;_783 (l~0'a)+2>?'a (335- 2390 (65 - 2570 '^)]X Sin (4g4-2/)4- 

(l- 0 'ffl) 4 .l 67 ?'a ( 4 _ (17-650'a)] Sin (4g+3/)+24x 

24 

[ -.7?'* (51'- (U-27(9'2)l Sin (4g+4/)+— [81 (l-0'a)-8»}'2x 

(l5-17e'®)+’?''‘(39-550'ii)]Sin(4g4-5/)+[2349(l-(9'a)-2’?‘®(861-8930'»)+ 

■ 4 -^'^ (157 -^2210'^)] Sin (4g+6/ )-|-36e(l « 0'“)X(41 - 13’?’*^) Sin (4g4-7y )4- 
12 (!a ( 1 — (45— 4»?’») Sin (4g48/)4108sf> (1—^'®) Sin (4g+9/)4 

9,4 Sin (4s+10/)}]+|^ [2(3-30tf'»+359'‘){6 (/-i)(2+3«'‘)+ 

+9(4«+«s)Sin /+9«’ Sin 2/+B''Sia 3/}-2(l-89'»+7«'‘){60(/-l)««cos2rt 
4-30(4«+«»; Sin(2f+(y)4-20(2+3(i>)Sm(2g+2 /)-1ilC(4«+«®) x Sin(2g+3y) 
+154»Sia(2g+4/)-b'2«8Sin(2g4-5/)+104»Sm(/-2g)}+(l-24'H<?'‘)X 
{3S«Sgln(4^+/)+ 105e!> Sirv(4g4-2 /)+3S(4«+«») Sm(4g+3 /)+35(2+3e*)X 
Sin(4g+4/ )+2 1 (4«4-«»)Sin(4g+5 / )+ 55«»Sin(4g+6/)+5«"Sin (4g4-7 /)}) 

O/T Q/ 

where 0' and 1^ (8) 

5, Calealation of Delaunay Variables with Second Order Perturbations. 

Takihg into consideration of the second order perturbation the six Delaunay 
imtiabTcs L, G. H, /, i, h may be given as follows ; 
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BSa 

gl 


H^kn 




? B irs v^i 




)^i ('hiW)]+ 


+ £«““’ rid -«'2)|(^'’;>;'-> ^4'V'.).,,,/ 


9 a'\ 
a i*;s* 


•3’?^ 


■|{1 3e'»)(l...«'a)|^- 


'pL-h >;' A (..„, 

r* r y 


/■j* 


/3 


(2 ’"-Hi’" ‘ y, >"■» ]]-.« (2H-/) l-[ 4 ;: v<a+ _( 3,,,.,^^ 






COS (2^4-3/)- 1 V Scos (2|4*4/ )»« 


J. ( */ ,/«" /■ «4COS2|}4-- 


+-4 c i -<’'’) ?, 7’" “ )+ 


r 


) t!C8 / 



4--1, .. 1 ^ 
■■3 r ‘3 


~tiO» (4|4-^')^^ 4 .. 

cos ('%4'"4/)-. 
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XCoj ( 4«+6/ j j.+^ Cos (4^+4/)+ 

2 ' Cos (4«+3/) +^Gos (4g+5/)] -3>»-*[Gos (2g4-2/) +, Gos (2^+;)+ 

'-Gos(2|;+3/)] [-5(l-2a'»-7tf«)+>J'»(5-18«'»+5(>'W«« 

(!-«'») Go. 2,1+ .[(3 

+ (^-+ “ V.;^Cos(2,+2i)- |y-s)x 

Co. 2,}+( -I?.— 0'«+ .|-0'‘) ^Gos(4,+4/) ] ... ( 9 ) 

G«G'+ 

“®'+ 04 (T-f»'“)[<^0« (2fi+2i)+« CM2g+f)+ .|..Gos(2, h3i)] + 
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3120'^ 

(1-30'^) (i-.0/a)xGos (4/-»-2^)+(l --•()'») (144^8 (i- 3 (}'a) Cos ( 3 /*. 2 ^)~- 
48 t#a ( 1 ^ 30 /a) (-*. 15442 ^'®) Cos {:if^Qg)+mi (I— SiK^) ( 41-4 |5yft 

-25/») Gos(/-20)+-ii [(l-3t)'^)(27 - 9i/'B4-5yA^«,?;/a(25--30/a)4,2»/*X 

(l+330'»)]Oo«(2i+/)4.384[->?'» {l+7(i'“H-*'/‘'l''‘l (2«+2/) + - 

[(i-,30'“)(-8H27'^'.+7'®)+5>?i'\ll-'llU'»)~2V*tl~a30'Blft<»(2j+.y) 
+12[3(l-3e'i>X-87+16))’9)+2))’»(51-l61fl'»)-v.i'* (l~l9t)'»j> x 
Cos (2s+4/)+48< (1 - 30'>) (-41 +77|'«,+2 i)i'<'). Cos (2|+ 5/)+ 16(> X 
( 1 .39^»);(_45+2tj'»)aos (2g+6/|- 144«' (1-3|)'») Cos (2g+7y)-12s‘ 

(l-30'i>)Cos(2j+8/)- 18«* (1 - 0'®) Co8(2/. 4^'',-216s’(1-b«) Coi(f~ig) 
+72« (1-0'»)X (-41+29))") Cos (.1^+/,+ri[- 783 (1-1)'*)+ 

2>)'» .(335 - 2390'*)+))'* i65-257o'»)l Cos (4jj+2/)+ [81 (l-O'S)- 

(l7*-650'^)] Cos (4^+3/;4.48 (51-91 0^»)+ 

+>;’* (n‘-27()’aj]XGos(4g+4fj-f |81 {15- 17071) + 

9 
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^ (89-550'a)] xGos (4|+5/)+2 [2349 Qi^)^2'q< ^ (861-^8930^4+ 

n'i (157-2210'41 Cos (4^+()y)+32fi (41-33)?^4 Cos (4^+7/)+ 

+24e‘^(l -.0'4 (45 - 4)?'4 Cos (4^+8/)+2iefi'’ (l-0'4 Cos (4^+9/)+ 

+18ani“-0'4 Cos (4|r+10/j]+ [-(i™80’^+7e^ {-60 (/-~l)x 

xSitx 2^+30 (46+/'} Cos ( 25 +/J +20 (2+3^4 Gos(2^+:>/ )+l j (4e+e4 
Gos (2^ + 8/)+15fi® Gos (2^+4/)+2e'^ Gos (2^+5/) — Gos (/--2^)}+ 

(1 ~20^*‘+0’4 {35e'>Gos(4^+/) f 105e -Gos(4if -1- 2/)4-35+e+<?4Gos(4^+3/) 
+35 (2+3fl4XGos (4^+4/)+21 (4^+#) Gos (4^ 5/) + 35^8 x 

Gos (4^+6/)+5a3 Gos (4^+7/)] ... (lO) 

... ... ( 11 ) 



»Sdn/+i ^ I 1“^) >< [( ”7r ■"7 ^ (2^+j0+ 

r'+r )'®‘“ (2£+3/)]}>-i*^[-96{>,’" (5-18 s'H5«’*)X 


ISO^'a-UC'*)} Sia/+6{87 (U-30()’a+27fl’*)+32»)’3 (l-3«‘a)!» 


-))’*(93-242fl'«+77e’‘‘)}Sin2/4.8«{41(U-305'a+27()'.)+8t(’3(l-30»)»}X 

Sin 3/+24«i» { 5 ( 1 1 -30fl’a+27«’'‘)} Sin4/+24e3(U><300’«+27j’ij- Sin/D 
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Sill li/+ (l_o-a){_i 2 (i (i_;0'») Sin(4/-2«) 
- 144£‘ (I SIm (3/- Ig) - 7i'ile» (1 -ils'l) Sin (2 f-2g) + -i4, 

(l-3«'a) (^02. 2v'») Sill t(l -iW'S) (544.!lv’-'_13,,',) 


(14.33^’a)j Sill {2g+,f) -mnii'H'^ Sin (2^+2/)- If’. 


V 

A 


(54+9))’a+i)’.')-4>)''‘ (l-239'»l)xSin (2., +30+8 f-G 


V 

A; 


(87+8.i’.))+2.,'*( 1 . - l>Jo’4;JSi„(24^.4/ ) _48,( 1 41 +.j'ii)Si„(2f +.y, 

-720«« (l_3()'a Sill (2i+(i/j+ 141.' (Jr’^-l) Si.i (.>£+7 /)+ 

+12. (3(? 1) Sill (9g+'ty)+i08j3 (1”(1'*; XSiii ( /— 4/j)+'.l.* (1— n'.') 

li'l— 147 iw 4 -0 *)Sin( 44 '+/)+.i( j 

Sm(4H-2/j+^lt_81(l 237«'+ Hi, n4«+2/,+ « v 

# 

[ 81 (1-j I)-,; * (17 Sii, (4«+3/j- 2.l7’*(l l.-27fl'a)Siii(4j{+4/) 
24 

Si„ 

( 221# )JSm(l^+(i/j.,|.l,7,„ (l-8'4jSiii (4jr+7y)+54t)f» (1 

bin (4£+8y)+l08.'. (l-^'i.) Hi„M.4..lAn.«^ , , 



Where 

dn 


-is given by 


r_ 48 .. 
“1024 G’-' I 


^SQ9’f^^97o'^) - (17~380’H11 



+270’^) - (l91~390fl’H2Q7^’^--87’=^ (1-30’^;®] Sin 3/+48fiX 

[5 (ll--3O0'a+270’'-'») ~8v*^) (l"--Hy‘-^)*^]Sm4/+72e'^(ll --3OO’^i+270’^)Sin 5/ 
+8«^ (11 ~3O^}’a_{«270’'^) Sin 6/+(l— g’a) {384e7)’a (i-i50'a) (/— i)x 
Cos 2g - 4Pea (1 -30’^) Sin (4/-2^) -4326^^ (1-3(9’®) Sin (3/- 2^)+ 

+96fi (1 - 30’®) (-15+24’®) Sin (2/-2.?)448 [(l-Sg’®) (-41+154’®+ 
+24’^^)]><Sin (/-2g)- ^J...[(l.-,30’®) (27-94’'^+54'^)-4’® (25-30’®)+ 

+24’* (1 +330'®)] X Sin (2^+/)-^l[(l -^30’®X-8l+274’H’?'‘’) + 54'^X 
(ll-4la’®)-24’* (l-23()’®)]xSin (2|f+3/;+48(l - 3()’®) (-41+74’®+ 
+ 24''’) Sin (5/+-2^^)+325 (l-3()’®) (-45+24’®) Sin (2^+6/)- 432c® 

(1 -()’a)Sln (2^+7/)-48c® ( l-30’®)Sin(2^+8/)+36c® (l-0’®)Sin(2/- 4g) 
+3240® (1-c’®) Sin (/ *-4?) + 36 (1-0’®) (-41+294’®) Sin (4g+/) 
(l-o»a)+i64>a(4-o’®)+4’* (17-650’®)] Sin (4g+3/)- 

- [81 (l-()’a)_84’® (15-l74’®)+-4’* (39-550 '®nJ Sin (4^+5/)+ 

+36 (1-0'®) (41-134'®) Sin (4g+7/)+24c(l-.0'®)(45— 44'®)Sin(4'^-8/) 
+324c® (1 — 0'®) Sin (4^+9/ ) + 36c'' (1 — 0'®) Sin (4^+10/)}] + 

+[96 [-54'®' (1-20'®-.70'*J+4'* (5-180'®+50'A)]+192c®4'® (1-0'®) 

[ 781 ) 



(1 -ISO'S) Cos 2.04-1? in (11- 300-34 270'*,- -a./s (I7~3&0'94-Ilfl'i) 


4 .;'s (I- 30 ' 3 )( 34 ->/'S )4 ( '3 -ISno'S-llfl'*)] Cmf +\2 [07 (U- 30 o'» 


4-270'*) -2i('S (3ao -a340'34-'t37o'*) -li-lv" (1 



242^'A-(, 


4 . 77 ^"^)] ( Ins 2/f 24@ 141 (11 (l‘)l 3 !}(Vi*'^4.207^'A).-, 

a, 'a (l_ 3 o'a, 3 | Gds 3 / 4 - 9 n.» jS (11 • 30 o's+.f 27 o-‘)-. 8 >,'a (l-o'»)a] 


Clou 4 f 4 - 120 (iS(U- 300 ' 34 . 270 '*)(li)sS/ 4 . 12 «* (11 •J 0 (l- ' 4 - 27 i)'*) Con (! O 
4 -(l-l)'“) {-««*(!- 3 o'«) Cos ( 4 o-' 2/1 M 2 <s (l- 0 '*)Gos ( 3 /- 2 ,o, 4 - 
4 - 196 ea (I - 3 o'“J (- I:i 4 - 2 *)'S) Cos ( 2 /- 2 o) 4 - 4 H» (1 - 30 '»; ( 41 .f 15 i;<a 4 . * 
4 - 2 o' 8 ) Cos (/- 2 o) 4 - H'-) ( 27 - 9 ./» 4 .no'») - ( 25 - 30 'a)+ 

4 - 20 '* (1 + 330 *)] Cos ( 2 o 4 -,/’) 4 - 7 r.a l -o'S (l+ 70 ' ') 4 ' 4 >/'* 0 'a]XGt.s (?o 
4 - 2 /) 4 - -..^[(l- 30 '*)(- nH- 27 o'»-]-v''’)-|- 5 >l '3 ( 11 ~ 410 '*)- 2 .,"‘X 
(I— 230'S)] Co3(2o 4“4/)4-48 f3 (1— 30'*)(— 874-lC)o'S)4-2o'* (51 — IGlo'S) 
-O'* ( 1 — 190 '*)] Cos ( 204 - 4 /)— 240 « [( 1 - 30 '*) (— 4 H- 7 o'a 4 . 2 >/'!i)]x 
Cos ( 2 o-]~ 5 /) 4 - 96 s* ( 1 — 3 o''*)( — 454 - 2 o'*) Uo 3 (' 2 o-]- 8 /)— 1008 sa(i 


Goa (2g—7f) 96s* (1—30'") Cos (2o4"^|/')4" la** (1— 0'*)Go8 (2/— 4^) 
4-ie8s» ( 1 - 0 's) Cos (/-4o)4-36«(l-e'*) (—41 a 29v’-') Cos (4j4-/ ).4-6 ] 

-783 (l-0'“)4-2>J''*4-(335-2390'*)4-o'*((i5-2;,70'')l Cos ,‘l:i+2f)+ x 

■# 

[-81 (l~-(J'-)+ltV* + (4— Cos (i^44/)4'.96 

(U-27<?'«)1 Cos (4^4 4 / )4- (15 . 


170/a)4^|/d, (39—550'^)) COs^ (4|f45/)48 [2349(1 * 0^“)— 24» (Bill- 8930'^) 

4^/«i. (157— 22l0'j^)] Cos (4,^46/. 4'252e (1—0' ’) (41 ') Cloii (4|47/) 

-I 9G0-! (1-0^^) (45-4v'4Cos (4^4B/H-9/2 


490tf^ (l-0'«) Cos (4jg410/)}] 


^^4 

r ^ Q>- J 
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(3.-30e'^+35^'*;{36#(/-0+9 (4+3#«) Sin/+18« Sin 2/+3«>^ Sin 3/}-^ 
-2 (I— ^120tf (/-/) Cos 2|f + 30 (4;^U^) ^mi2g+f)^ 

+ 120<rSm(2^+2/)+lO (4+3fl-) Sin (25+3/)+30a'-5 Sin (/■-2^)+ 

+30tf Sin (2^+4/)+6tf‘-^Sin (2^+5/;}+( • -20'2 |i05,a sin (4g+/)4‘ 
4-2 lOo Sin (4|+2/)4-35 (4+3# ’) Sin (4^+3/)4210tf Sin (4^+4/)+ 

+ 21 (4+3#a) Sin 4^+5/)+70# Sin (4^+6/, + 15#2 Sin (4^+7/)}+ 
+/AAA4/96G'M2(3-3O0'H35fl'*)X{6 (2+3fla)+9 (4#4-#9) Gos/+8#'^X 
Gos2/+3#9Go 3 3/}-2 (l-~80^^+7e'*) {60#2Gos2^+30 (4#+#3) Cos(2^+/) 
+40 (2+3#2 )xGo 3 (2^+2/) + 30 (4#+«3) Cos (2^+3/) + 60#^ X 
Cos (2g+4/)+10#* Cos (2g+5y)+io#^ Cos (/— 2g4 + (l~^0^*+0^*)X 
{35#^^ Cos (4g+/J+210«^ Cos (4g+2/)+l(»5 (4#+fl3) Cos (4g+3jC+ 

+ 140 (2+3fl4)GoB (4g+4/)+105(4#+#9) Co8(4g+5/)+210tf4iGos(4g+6/ ) 

+85#9 Cos (4|+7/)}] X ( - ;--4-^ ) Sin/ (13) 


s' 


'mi iG» 




K- 




9 .19 
Of * ~3 


H'* 

G'i 


[ I Sin (2g+2/)+-| Sin (2g+/)+^ Sin (2g+3/) ] 

( ( -1+-SS," ) ( ?S+f +• )='■/« (i-rS: )x 

1 )«"<>«+'>+ K -5’.+r+ i) *'"<'‘+5n« 


J^H%^U^I{Q2A G'^®[96 {-5»?'2 (7-l8e'‘»-~77^'*‘)+^'*(25-1260^«+45^/* ) 

y'^/)4,48/# [27(33-- nor«+n75'*)rWM119*^942e'»+12l0'*)--72»7'3x 

(1 „8^'2+ ' 1 (1 -~9^'2+ i80'<i)+7?'4(265 -9 10i7'^ - 990'<‘)] Sin / 

+6[26i (33— nO0'H117^''‘) -2»?'2 (2723— 75O60'H48O70'<‘)- SW^x 
(1_80'H150'*)+^'^ (465-1694/24.693/4;] - Sin /+B# [1 3 (33- 

lW»+n7'*)-y> (1337-35W>+2277n-«’''' (I - 8e'“+‘ ^'“^1 

^m3/4-24.»[15'(33-llO0'>+l>7«'*)-8’>'* (7‘-189'»+l'9'*)l 
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72<» (33-Uej'»4.n7«'*) Sin S/+n<* (33-U0fl'»4.U7ff''‘) Sin 6/ + 
192.*>)'!>(7-14V*+l65fl’‘;(/-^^ Go» '2«+ W [— 15 (9 -449'!>4.39a'*) 
+2))'»(7-3efl'H339'*)] Sin (2/-2i;-12<* (9- 44fl'3+399'*) Sin (4/_ 
2^:)- 144<n (9— 449'»+39o'*) Sin (3/-~2«H48» [-41 (9-44o'»+3!)9'‘)+ 

, 15i)'V (7-S«9'!>+339'*)+4i)'-'' (S-lOe'a+lSs'-i)] Sin (/-2s).f96/e [27 
' (9- 449'a+39«'<‘)-^'a (175 - 252fl'a4.SS«'*j)- 1 ll»/» (3-16e’9+ 159'*)+ 
57'*(;5+2249'»-29«9'*)+20>)'- (7-fie'»4-C9'*)) Sin, (2«+/ )+384 
■(7+549'!>-77fl'*)+4))'*9'!> (7-9fl'a)] Sin (2i'+2/ )+32/» [-81 (9-4.i9'a 
+399'*)+5i)'a (77-468«'a+45l9'*)4-54i)"' (4- lC9'a+15e'*)-2>j'* (5_ 
18efl'a+2079'*)+4^"' (l-6fl'a+6fl'*)l Sin (2H-3/H-'2 [-261 (9-449'> 
+39fl'*)+2ij'a (357-19089'a+17719'*)+9ev"i (3- Kij'S+lSi)'*)-.,'* (5- 
1409'*“}“17i9'*)] Sin (2^+4C)+48s [—41 (9— 449'a+399'*)+7)i'a (7— 
369'a+33fl'*)+4))'3(3- leo'a+l 58'*)) X Sin [2g+bf)^. lfi.a[-45(9-449'«x 
+39fl'*)+2')«> (7-36«'a+338'*)]xSin (28+6/)- 144»a(9-448'9+398'*)x 
Sin(2g+7/)— 12«* (9-449"»+399'*) Sin (28-) 0/)-|-9e* (9— 229'a+|38i*) 
Sin (2/- 28)+ 108 (9— 22()'9+13S'*) Sin (/— 48)+3fi« ( - 41 (9-229'*+ 
13s'*)+29))'a (7-189'a+n()'*)] Sin (48+/)-|-3 [-783 (9~229'a+lu8'*j 
+2t)'«(2345 -5 166fl'a+2G29e'*)+,'*(325 - 22549'a+23139'*)) Sin (48+2/ ) 
+ -y (-81 (9-228'a+/35'*),+;iG>)'a(28 -459'a -,ii8'*) + (85^ 

.,H4e;9+5859'*)] Sin (48+3/)+24 [-i/a (357- I2789'a + 100l8'*)+,'*x 
(55- 26C9'a+2439'*)| Sin (48-l-4/)+24/(: [81 (9-22il'a+lse'*)_8+»x 

(195-G589'a+49S8'*)] Sin (48+57 )+[2349 
(9 -228'*+ 138'*) -2,'* (6027 - 157a(:8'H 9823e'*)-|V‘ (785-21,408'*+ 
19898'*)]Sin(4g+G/)+36« [41(9—228'*+ 138'*)- 13v'*(7 — 189'*+ 1 l(|'*^x' 

[( Sin (48+7/ )|+ 12e* [45 (9-228'* + 139'*)-4i)'* (7— 189'*+! t 8 '*)l 
Sin(48+ 8/)+108«a (9~ 229'a+139'*).Sin (4849/)4.9**(9- 1:29'*+ 139 '* 

■ Sin(48+ I0/)]-i.*ij/968'» [2 (2I-2709'a+38,l8'*) x {6 (f-l) (2+3.a)+9 
(4*4-«*)Sin/+9.aSin 2/+«8Sin 3/)-2 (7— 728'*+778'*) (GO (/■ ;)«* 
Cm 28+30 (4«+«») Sin (284/)+20 (2+3t*) Sin (28+2/)+10 (4H 
«*) Sm (78-1-3/ )+15ii* Sin (28-)-4/)+2<* Sin (48-l-5/)+l(ici Sin(/'— 
28))+(7-188'*+U8'*){35«!>Sin(484/)+105«aSm (48-|-2/)+35 (4*+ 
•*)Sin(28+3/)+3S(2+3««)Em(48+4/)+21 (4«+«») Sin (4|+9/)+ 

?f**Iin (4|+a/)+5,i Sin (48+7/)]+^,gy 
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Where is given by 


h’^h^ 


0Si 

iH' 


0H' 


A'~.3/iaAa/G'^[/-./4.sSm /~4 Sin (2g+2/)-^Sm (2g4/)-^X 


TJ/ 

Sin (2^+3/) )"., -n*ijSL'i>/256G'i‘’ [ {5))'» (l+7e'a)-ij»* (9-59'*) }X 

(8- 150/a) (j_|)Go8 2g+48/o.[~9 (i5-270'«)+8»?'a (19- 
ll^'a)+12y3 (3+r/fl) (65+ll0/a) ] sin /-6 [87 (15--27<?'«) 

-2»?'a (417~4'^7<?'a)_-i92,^/3 ( 1 _30/a)-|.,^/4 (121~77(?'a) jXSin 2/+8tfX 
[™41 (i5-„270'<i) +)?'a (i95-207^'a)4,24»/a ( 1 -30'a)]«Sm 3/f24<»a [~.5x 
(15-Sf70'^) +8V'^ (1-8^;'^)] Sin 4/+24<iX 15-270'^) Sin 5/— 2tf^l5.- 
27 $'^) Sin 6/rt-126* (2— 30'^) Sin (4/—2g) 4. 144<5S^ (2—30/4) « 

Sin (3/~2^)+485a (15—2)?''^) (2 -'36i'ii)‘Sm*(2/- 25)4-485 (2-30'a)4,(4i_ 
15»?'a_25i'3) Sin (/-25)+96/5 [(2~-30'a)(- 27+9v^3~5i2'5)-l-);/a (l4-30/») 
(16— 33^?^a)j Sin *(254-/) + (3—70^^)4,252'* (1—20'*)] 

Sin(25'4-2/)4-32/5[(2-^30'*) (B 1 -27)2'^ -52'5)- 5^*1(26-41 0'a)+25)'* (12- 
iS0^*) ] Sin (254-3/)4- 1243 (2‘-30'*)'4-(87-16y8)- (IO6—.1610'*)4- 

f* (10- 190'*)] Sin (2544f)4-485(2-.30'*)~(41— 752'*-2^'*) Sin (254, 
5/)+16e‘^ (2-30'*) (43-2’?'*) Sin (25+6/)4-14459 (2-30'*) Sin (254.7/) 
•4-125* (2—30'*) Sin^(25^4"ljO~10B53(l— 0'*)xSin:(/— 45)— 95* (1— 0'a)x 
Sin (2/-45)+365(l-0'O (41-29’?'*) Sin (454-/)4-3[783 (I-0'*)— 2^'» 
(287-2390'*)-’?'* (161-2570'*)] Sin (454-2/)4-_24/5 [81 (1-0'*)— 352/3 
(5-20'*;-’?'* (41—6552'*) ISin (454--3/^4-24 [’?'*“ (71-910'*;-’?'* (I9— 

270'*}JSin (454-4/;4-24/5[-8l(l-0'a)4-8’?'*(l6— 170'*)— ’?'*(47~550'*)]x 
Sin (454-5/ )4- [—2349 (1— 0'*)4-2’?'*(8/7— 8930'*)— ^'* (289— 25l0'*)]x 
Sin (454.6/)— 365 (1-0'*) (41-13’?'*) Sin (‘l^+7/)-125* (I-0'*) (45^ 
4’?'**) Sin (454-8/)- 10853 (1-0'*) Sin (454.9/ )-95* (1 - 0'-:) Sin (454. 
1-T' 

10/)] Q7- [-^2 (15— 359'*) {6 (/-J)(2^3i!'-‘)+9(le+ja) Siti/ 
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Sin 2/+#8 Sin 3^4-2 (4-70^^) {60 (/-I) # Cos 2|+30 (4i4.#a) 
Sin (2g4/)+20 (2+3«a) Sin (2|+2/) + 10 (4«4.|f>) Sin (2|4*3/)+15irax 
Sin (2^4-4/)4<2«»Sin(?^4‘^/)4-IO^ Bin (/^2|)}-.(l -0'‘-^}{35*9 Sin (4g4. 
4/)4-105«^ Sin (4g4-2/) + 35 j(4a4«^) Sin (4|4-8/)4-33 (2+3#) 
Sin (4|f+4/) +21 (4tf+#) Sin (4|+5/) + 35i'^ Sin (4|+6/) + 5# 

Sin (4g+7/) ^ .«• (15) 


In a similar way the long period and secular perturbation! may be calculated* 
There appears ^ as a divisor in the Delaunay variables but If the expressions under 
bracket be expanded, they will cancel out* Mtoreover, in a little different but 
otherwise same problem Yusliide Komi in his paper [ 4 ] has calculated these 
perturbations. It is expected that the calculation will be only mechanical, Taking 
into consideration the mechanical value, we drop the idea of the calculation of 
long period perturbations and secular perturbation#, 

6. Calculation of Polar Goordlnatea. 

The function Sa can be thought of in various ways* The uiual concept is 
to consider it as the function of the elements L’, G*, H*, l\ ||% h\ But it may be 
considered as a function of ^r’, G', H', r\u\h* where r and u are the radius 
vector and the argument of the latitude. 


The first order perturbation in r, r and u has been obtained by lasak [3,1963] 
by the formulas ; 


Ml 


if 




dr ‘ 


Uji^ m, •«" 


3^ 

> •- x oJ H i 


In «imiUr manner the aecond order perturbation, in coordinate, r, r and » 
are given by 





ra» 
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Now puttiag which is called the equation, of centre and intro* 

dnciug the argiunent of latitude ut=g-\-f and using the equations of Keplcrian 
motion, 

e cos / w 1 and e sin/ 5= G f/fi 

the determining function Sij can be transformed into new variables. 


Then these three coordinates are given by 

^4. ] _8i4 m \ 0/ 

Br V 0 y ) 'dr \a^ y 0 r ^ \ a/ ) dr 

- ^ ! 3072//2[ , Sin/ftl-O* +(1+. Cos/)." /( I+yT= 7 j j 

( 3ta»[96{-5 (l_2«'!!-7e'*)+V2 (5-18e'=‘+5<l'‘)}+192«a 
15^'^) Gos (2u— 2/)]432A4 [12 (243tf2^ (S'— 30^'2f-|-35i9'*)-- 120^2 


+7e»)Cos(2u-2/)]'j -Co»/(l+, Cosy)!ix (a j ( 1 + 

«Cos/)“X(B) 

Where (A) and (B) are given by 


{192yfi [2 (I - 160'=^4150'<fc) Gos (2u-2f) - 
[9V' 2 a_2) (11— 3O0''^4270'^)— (3+’i?'2^(l--30/a^a _ 

X(.l-30'=^)a-8c'-^ (l7~38(?'=^+ll0'<t)4(24’?'V^) (53-13O0'^-ll0/4)]X 
Sin/46« [174V'-^ (ll-3O0^H270'<«=)+64’?'“t (l-30'^)^_2 (93-2420'24 
' 770 Sin2/+'e (l^2e-) (ll-^3O0'^^2/(f'^)^8 (1^30'-)^ 
eS>?/“i)_(191.._39O0/aq.2O7O Sin 3/4:-48e [5’?'“'^ (l+?e'-i) (11430^/^+ 
270'^)— 3 (1-0'=^)'-^] Siu 4f-24e''^/'"^ (342e-) (11— 3O'-4270'^) Sin 5f4 
4sa’?'-a ( 24 fifi) (1 1 - 300 ^ 24270 '^) X Sin 6 f-~~ 24 e^vrii 

Sin( 6 /— 2M)-144fi2’?'" (l-' 40 ' 2430 '^t)xSin (5/-2M)-9je (i- 40 /]a 4 

30/4) [.-. i5Ji/~a (14^2)42] Sin (4/— 2u)+48 (I— 40 ^ 24 30 '^^) [^ 4 it?/“jB(l^ 
2tf2)-2’?'“V-^415] Sin (3/— 2«)— 96 [(l-^40'2430/4) [270/-a (tf“a_2)— 9x 
(^/ *) 415 ^'+ 5 ^i'V 3 ]— (25— 280 ^a 430'<^)42 (’?'%"a + 2 ) (14 
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-, 33 ^'i)] sia (2«*-/)— 3072#'^ Sin 2tt*-‘32 { (I— ■40'®4.S^|4) 

(_81^'“a (/3^2)+‘'7 if+S# « (ll— 52^'*>f4irA) 

—2’?'® (1— ■240'^4'27^'^} «“®-|-2)] Sin i,2«+/) -.12# [3 
(I74’?'"a+16’?'"i)— 2 (I— 20(?'S4«19^'^)] Sin (2«4'2/)4.48 (I— 

[^4\n> a (i^|a )*|„2 Ci'»-# 2 i?/-i)+ 7 | (2«+i^4.32# x 

[-„ 45 )?/-a (l+^a) . 2] Sin (2«+4/)-.144#3V'“^ ( 34 . 2 #) ( 1 -.- 40 ^ 14 . 3114 ) 
Sin (2M+5/)-24i^^i'-2 (^ 4 ^ 3 ) (l--40'S430'^)Sin(2«4^»/ ) + ( 34 . 
2 ^ 1 ) (l- 0 'a)a Sin (5/-- 4a) 4 Isas’?'-® ( 24 #) SinCC|/«4«)+36 (1»- 

0 / 1)3 [»« 41 »?/-i (l42aiJ)429] Sin (4 m— 3/)~3a [1566’?'-i ( I «. 0 / 1 ) 14,2 (65«- 
3220'242570'*)] Sin (4 m- 2/)-24 (l--.0'a)2x8i?'"i (a-i*fi) 416 a**a (4 

50'a40'/t)4(24’?'%"a) (l7-820'a4„6^0/4)j Sm (4M-/)-i8a (1 1*-.380'»4 

270 '*) Sin 4«-.24 [81’?' a (^”3 -2) (l-0'ija -U a (I 5 .^ 32 r« 4 l 70'*)4 

(24»?/a^-a) (39 _940/a^„55/4)] (4a+ /)4.a 46t>B’?' “a( I —0/3)1 « ( J57_, 

3780'a+22l0'*)] Sin (4a -l-a/).!- 36(1-0/3)3 [4 ( 44 . 2 ^ 3 ) « 13 | Sit^ ( 4 « 4 . 

3/)4244(1-0'=^)™ i45’?''-*4l4a )-4j sin (4a4*l/*)4i08#’^'"i.(24.|«i 
(I— 0 '^)a Sin (4a45/)4i8«*^^^'“'^ (24a^) (I— e'*^)'** Sin ( 4 « 46 /)] 482 ^ 4 X 
{2 (3— 3OO'«+330'*) ] 36ya49 (■l+3a')xSin /-f 18# Sin 2 / 43 #- Sin 3/#,) 

2 (' 1 -— 80'a470'*j [l 2 ()yaGa 8 ( 2 M — 1^)430(443# )XSin(2«— /) 4120 ix 

Sin 2a410 (443#^ Sin (2a4/}430a’5 Sin (2«43 /)43#i sin i2«43/) 
410«3 Sin (3/— 2a)l4(l— 0'^)^ [105a- Sin (4a 411 /; 4 210 # Si^ (4«^2 /) 
435 (443a")XSin (4a—/) 4210# Sin4M42l (443# } Sin (4 m4/)470#x 
S in (4 m 4'7/)+15<(" Sin (4a43/)]} 


•lt)0/-i4luy'*) Sin (2a— 2/)448 . [i 


.u. 


(B)-3ia-[3a4«-va' 

270'*)-8 (17-389'-4.U0'*)— w (3+’)' ) ,3j_ 

110'*)] Gos/+12[87V'-J (1 1 -3O0'J+770'*) -2 (38a-8340'a 4. 

64V (l_30/..):i+v» (93-2420'H77|)'*)] Co. 2/4-24441-1'-^ (11~3O0'.=4. 
270'*)-(191-39O„'.'-|..'.o70'*)-8V(,_3u'.) 4 00.3/4 96.- 15V- (ul 
300'-- l-27fl'*)— 8 (i„0'a)a] (joj 4/4-12- 1 '"!''- (U_3O0'j^27i)'*) Go. 5/4. 
l2.*V-a (U_3Ofl'‘'4-270'*) Go. S/-WV-^ (l-40'-^4.30'*) Co, (0/_2„) 
_720.'>’l'-'' (l_4o'a4-3o'ij Go. (5/-2 b)4- 192.- (-IS-?' = 4.2) (l_.40/a^ 

3()'*)xaos(4y— 20)4-144. (l—40'-'-j-30'*) (_41V' J4,15^2V) Gh (3/— 

2 o)- 96,'.[(1_40'“4-30'*) (272''^-9r/ 4.5/a) _ (25-280'a4.30'*)4.2./ x 

I 788 1 



n+Sae'-'-SSo'^)] Cos (2 m~./)+32/« [ ( 1 ~-. 4 o'H 30 ' 4 =) (-8hrs*'27»/+ 
i7'«)+5(U-^52(fHM0'<fc)-~-2fa(i^240'^+"23^^ Cos (2 m+/)+24 [3 
( 1 -40'^+30/4) 2^i3y^_l_2 ^5l__2120'2^i6l0'<^) - ( 1 — 2 O 0'2 

+ 190'^)] Cos (2 m+2/)+144. ( 1 ™ 40 'H 3 O'^) (-41^/-H7+2»?')XGo« 
(2w+3/ )+64fi'' (l--40'^4.30'*) (~.45^'-'H2) Cos (2m+4/)-720s 3)^'-2^ 
Cos (2«+5/)~-72.4»?'-'^ (1-.40'H30'^) Cos (2«+6/)+ 
n - 0'^)^ Cos (5/-4.)+54.^»?^-^ (l-. 0/.;2 Cos (6/-4«)-108.x 
(I— (_4h^/-2^29) Cos (4u-3/)-6 [ -783^-“^ (l_ 0 /a) 2 _j ,2 ( 335 ^ 

5740'=^‘4*2390'*)4-)y-^(65-3220'^+2570'^)]Co3 (4m~ 2/)-1^ 
(1-0/2)2^16 (4~.50^^+0/A)^,^/2 (l7-820'^tf656'*']Gos (4 m->/;+24/«x 

rl-2 [2349//-=^ (i-0'“)~2 C861~^17540'=2,l-893e'^^+»?'2 ( 157 - 3280 '^ 
22l0'*)XGos (4u+2/) 4- 108c (1-0'^)^ (41^'"^~-13) Cos (4 m+ 3 /+48c» 
. (l~-.e'^)^X(45y"a-4)Coa(4«4-4/)+54Ofi9»?'“a(i_0/2)2 Cos (4 m+5/)+ 
54cV"^(1-.6'^)^XGo8(4«+6/)4.32A4 [2 (3 - 3O0'2 4350'A){9(4c4-c3)Gos/ 
„rhl8<^Go82/4-3c3Gos3y }-2 (i-80'H7e"-‘) {I20yc^ Sin (2«--2/)-30x 
, (4#4-c^) Cos (2«~/)4-10 (4c4-c8) Cos (2 m+/;4-30c2 Gos (2«+2y)+ 
6c8 Cos (2 m43/)4.30c8Cos ( 3/~2M)}4-(l-e'2)2 {-loScS Gos( 4 m~ 3/)- 
210#2^Cos (4«.*-2/ )— 35 (4c+c3) Gos (4«— /)4-21 (4<+c9) Gos ( 4 m 4 ./) 4 . 
70i‘^ Cos (4 m4-2/)+15c3 Gos (4«+3/) } ] 



« -l/3072j£)!ij^ ^^os/)4-c Cos//(14-vl-e'‘^)}x(3A^a 

[96X{~5(l~20'2~7o'*)4-r/%^— 180'^+50'<‘J4-192e'^ (1 -1 6(9'=’ -fl 50/4) ^ 
XOoa (2j<-2/)]-t- [12 (24 3c") (3 120c‘^X (1-80/24. 


> 7 §'*) Gos (2w-~2/)l ) - Sin/x(A)4-Ccs //cx(B) 


•.•( 17 ) 
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as., '1 f3S„_' 

1 ®'. -1- 

f 0S,. 

' 1 1 \ 

/ Bii’ / 

9G' L V 

, 0ii' j \8e , 

/ 30' ' 

w 

■-l(r 

1 S^..- -)- f32l-) 

1 dB' ^ \’d» 1 

3« 1 

'as., \ 
^8/ / 

a/" 4.»®tl 
a(37~+ 3fi' 1 

-l/3072/»4 [- 

Sm/»{(2+tf 


•:7‘)}x(3i.,“ [9S{ 


29'2- 7S'*)+V'^ 1-192.' (I~16i)''''-fl5s'*) Om (iu-'lf) 

112 (2-f3e-)(3-300'--l-35()*)-120«“ (l-89'J+70'*) Got (2«-2/)A 


-H(2-ft Oos/) Gos/-)-< ]x(A)-— iliLi (2-)-< Cot /)+(B)-KC) ... HBJ 

6 


Where (0) is given by 

144e^Hi6r3(y'^) Oos (2««-2/)+43/fi [9^ (77-2700/^ + 2970^4)— 8(119- 

3420/^1210/4)— 4V (34-3?/^)X(7 -540/H-^^11O'*)+’?''‘^ (371-11700/'**- 

1210/4)] Sin/-f6 [87»?/*'^(77-27O0/«+2970'4)-2(2723-75O60/'**+^8O70/*) 

—64??/ (7~540/‘5+990/4) h??/'- (651-2178O'“4-8470/4)lSin 2;+ai[41t?/"^X 
(77-2700/^ + 2970/4)-(1337-35 100/-^ i- 22770/4)-8??/(7-540/4 4 990/4)]K 

Sin 3/+24eJ [5??'"^ (77-27 »0'H297o/4)G8 -(7— 180/^4-110/4)1 Sk 4/4- 
24e3)?/-a (77_27O0'^+2971)/4) Sin 5/-b2e4r?' "^’(77-2700/^4-2970/4) Sk 6/ 
_12e4r?ra (7-3C0/H330/4)xSm(6/-2«)-144#r?'-^(7-360/«4-33!}'4)X 
Sin (5/-2«)+48d‘- (7-36O/-+33i)/4)(-l50'”’*«4-2) Sk (4/-2ii)+48i (7- 
360/^330/4) (-41??/"^- ^5 f2??/) Sin(3/-2«)4-96/i [(7-360/ ‘-z +330'*) X 
(27??'"2^9++5)?/a)-(175-.2520/‘-*+330'4) +. 2??/a (7+2080/^-3630/4)) 

Sk(2«-/)4.'i8i[4??''‘O/+9~ll0/«)-(7— 540/iJ— 770/4)]Sk2«+— [(7-36#/«+ 

I 
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+33r*)(--3 If (77 -iSSi' * -i- 4311' ‘) -2f /(7 « IWf ^ 4 ^ 

253ff‘)lx3m {2«4f ) 4 -m,fS (7--^3»r ^+33f*K-37f • ^413^1-^1 
1 ^ > • ' 

» 19Ol#^+\7B70'*)-f ® (7 ^I81f --|-n9f ‘)} Tm(2a427) (7.-.35f ’»+ 

33(5/4) (_4if - 24 - 74 . 2 ^ ) Sin (2ti^^f)+W (7--3Sf (-Wf ‘^+ 
' 27 'Sin (2«4-¥)-iWf7><(t-3V^ 4^333'*) Sm (2« f V 
(7_3J?0/^4.33f^j><Sm (2i(43/) }r,94f "4(7 -IBf -*+ 110 '*) Sm(S/-k) ’f 
, I08#lf."*^ (7-T“^18^'**+ll0'4j.Sin (3/”-‘4‘U)4"^^‘*C“^'^i7' ^+29)X(7*^18^'‘*+ 

* 11«'*) :^m (4a-3/j+3 [-783*)'*“' f7— ISO'a+no'-V+S.CiSa-rSlSGl' ‘4- 

(4r)ri-2898s''-*4-7827o'’‘jl>:Sm (4a-2/)+ t— 814 '““' (?- 

, 1 ' ; , I . •, ' ' I ' ® ■ 

. H ■ I ' ' • ' ‘ ('!.■• 

* IBgr-i+ll^i^J+l^ (' 28 wj: 50 'a 4 .uf'i;+f a fn9--738f ^+715f*)] Sin) (4»i 

_/;4.24[-f337-l2789'^+1071(7'^)ftl'n77~3t20'i4.2975'i) Sin 4u+ 
24 j3jy-a (7_iBi)M^.no/ij _8 C193-283«'-i+t870+7'‘' ("273 -84 ■> 0 '‘ 

i 

+6050'^)! Sin (4u+/j+[23W‘-’ (7-18o'a+U0'^; --.2 f6O27--157860'^+ 
98230''*) 4 ’J' Y 1099—34920' ** + 243 1 0'<*)]Sin(4u 4- 2/) +36<7— 180' “+ 11 0'*) X 
( 4 [, 4 **a-„ 43 )XSin (4(i-i-3/) f 124* (7-l80'^+ll0''*) (45f 4) Sin (4 m 1^ 

4/)flOBfiV”^ (7 •~1B0'*+U0''*) Sin (4 m+ 5/)+9<?*0''* (7 — IB(?' *+U0'^) 
XSinC'k |-t)/jl-|-32^, {’r>l -27)i)'-*+3r);)'*)[6y (2 h3# ')+.)f 1.? 

94‘* Bin 2/+*^ Bin 3 /] -2 (7-7 >0'**+77()'*)X [6074* a,>3 f2M-2/)+30 
(4«+«‘V (2M-/j+29 (^+34*) Sin 2u*i-10 (4«+#'’) Sin (2M+/’) fl3«* 

Sin (2M+!f )+2«'’ Sin (2a )'^W Sin (3/-2m) + (7- 
180'" + 110''*) (Sis'* Sin (k — 3/;+i)5« ■ Sin (4« — ‘2/) -l-3"> (4e-(-3'*) Sin (4m 
— /)+35 (2+3fl'’') Sin4i<4**i (4fl4'*5^) Sin (4m i-/) Sin (4m 1^2/)+ 
5^!* Sin C1m+3/)1} 


f 79,1 1 


6, Results Obtalneil. 

In at'ti'clc (4) we have calculated Delaunay variable! with the secend ordei 
perturbation, They are given by (9), (10), (1 1), (i2), (14) an 1 ,15), !n article (5;, 
wc have •calculated polar co-ordinates and they arc given by (16|, (I7j and (18>« 
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